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Preface 



The International Federation for Information Processing, IFIP, is a multinational 
federation of professional technical organisations concerned with information 
processing. IFIP is dedicated to improving communication and increased 
understanding among practitioners of all nations about the role information 
processing can play in all walks of life. This Working Conference, Secondary 
School Mathematics in the World of Communication Technologies: Learning, 
Teaching and the Curriculum, was organised by Working Group 3.1, Informatics 
in Secondary Education, of IFIP Technical Committee for Education, TC3. This 
is the third conference on this theme organised by WG 3.1, the previous two were 
held in Varna, Bulgaria, 1977, and Sofia, Bulgaria, 1987 — proceedings published 
by North-HoUand Elsevier. 

The aim of the conference was to take a forward look at the issue of the 
relation^Oiips between mathematics and the new technologies of information and 
communication in the context of the increased availability of interactive and 
dynamic information processing tools. The main focus was on the mathematics 
education of students in the age range of about 11 to 18 years and the following 
themes were addressed: 

• Curriculum: curriculum evolution; relationships with informatics; 

• Teachers: professional development; methodology and practice; 

• Learners: tools and techniques; concept development; research and theory; 

• Human and social issues: culture and policy; personal impact. 

Papers were invited and extended abstracts reviewed in order to provide a balance 
across the four main themes. The final set of 23 papers, included in this book, 
formed the background against which discussion in small groups (Focus Groups) 
took place. In addition, 26 short papers were submitted for review and most of 
these were presented at the conference. Nine short papers have also been 
selected for inclusion in this book, the official publication for the conference, 
with selection mainly determined by their potential to contribute fiirther to the 
main themes. The p^rs provide an international perspective in terms of the 
wide range of countries represented. 

The conference took place in the beautiful mountain resort of Villard-de-Lans 
near to (henoble and was plaimed by a programme committee drawn fi-om 
members of WG 3.1 with wide experience in mathematics education: 

Programme Committee: 

Bernard R. Hodgson, Canada, Chair Bernard Cornu, France, WG 3.1 Chair 
David Tinsley, UK, Co-editor David C. Johnson, UK, Co-editor 

Klaus-Dieter Graf, Germany Erich Neuwirth, Austria 

Colette Laborde, France Vera K. Proulx, USA 

Raymond Morel, Switzerland 
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The Programme Committee wishes to thank all participants and in particular 
the lUFM (Institut Universitaire de Formation des Maitres) of Grenoble, the 
Leibniz Laboratory of IMAG (Institut d'Infonnatique et de Math6matiques 
Appliquees de Grenoble) and the local Organising Committee: 

Organising Committee: 

Philippe Jorrand, Leibniz Laboratory, Chair 

Nicolas Balacheff, Leibniz Laboratory Pascal Di Giacomo, Leibniz Laboratory 
Mirella Bello, Leibniz Laboratory Jean-Marie Laborde, Leibniz Laboratory 

Jerome Bordier, I^ibniz Laboratory Lionnel Le Corre, Leibniz Laboratory 
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La Compagnie IBM France 
La Society Konika 

L’Institut National Polytechnique de Grenoble 
L’Uhiversite Joseph Fourier 
L’Universit6 Pierre Mendds-France 
Le Projet Cabri Geometre 
Le I^boratoire Leibniz 




1 ICTs and secondary school 
mathematics — ^themes, visions and 
realities 

Bernard R Hodgson, Chair, Programme Committee 
David C Johnson, Co-editor 
David Tinsley, Co-editor 



INTRODUCTION 

The topic of the conference is couched in the subject domain of mathematics. It is 
also multi-ficeted in terms of the wide range of topics and issues addressed. In 
order to help focus the papers and discussions, four broad themes were 
identified — curriculum, teachers, learners, and human and social issues — ^and 
papers at the conference were presented as strands within these streams. To 
provide a coherent structure for the book, the papers have been grouped 
thematically. 

Curriculum 

The book begins with a consideration of curriculum: evolution, relationships of 
informatics and mathematics and the implications of the availability of powerful 
software tools. 

The first two components in the theme are concerned both with the significant 
changes which have taken place during the past three decades, and the prediction 
of k^ effects for the future, against the background of user requirements and the 
continuing importance of mathematical topics in other subjects and in the related 
field of informatics. The keynote papers by van Weert and Kieren set the scene, 
with van Weert focusing on how informatics and informatics based technologies 
directly impact on mathematics and its teaching, and Kieren carrying forward a 
theme which appeared in the two previous IFIP working conferences on 
mathematics, Varna, Bulgaria, 1977, and Sofia, Bulgaria, 1987 — the evolution of 
the curriculum to take on a more pupil-centred view with the computer as a tool 
for personal construction of mathematics. 

Curriculum issues and visions are carried forward in a paper by Romero i 
Chesa & Ruiz i Tarragd, in their discussion as to how the Internet enables new 
modes of mathematics teaching and learning, and another by Kalas & Blaho, with 
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a focus on working with future teachers of mathematics and informatics in 
developing new Logo microworlds as creative laboratories for coloring big ideas 
in mathematics and informatics in the lower secondary school. Oberschelp, in the 
final invited paper, moves into the curricular in^lications of computer algd)ra 
i^ems in the context of informatics and discrete thinking. Two short papers are 
also included, the first, by Yanagimoto, addressing links of mathematics with 
computer science and the second, by J Johnson, indicating how the history of 
mathematics can provide a source of technology-rich problems for use with 
secondary school pupils. 

A second aspect in the area of curriculum evolution, addressed in part in the 
papers mentioned above, is that of the exciting and iimovative uses of the 
powerful software now becoming available on a wide range of machines. Here the 
four invited paper authors, J-M Laborde, Neuwirth, Oldknow, and Machida, speak 
to present and fiiture considerations in the use of dynamic geometry software, 
spreadsheets, personal computing technology (e.g., the TI-92) and hypertext 
environments for learning about mathematical modelling. The insights and 
visions and the implications for curriculum change are fiirther supported in a 
short paper by Mdller which describes an ^proach to conic sections and planetary 
motion with Cabri, 

The visions are both motivating and real— and the examples given illustrate 
the potential for creating exciting learning environments— but what about 
teachers and learners, the reality of the classroom? 

Teachers 

The main scope of this theme is how using technology affects the methods and 
ways of the teacher in order to promote the learning of mathematics. Are we 
concerned with teaching aids or learning aids — or both? Key issues are those of 
professional development, methodology and practice. A basic assumption is that 
technology can be strongly integrated into mathematics education only if it is also 
strongly integrated into pre- and in-service teacher education and amongst the 
teachers of teachers. 

The first three paper authors in this section, Balachefi^ Artigue, and Bottino & 
Furinghetti, all address issues and identify &ctors which inhibit this integration, 
i.e., illustrating the difficulties experienced 1^ teachers in their attempts to change 
their practice, even when the tools and contexts would appear to have the 
potent to be highly motivational for both the teachers and the pupils. The need 
for careful attention and siq^rt for the teachers is made explicit— and the next 
two papers point to exciting developments in this area. Clarou describes strategies 
for providing opportunities for the acquisition of skills for personal exploration as 
well as, and potentially even more important, the participation in specifically 
designed classroom focused ‘scenarios in use’. Sutherland goes on to describe a 
sociocultural approach in which the teacher becomes part of the ‘sense-making’ 
^stem involved in joint problem solving. 
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The short paper by Miller describes components in a progranune for initial 
teacher training which attempts to address the issues which have come about 
through government policy statements in the UK, while that by Kris^dnsddttir 
links back to the paper Sutherland. These in turn lead on to questions about the 
changing role of the learner— what might the classroom really be like? What does 
research and theory tell us? 

Learners 

Powerful tools now available in personal technology— for example spreadsheets, 
symbolic manipulators and cfynamic geometry ^ems, which allow a broader 
range of representations of mathematic^ ideas and concepts — ^give learners more 
ways of accessing and understanding the methods and fundamental concepts in 
ma^matics (see also the papers grouped under ‘Curriculum tools’). In concept 
development, information technology has the potential of partially turning 
mathematics into an e?q)erimental science. Constructing and dealing with 
mathematical structures can now be based on manipulation of semi-concrete 
objects, allowing alternative linked representations — ^symbolic, spatial, visual. 
Under what circumstances do these capabilities facilitate or inhibit concept 
development? 

Hoyles in her k^mote paper discusses an alternative sequence for developing 
ideas of proof— the ‘seeds of proving are sown’ in a computer-based construction 
process which requires an e:?q)licit description of relevant properties and 
relationships. C Laborde also addresses a similar issue in her investigations as to 
how the (fynamic nature of software (Cabri) changes the relationship between 
diagrams and the theoretical aspects of the mathematics; but not without tensions 
on the part of the learner in attempting to move between the two domains. 

The papers by Leron & Hazzan and Adhami, Johnson & Shayer provide 
instances of applicable research and theory — constructivism and, in the case of the 
second p^r, cognitive psychology. The first of these includes examples of 
constructivist enviromnents and highlights the process of ‘learning successive 
refinement’, while the second draws upon the literature in mathematics education, 
social constructivism (Vygotskian p^chology) and Piagetian and neo-Piagetian 
theories on levels of thinking, to provide a theoretical foundation for teaching and 
learning — teacher intervention and pupil-pupil interaction. 

Examples of e:q)eriential projects with links to sophisticated ideas from 
mathematics and computer science are described in the paper Fell. These 
illustrate how marry of the ideas can be made accessible to children and adults 
with very little mathematical background. 

Three short papers are also included. The paper by Blomhoj has its focus on 
construction of personal meaning in the area of trigonometry and that by Dettori, 
Greco & Lemut illustrates how the learning of the important concepts of variable, 
parameter and unknown can be enhanced through the use of complementary 
software environments. The final paper, by LingeQdrd & Kilpatrick, discusses 
work with prospective teachers in using technology to model difhcult 
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mathematical problems — with some interesting outcomes linked to issues of 
authority and responsibility (e.g., with students becoming rather uncritical of the 
results th^^ obtained with the computer) and the need to address these issues 
directly in instruction. 

It is clear that many exciting possibilities are now being realised in the theme 
areas of curriculum, teachers and learners and also that much more needs to be 
done. There is another question which also needs to be addressed — ^how do all the 
visions being espoused fit with the realities of today’s world, the 'global 
community’? 

Human and social issues 

Growing demands are now being placed on mathematics by the natural and social 
sciences in their approach to the various problems encountered in our societies. 
Our premise here is that mathematics can only respond to this by relying on 
communication and information technologies. The issues thus raised in 
connection with both individual and social development require serious 
consideration. Key issues include the effect of this new environment on culture, 
the need for national policies, the special requirements of developing countries 
and aspects of people working in the 'global community’. We question whether 
'edutainment’ has anything to offer and if equity is achievable. At an individual 
level, the main issue is the fostering of independent thought and action as well as 
reduction of technophobia. 

Anderson in his keynote paper provides an overview of the multiple issues in 
this theme — ^with particular attention given to the widespread student disregard of 
ethical standards related to unauthorised sofiware copying and computer-aided 
privacy violation. He proposes the need for the development of e:q)licit strategies 
for addressing many of the complex issues in the classroom. Marshall carries the 
theme forward with her focus on aspects of ‘edutainment’ software and issues 
related to epistemological assumptions, pedagogical style and cultural biases. 
Each of these issues also has implications for equity. Cultural concerns related to 
developing countries are then addressed in the paper by Arganbright, with a 
special focus on the use of spreadsheets for mathematics in a particular context 
(Papua New Guinea). 

The paper by Graf & Yokochi addresses innovations in distance learning — 
classrooms in Germany and Japan interacting and sharing ideas through the use 
of telecommunications and multi-media. The section closes with the short paper 
by Cannings & Stager which presents aspects of new opportunities for 
mathematics teachers and educators to communicate in global learning 
communities via the Internet. 

Focus groups 

The programme of the Working Conference included focus group discussions of 
questions posed by participants, with the aims of contributing to the debate during 
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the conference and of preparing position papers of conference participants’ views 
on issues. Eight Focus Groups were organised, each considering one of the 
four main themes (as indicated ^ve). Each group then prepared a short report 
with recommendations, built on participants’ e?q)eriences and points of view. 

The last main section in this book is the outcome of the discussions which took 
place over four days of deliberations interleaved with other conference activities, 
including a Poster session presentation of preliminary ideas and a plenaiy Panel 
discussion of interim reports. The final versions of the eight reports are presented 
here, grouped thematically. There is considerable agreement within and across 
themes— reflecting again the fact that the themes are merely a matter of 
convenience in organisation as they all impact on one-another. However, each 
report also makes its own unique contribution — e.g., see the three reports on the 
theme ‘Learners’. It is also the case that in certain instances the groups took on 
different, and in some ways opposing, positions — e.g., in their concerns for the 
balance between pupils’ engagement with experimental or formal mathematical 
activity. Thus, it is clear that there is still a need for fiuther discussion and 
debate. 

It is hoped that the Focus Group reports, while serving as a means of 
inspiration for the fiiture work of IFIP WG 3.1, wiU contribute to the thinking and 
planning of those having concern for ICT and mathematics at all levels. 
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2 The impact of informatics on the 
teaching of mathematics 



Tom J, van Weert 

Faculty of Mathematics and Informatics 
University of Nijmegen 
The Netherlands 



Abstract 

Informatics and informatics based technologies directly impact on mathematics 
and its teaching. But there is also an indirect impact through developments in 
society which are supported by informatics. In the last thirty years developments 
in informatics and associated technologies have been many and &st; this has 
forced the understanding of their impact to change over time. For a more 
fundamental understanding of these impacts the role of informatics must be clear, 
both in real-life and in education. But also the role of mathematics needs 
clarification before the informatics impacts can be understood. 

Keywords 

Implications, information technology, modelling, visions. 

INTRODUCTION 

Technological developments in informatics based Information and 
Communication Technology (ICT) are so fast and diverse as to be bewildering. 
Too often in education these developments are either the main driving force 
behind what is happening or are ignored. Reflection is needed on the impact of 
informatics and related technologies on teaching and in the context of this paper 
specifically on mathematics teaching. 

What is essential in the direct impact of informatics on mathematics and 
its teaching? Is it, as was stated by Sendov (1978) the concept of algorithm? Or 
is the impact of informatics on mathematics based on the &ct that informatics is 
an applied logical meta-mathematics as put forward by Bauer (1980)? Or is it, as 
van Weert (1987) mentioned, the interaction of mathematicians with (virtual) 
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mathematical enviroimeiits aUowing linguistic modelling in niathematics? Oris 
it the impact of informatics tools, especially computer algebra tools, which affect 
mathematics '‘in a very deep sense"*, because "it is different, a much greater 
emphasis being placed on numerical and algorithmic processes and on an 
experimental approach involving exploratory investigations” as stated by Hodgson 
(1995, p.32)? 

Informatics not only directly impacts on mathematics, but also indirectly 
through its impact on society. This impact affects society in all its facets and is 
best illustrated by the new ways in which work is organised. Work is more and 
more done by teams of professionals which are partly self-managing and partly 
are managed through participatory management. Instead of by a hierarchical 
bureaucracy, the organisation is managed through horizontal team co-ordination. 
This horizontal co-ordination is supported by intelligent personal computers 
integrated in networks. To be able to timction in this new type of organisation of 
work people need new competencies (van Weert, 1994). These are: 

• abstraction; 

• inductive thinking , that is: the ability to first recognise a powerful solution and 
then seek the problems it might solve; 

• doing the work of experts enabled by the siq)port of ICT; 

• decision-making as part of the job; 

• handling of dynamic situations. 

These are complemented by competencies for working in professional teams and 
with the tools of ICT. 

There is another indirect impact in that the economical and societal 
importance of informatics is reflected in the applications of mathematics as 
science which sipport informatics. 

To find an answer to the question of what the essential elements are in the 
impact of informatics and related technologies, first the essence of informatics 
itself is defined; fi^om that the essential elements of its impact are derived. 



WHAT IS THE ESSENCE OF INFORMATICS? 

Change: from number processor to interactive process 
Since the first electronic computer was introduced for performing numerical 
calculations, a lot has changed. Turing and Church have given informatics a 
theoretical fundament based on the concept of algorithm. Hofrtadter (1980) gives 
an excellent overview of the theoretical background of informatics). Informatics 
technology has developed firom calculating device (number processor), via 
automating device (data processor), information system (information processor) to 
personal tool (interactive information processor) and intelligent agent (interacting 
knowledge based process). 
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At the basis for this development is the stored program computer (Von 
Neumann’s brilliant idea) which can change its own program and therefore can 
adapt its behaviour. It can for exanq)le adapt itself to users through software 
embedded in microwave ovens or television sets. It can also learn to act as a 
personal intelligent agent in a communication network. 

Application of informatics turns out to be possible and feasible in areas which 
are not immediately and directly associated with just data or information 
processing. We are moving from a world of information processing in which the 
concept of algorithm was central, to an even richer world of interaction in which 
the concept of interacting processes is central. The fundaments of informatics are 
changing in that: "‘Interaction is a more powerful paradigm than rule-based 
algorithms for computer problem solving, overturning the prevailing view that all 
computing is expressible as algorithms” (Wegner, 1997, p.80). From this 
viewpoint the world is a system of interacting processes waiting to be modelled in 
informatics processes and implemented in informatics technology. 



INFORMATICS: BUILDING SYSTEMS OF INTERACTING 
PROCESSES 

Informatics offers the concepts, the theory, the methods, the techniques and the 
tools to implement systems of real-world processes in conq)uter systems. Figure 1 
depicts the development cycle of conq>uter based processes. 

Informatics is an application oriented discipline 

These computer system realisations are dynamic models of real-world systems of 
interacting processes and can be used as tools (implementing these processes) or 
for studying the real-world processes modelled (see the box in Figure 1). Such a 
process may be anything from a simple calculation or information query to a 
complicated process of mathematical problem solving. 

This makes informatics an application oriented discipline. The informatical 
toolbox (see Figure 2) can be used for an abundance of applications. 



IMPACT OF INFORMATICS ON MATHEMATICS 

As application oriented discipline informatics also has an impact through its 
applications in mathematics. As explained before, change over time is an 
essential element in this impact. This change is from number processing, data 
processing, information processing, interactive information processing to 
knowledge based interacting. 
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Figure 1 Development cycle williin infonnati 




Figure! Dynamic modelling with an informadcal toolbox. 
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Number and data processing 

First the dectronic conq)iiter siq^rted numerical calculations, the numerical 
algorithmiivas in the centre of the attention. In the 1950’s it was thought that just 
a few conq)uters would suffice for the needed numerical conq)utations. However, 
the miniature hand-held calculator made the slide-ruler obsolete and brought an 
overall change in the way in which numerical calculations were done. 

Interactive information processing tool 

Information processing tools msy help in solving mathematical problems. 
Sometimes these tools are generic (e.g. spread sheets), sometimes plication 
specific (e.g. computer algd)ra i^ems). Sometimes the technology is ‘off the 
shelT, sometimes it is tailor-made. 

Starting in the 1960’s, software for symbolic computations was devdoped. 
Now poweifiil conq>uter algdira tools like Mathematica, M^le and Reduce can 
perform both symbolic and numerical calculations: when it can be calculated, 
computer algd>ra tools can do it for you. 

Knowledge based interaction 

We are used to capture the world in static models built out of static 
(mathematical) qmibols. Informatics allows us, however, to construct executable 
symbols which form (fynamic models of reality; informatics allows us to build 
virtual realities of interacting processes. Modelling of reality then is 
'programming’ in conceptual (in this case mathematical) executable modelling 
languages to create ‘micro-worlds’ of mathematical reality. In other words: 
mathematical processes are analysed, devdoped as dynamic models and brought 
to life on a computer 

From the end of the 1960’s research has been done on the modelling of 
mathematical processes in formal, executable languages. Mathematical 
statements and concepts can be modelled in these languages, even concq>ts which 
caimot be calculated. These type of concepts can be dealt with through proofs. 
When there is suffident level of detail a proof-object can be handled by a 
computer. The finding of a proof-object, however, is a difficult tadc which at the 
moment still has to be performed by humans (in interaction with con^uter tools). 

Verification of a given proof is in prindple quite simple: one follows the steps 
in the proof and verifies each step. This process can be automated as shown by de 
Bruijn (1994). He developed in the late 1960’s a formal tystem. Automath, in 
which prooft can be formalised in such a way that these can effidentiy be verified 
by a machine. As mentioned the formalisation can be quite difficult; therefore 
proof development systems siq>port humans in this task. 

Construction of a proof can be very difficult, even when we know that the 
proof exists. Turing has proven in 1936 that it is not possible to verify 
automatically that a given statement does, or does not follow, fiom a given set of 
axioms. This implies human involvement in proof construction. Proof tystems 
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are used to help a mathematiciaii to construct the proof. A theorem for which a 
proof has to be found, is the ‘goal’ and the i^stem asks the user along which lines 
the proof has to be developed (the proof tactics), generating new goals on the way. 
When the proof seems complete, it can be automatically verified by the system. 

Computer mathematics or informatical mathematics 
For the construction of computer algd>ra and proving systems, knowledge from 
both mathematics and informatics is necessaiy. A hybrid discipline develops, a 
so-called informatical discipline (van Weert, 1997), in this case informatical 
mathematics (see figure 3). 



Informatics Informatical 

discipline 




Figures Relationship between informatics and informatical mathematics. 

The activities, which are represented in bold in Figure 3, are the professional 
activities of a ‘computer mathematician’ or ‘informatical mathematician’. The 
other activities are those of an application oriented informatician. 

Summary: direct impact of infonnatics on mathematics 

The direct impact of informatics on mathematics is felt in the following areas : 

• numerical calculations and number crunching (calculation tools); 

• computer algd)ra systems (mathematical information processing tools); 

• dynamic mathematical models (interaction); 

• modeUing of mathematical processes in executable languages, e.g. proving 
^sterns (interaction). 
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There has been a resulting change in research topics, a move to more constructive 
and experimental mathematics and development of a hybrid discipline 
'Informatical Mathematics’. 

Most of these impacts can also be found in the list presented by Churchhouse 
(1992): 

• new and revived areas of mathematical research; 

• support for proof construction and performing of proving itself; 

• experimentation in mathematics, exploratoiy data analysis; 

• simulation, mathematical modelling; 

• iterative methods (fractals); 

• algorithms; 

• symbolic mathematical systems; 

• mathematical communication. 

WHAT IS THE ESSENCE OF MATHEMATICS? 

A structural description of mathematics will stress that mathematics is a system 
for abstraction and representation in symbols and formula through axioms, 
theorems and definitions, based on a system for reasoning. From this structural 
viewpoint one would observe that mathematics develops mathematical theories 
and methods. 

However, firom an operational viewpoint one will stress the fact that 
mathematics makes it possible to model the world in static symbols. Such an 
operational definition of mathematics will focus on the fact that mathematics 
reveals hidden patterns and helps to understand reality, that it offers poweifiil and 
multi-fimctional thinldng methods: 

• logical analysis through induction, deduction, discoveiy of patterns, i.e. 
structures of entities with boundary conditions; 

• abstraction and modelling in symbols; 

• manipulation of symbols within mathematical models; 

• interpretation of results in these mathematical models. 

Mathematics as application oriented discipline 

Mathematics is an application oriented discipline. Applications of mathematics 
are found in all facets of society and scientific disciplines. On the one hand 
mathematics offers tools with which one can tackle application processes, on the 
other hand application processes can be modelled in static models and studied. 
The mathematical toolbox can be used in an abundance of applications. Its use 
can be pictured in the same way as that of the informatical toolbox (Figure 2), but 
in this case for static in stead of dynamic models. 
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Mathematics supporting informatics 

As an plication oriented discipline mathematics siq>ports informatics: 

• Reasoning and logic: The informaticians Cries and Schneider (1993) see logic 

as the glue that binds together methods of reasoning, in all domains. For 
example traditional proof methods (proof assumption, contradiction, mutual 

implication and induction) all have their basis in formal logic . 

• Supporting mathematics, a mathematical language *: Mathematical induction, 
nui^rs, powers, logarithms, sums and products, integer functions and 
elementary number theory, permutations and ^ctorials, binomial coefficients, 
harmonic numbers, Fibonacci numbers, generating functions, asymptotic 
representations. 

• Reasoning in a formal system: Cries and Schneider (1993) emphasise 
i^tactic manipulation of formulas as a powerful tool for discovering and 
certifying truths. For example in proposition and predicate logic, temporal 
logic and fnxzx^ logic. 

• Thinking in a mathematical model: Problem solving and symbol manipulation 
inside such a formal model in order to find a mathematichL result which helps 
in solving an informatics problem. Examples of such problems and associated 
mathematical models are crypto systems (grop theory), statical analysis 
(typed lambda-calculus), congestion problems in netwoiks (stochastic 
processes, Maikov chains) and program correctness (Floyd-Hoare calculus). 

• Thinking in an informatics model: Problem solving and symbol manipulation 
in a formal, i.e. mathematically expressed, informatics model in order to find a 
result with a direct meaning in informatics; examples of such formal systems 
are linear lists, trees, multi-linked structures. 

• Using a mathematical application model: Using of mathematical results for 
problem solving in pplication areas outside informatics; examples: 
differential equations, Fourier transforms. 

Summary of mathematics supporting informatics 

Mathematics sipports informatics with: 

• basic reasoning and logic; 

• mathematical "languages’; 

• reasoning and thinking in a formal mathematical model; 

• reasoning and thinlring in a formal informatics model; 

• mathematics for application areas. 
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THE IMPACT OF INFORMATICS ON THE TEACHING OF 
MATHEMATICS 

The indirect impact 

As indicated previously, indirect impacts result fix>m developments in society and 
from the role of mathematics as supporting science. 

As argued in van Weert (1994), developments in society will force education, 
including mathematics education, to change in its focus, in its organisation, in its 
use of ICT and its content The focus will change from teaching to learning, its 
organisation will change from rigid class based learning to flexible team based 
learning, ICTT will be integrated into the learning process and will siq^rt both 
this new organisation of learning and the learning tasks of the individual student 
As to the content mathematics education the following changes may be 
expected: 

• The content will aim at the development of high-tech, academic abilities (a 
shift from the basic intellectual abilities of reading, writing and arithmetic to 
the higher order intellectual abilities of analysing, abstracting and 
modelling). 

• Informatics will play an inqx)rtant role as discipline integrated informatics: 
the construction of executable symbols (programming in a generalised sense) 
reflecting complex, cfynamic, concq)tual models of reality. Students in 
mathematics will both build (tynamic models of reality— a virtual reality, and 
traditional models in static symbols. Students will not learn to program in 
traditional programming languages, but instead will learn to program in 
conceptual subject-oriented mathematical languages which model micro- 
worlds of mathematical reality. 

• The use of ICT in siq>port of learning tasks of the individual student will 
affect the content in that real-life problems will be tackled in a constructive 
and experimental way. 

• Discrete mathematics and logic, mathematics as ‘language’ and reasoning 
and thinking in formal mathematical models will take a more prominent 
place in the mathematics curriculum because of their siq>porting role. 

The direct impact 

The direct impact of informatics on mathematics teaching will be felt in the 
following areas: 

• numerical calculations and number crunching will be done hy calculation 
tools; 

• conq>uter algebra systems will be used as mathematical information 
processing tools; 

• (tynamic mathematical modelling (simulation) will develop, including use of 
proving itystems for the modelling of mathematical processes; 
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• more constructive and experimental mathematics will develop aimed at 
solving real-life problems in other disciplines, implying a focus on 
mathematics as a "language’ and reasoning in and applying of formal 
mathematical models. 

Mathematics should be an inherently social (and cognitive) activity in which 
construction (action) is central, and not knowledge transfer. Mathematics is a 
culture in which the world is seen through mathematical glasses. Students 
therefore need adequate competencies for problem analysis, modelling and 
meaningful interpretation. Students also need an adequate tool box of 
mathematical knowledge and skills which th^ can use with insight. Mathematics 
learning is: following professional models, finding solutions to realistic problems 
(enabling transfer), identifying patterns, formulating meaningfiil questions 
(Schoenfeld, 1992). 
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Abstract 

Over the past 30 years, two views of curriculum in which ideas and techniques 
from informatics are used in mathematics have dominated. On one view the 
conq>uter or multi-media device carries the curriculum to an individual and is 
programmed to evaluate the individual learning. On the second view the 
computer is a tool for personal construction of mathematics. This essay adds to 
the second view and contends that a curriculum in action must be observed as 
embodied, not only in the thinking of the individual, but in the interactions in the 
computer or multi-media environment and in the opportunities for mathematical 
practice it offers. 



Keywords 

Cognition, curriculum development, graphics/programmable calculators, 
knowledge representation, philosophy. 



INTRODUCTION: WHERE IS THE CURRICULUM? 

Thirty years ago the use of the computer was touted as having the potential to 
greatly affect the mathematics curriculum. One can finally today observe 
evidence in practical classroom terms — ^in the numbers and sq>histication of 
graphing calculators in high school classrooms; in interesting multi-media 
research projects; on shelves of computer stores and the lntemet--of the impact of 
conqiuters and multi-media interactive itystems on mathematical activity in 
schools and elsewhere. The question for this paper is "Vhat is the nature of the 
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impact of such softwareAiardware and courseware ^sterns on the mathematics 
curriculum?” 

Before turning to a discussion of the computer/informatics/mathematics 
curriculum, consider the following imagined examples of mathematics in action, 
each of which considers an aspect of fractals, a mathematical topic which owes its 
public popularity if not its existence to today’s veiy high speed computers and 
multi-media systems. 

Fractalmania A student is seated at a powerful contemporary computer with a 
large colour monitor. She is using a (fictitious) piece of software called 
‘Fractalmania’. The student is fascinated as she generates a Mandelbrot set using 
a menu which also allows her to generate such sets at different levels of 
complexity. Using the ‘zoom inspector’ feature she is excited and calls a fiiend 
over to see the beautiful multi-colour repeating pattern she sees as she ‘zooms in’. 
The teacher, using a large monitor, is able to point to key elements of this fractal, 
generated for the whole class, such as the self-similarity across levels. The 
teacher encourages the students to try other examples and read about fractals in 
the available books in class. 

Logo Fractals The students, working in pairs at a computer, are trying to get ‘the 
turtle’ to move in the path of a von Koch finctal curve. In ^eir work and 
discussions they notice that this curve is made \sp of segments and the nature of 
the path is determined recursively inter-related levels. With some assistance 
pairs of students create and then execute a procedure like the following: 

TO SEGMENT iLENGTH iLEVEL 
IF :LEVEL=1 [FORWARD .LENGTH STOP] 

SEGMENT :LENGTH/3 :LEYEL-1 
LEFT 60 

SEGMENT :LENGTH/3 :LEVEL-1 
RIGHT 120 

SEGMENT :LENGTH/3 :LEYEL-1 
LEFT 60 

SEGMENT ‘.LENGTH/3 :LEVEL-1 
END 

(Weston (1985), 44) 

This activity leads in three other directions. One involves the stiufy of properties 
of finctals (e.g., dimensionality and recursion); the second involves d^eloping 
new geometric figures using SEGMENT as a sub procedure, and the third 
involves the definitional design of new fractal figures. 

What are the differences in the mathematical activities in these two settings? 
In both cases students produced patterns of potential mathematical significance. 
But inherent in the differences in the kinds of thinking in which students engaged 
and in the kinds of interaction which take place are differences in what the 
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computer scientist Mike Fellows (Bell et al, 1996) would call the ‘mathematics 
vitamins’ of the two settings. 

The differences in the settings allow us to elaborate our previous key question 
as follows: “Where is the curriculum?” “What is its nature?” 

As might be seen in the differences in these two settings, it is the contention of 
this essay that an informatics curriculum is not found solely in the hardware or 
courseware, nor is it solely in the creation of each student The curriculum is a 
co-emergent phenomenon arising out of the interaction between students and 
hardware and courseware, and between students and students and teachers in such 
an environment Such a view of curriculum is an embodied one. 



WHERE WAS THE CURRICULUM? 

In 1978 when I (Kieren, 1978) wrote about informatics and mathematics, the 
computer and related software were either seen as something an individual user 
reacted to or acted upon. Under the former view students’ mathematical 
cognitions were viewed as answering questions or solving problems 1^ making an 
accurate representation of a computer based mathematics in their heads and 
providing responses which could in some way be matched to pre-given standards. 
The conq>uter might also be used to evaluate such a match. This view was and 
continues to be seen in computerised testing programs or in computational 
practice programs, regardless of the fact that the visual or audio feedbacks and 
rewards are spectacular or the data bases generated for the student, the teacher or 
the testing agency are elaborate. Such a representationist view of cognition also 
underl^s most original computer assisted instruction or conq>uter testing 
programs. This view of human thinking as modelled in computational terms 
underlies numerous contemporary ‘intelligent’ computer assisted instruction 
efforts. Under such views the curriculum is seen as developed in the 
programming of the computer and exists in the software itself. Mathematical 
knowing is in response to a pre-given, or at least pre-programmed curriculunL 
Another view of informatics and mathematics which has a long history is that 
of the computer as a tool for learning mathematics (my focus in the 1978 p^r). 
Such a view pre-siq>posed a more constructivist or constructionist view of 
mathematical knowing. In such cases students were typically asked to devise 
programs (for example in some version of Fortran or BASIC or later LOGO) to 
accomplish some mathematical task or to solve a problem. The computer 
procedure allowed students to represent their own constructed thinking in a form 
which allowed them to see if such thinking was viable-— did their procedures 
work? The computer, at least met^horicalfy, because not all systems could 
actually do all of the things that teachers and their students might have liked, 
could be seen as providing a space for the study of algorithms or a way of a 
students constructing mathematics for themselves by constructing algorithms. 
This was certainly at the heart of the woik of Arthur Engel (1976). This 
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constructivist "HooF view would underlie the Fractal Logo example above and has 
been el^rated over the last twenty years by Papert (1980) and others such as 
Hoyles and Noss, (1992). Papert suggested that using the computer, and other 
computer controlled devices (e.g., Lego-Logo) in Ixxty atonic and ego-ityntonic 
ways allowed even young children access to e?q)erience with big contemporaiy 
mathematical ideas such as subprocedure, recursion and dd>ugging. Thus this 
constructivist view would observe the curriculum in the child’s action in a space. 
Rather than the computer as curriculum provider of mathematics for the child, the 
computer is a means by which the child builds mathematically rich experiences 
and reflects upon thenL Thus the curriculum, rather than being seen as residing 
in the software, is now seen as emergent in the actions of individual students 
using the conq>uter as a medium. 



COMPUTERS AND CURRICULUM: A SPACE FOR BRINGING 
FORTH A WORLD OF SIGNMCANCE WITH OTHERS 

Under either the representationist or constructivist views discussed above it is 
usual to think of using the computer in teaching mathematics in ta^ spedfic 
terms. This has been and still is particularly true when the computer is used as a 
tutor or tester or a drill provider even in a game setting. The user receives a 
prompt fix>m the conqmter, responds and receives direct feedback. Interaction 
with the conq;)uter is pictured as a series of discreet tasks and responses. 

The constructivist or constructionist views outlined above certainly challenge 
the view of cognition as singly responding to a singular task. But even problem 
solving using a utility like Cs^ri (Laborde et aLy 1995) is task based. In using 
multi-media mathematics adventure programs such as Phoenix Qaesi from 
EGEMS (19%) students engage in mathematical activity which goes bq^ond a 
task orientation. Certainly some contemporary views on cognition and computing 
encourage a broader view as well (e.g., Wino^ad and Flores, 1987)). 

In thinking about an informatics curriculum in an embodied way, it is useful to 
think of cognition not simply in task terms but as bringing forth a world of 
mathematical significance with others (Maturana and Varela, 1987). In 
particular, such ‘bringing forth’ and the informatics curriculum surrounding it 
will be seen in terms of three distinct but necessarily overlapping embodiments: 
that defined by the lived e?q)erience and related edibilities a person brings to a 
setting {in person embodiment)', that which arises in interactions in a setting 
{person in embodiment)', and that in which the person’s mathematical activity is 
observed in mathematical cultural terms {embodiment in the body of 
mathematics). 

In observing the in person embodiment we look for the schemes and thinking 
patterns which a person uses in a conqmter mathematics setting. For exanqile, 
are there illustrations of algorithmic thinking? Does the way in which the 
students make and use algorithms change? Do they use algorithms or other 
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computer models as representations of images that they hold? How formal and 
general are such representations and the debugging actions on them? This 
embodiment prompts us to think of human computer interaction as a space for 
image making, reasoning and formalising. It dso prompts us to ask how the 
informatics curriculum becomes an occasion for such mathematical actions. 

This last remark reminds us of the inq)ortance of the context in mathematical 
thinking. Rather than thinking of students’ computer related mathematical 
activities in internal or individual terms, it is more useful to think of them as co- 
emergent. Even though a person acts constructively to constitute a computer 
related world, that world and the features selected from it by the person are fully 
implicated in the mathematical actions of that person. Imagine for a moment 
stu^nts engaging in a mathematical adventure on the computer. They might be 
asked to create their own characters who have identifiable features with many 
possible instances of such features. Further imagine that their designed characters 
move through a maze of logical pathways with progress determined by logical 
decisions based on the features of the creatures. As we observe the human 
adventurer we could ask ^where is the mathematical cognition?” It is clear that 
the constructed reasoning of the individual is fiilly implicated and determines the 
nature of the game being played. But by the same token the player is likely 
reasoning and using the tools of the game in ways she or he may never have done 
without them, i.e., person in embodiment. 

This is even more the case when the person is adventuring with another 
person. The ways in which one person even references the mathematical actions 
of the other shows that the actions of the second person are implicated in the 
actions of the first person. The power of this second embodiment increases if two 
or more persons can be observed as recursively providing occasions for one 
another’s mathematical actions. Thus in this example the curriculum is not 
sin:^)ly the designed mathematical adventure game. Nor is it simply the path of 
actions of a person playing the game (or the ‘sum’ of the actions of all players). 
An enactive view of an informatic mathematics curriculum suggests that the 
interaction ^stematically enlarges the sphere of that curriculum. 

The work of Fellows (Bell et al, 19%) and his colleagues suggest that the 
mathematical adventuring above (or any mathematical activity) can be 
interrogated for its ‘math vitamins’. More formally this idea reflects the third 
embodiment embodiment in the body of mathematics. The notion of embodiment 
in the body of mathematics challenges one to observe informatics/mathematics 
curriculums and to identify the kind and level of mathematical practices which 
occur in them. 

As one considers mathematics curriculum which are based on informatic 
approaches, the discussion above suggests that one needs to look bQ^ond the 
features of the software or hardware or courseware. If one believes that 
curriculum reveals itself in action or in the running (currare), then the three 
embodiments for students’ informatic actions also provide a flume for observing, 
describing and analysing the curriculum. 
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THERE IS THE CURRICULUM: A TRIPLY EMBODIED 
INTERPRETATION 

As suggested at the outset of this essay, a teacher today is &ced with a vast array 
of informatic approaches to, or multimedia settings for, the mathematics learning. 
It is b^ond the scope of this essay to analyse even elements, such as 
spreadsheet/graphing curriculums or geometric utilities, of such a curricular 
collection. Instead only one such curricular setting involving the widely used 
graphing calculator tool will be interpreted using the triple embodiment concepts 
of an enactive view of mathematical activity. 

It depends 

Imagine the following scene^ : 

A group of 15-year-old students in an average class of high school students in 
a subuiban Canadian school are embaddng on the study of systems of equations. 
As an early activity, the class mainly woiking in pairs, but each having a 
graphing cdculator with 'trace’ and 'zoom’ functions, are working with the 
following variable entry prompt^: 

Burgers-on-the-Run has a small shop that sells burgers on a 
drive-up basis. The owner finds that the weekly fixed 
charges on the building, facilities and the drive-up is $935. 

The costs in making a burger average $2.85. The average 
selling price for a burger is $4.95. Does Burgers-on-the-Run 
make money? 

Very quickly, nearly all of the students create the functions 
yi = 2.85 X + 935 and y 2 = 4.95 x 

which describe the cost and income properties of the situation. Figure 1 below 
illustrates some of the graphing activities engaged in by students. Remarks A — G 
provide a trace of elements of the curriculum in action found in this environment. 






Figure 1 Some gmphing calculator images. 




Ic) 




le) 
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A. AUwyn, woiking alone and looking at la calls the teacher over claiming that 
there is no solution to the problem. Even with prompting from the teacher he 
cannot imagine that there is a second functional graph hidden off screen. 

B. On the other hand, Kristy and John can be observed to quickly move through 
graphs la, lb and Ic. They realise that the domain of the function which can be 
seen on the screen is controllable. Even before they arrive at a 'solution' using a 
trace utility, the teacher has them sketch their graphs and list their ‘range’ 
selections on the board. 

C. Like AUwyn, CoUeen and Beth were ‘stuck’ at Figure la. Unlike AUwyn, 
when they observe Kristy and John’s work, they look back at the y 2 = 2.85 x + 935 
and notice that the y intercept is the problem. They too, with some fumbling 
trials, generate a graph like lb, and attempt to use a trace function to find out the 
circumstances under which Burgers-on-the-Run makes mon^. 

D. MeanwhUe Kristy and John create a zoom window to take a second look at 
this situation (Id, e). 

E. CoUeen and Beth consult with them and find out how to alter their graph 
using a zoom box and are interested in how this helps them in their attempt to 
talk about whether Burger King is or is not making money (le). 

At this point (when most of the students have discussed and written something 
about Burgers-on-the-Run making money) the teacher raises another question: 
“What happens when there is a sale of a doUar off on the burgers?” 

F. Almost immediately both Kristy and John and CoUeen and Beth type in ys = 
3.85 X. And both pairs guess that it wiU take more sales to get Burgers-on-the- 
Run into a money makin g position (for the sale burger). Kristy and John function 
in their zoom environment without visible axes making inferences for the new 
fimction based on the portion of the domain found in the zoom box (If). 

G. CoUeen and Beth are puzzled by the meaning of the new graph (If). They 
clear this graph and recreate a new graph using first the standard domain and 
range (-10 to 10) and then a more taUored domain and range and to understand 
this ‘new’ situation. 

This trace aUows us to consider an informatics curriculum in action. Of course 
there are obvious elements in this curriculum— -the prompt itself, the capabiUties 
and limitati ons of the graphing calculator and even the foUow-up prompt But the 
triple embodiment perspective aUows us to examine the curriculum in action 
differently. The first perspective is that this curriculum was different for AUwyn; 
Beth and CoUeen; and Kristy and Jolm. Although AUwyn (see Remark A above), 
like the others created appropriate input functions, his image of linear ^sterns 
inhibited him firom proceeding with the curriculum. He apparently thought that 
linear functions were the results of numerical inputs and not mathematical objects 
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in their own right If no graph appeared on the screen, there was no function. 
Although the environment provided potentials for action, they were not selected 
by him. Thus Allwyn’s structure or in person embodiment helps define the nature 
of the curriculum, and in this case to limit it 

In Remade C above we can glimpse the role that the actions of others and 
interactions can play in an informatic curriculum. In particular, we see Colleen 
and Beth prompted by Kristy and John’s drawings, reconsider and expand their 
own applications of linear functions in this setting. While like Allwyn, Colleen 
and Betb were influenced initially the ‘picture’ on the screen, observations of 
Kristy and John’s images and actions triggered a change in behaviour for them. 

At Remark £ we again see how the actions of Kristy and John become part of 
the curriculum for Colleen and Beth. Thus in this particular informatic situation, 
interaction with others (or our person in embodiment) influences the curriculum 
and is indeed part of it Further, the particulars of small screen and private 
graphing calculator use, rather than restricting the curriculum, prompted the 
teacher to see the need to extend the curriculum and the nature of student-student 
interaction within it. 

Finally we can ask in what ways the computer environment affected the 
embodiment in the botfy of mathematics for these students. We first turn to the 
prompt itself. Through it the teacher was implying that linear systems could be 
approached through the use of fimctions. We see this kind of ‘function reasoning’ 
developed especi^y in the actions of Kristy and John. The computer 
environment allowed four of these students to e?q)lore a particular problem 
engaging in functional reasoning using features of the electronic environment 
(e.g., axes, domain-range, approximation). But using the graphing calculator 
suggests some limitations on the embodiment in the body of mathematics. This 
fimctional/graphing calculator approach restricts the nature of the reasoning in 
this environment and particularly the linear algebraic reasoning. Thus, the 
computer environment both promotes and limits the kinds of mathematics that 
students might enact and hence impacts the curriculum 

It is usual to think of the variable entiy prompt, the features of the graphing 
utility and perhaps the teacher’s questions as constituting the curriculum in the 
situation above. This vignette asks us to think otherwise. The curriculum-in- 
action is also affectedly the thinking schemes brought to it by the students. Thus 
Allwyn, Beth and Colleen and Kristy and John e)q)erienced (Merent curriculums. 
Further, especially as seen in 0)lleen and Beth’s actions, the curriculum occurs in 
the interactions and is fully implicated by them Further interactions with the 
utility itself affect the curriculum. For example, although the features of the zoom 
box inhibited Beth and Colleen firom working on mathematics abstractly, by the 
same token they were able to construct less abstract graphic representations of the 
mathematics involved. Finally even approaching the mathematics of linear 
ystems through a graphing utility affected the nature of the mathematics 
e^rienced by the students. Thus the curriculum-in-action goes beyond the usual 
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definition and includes consideration of student thinking, interactions in the 
environment, and embodiments in the body of mathematics, all-at-once. 



FINAL NOTE 

Over the past 30 to 40 years, the impact of computers on the mathematics 
curriculum has been viewed from two perspectives. The computer and other 
multimedia devices were observed as the medium which delivered the curriculum 
to the students in ever more elaborate and spectacular ways. A second perspective 
was that such devices were tools which would allow the student to construct or 
build her or his own mathematical ideas in enhanced ways. In particular it was 
thought that various computer software/hardware combinations would trigger 
more elaborate and more varied student mathematics. 

It has been the purpose of the essay to add to these two perspectives and to 
challenge the first one altogether. We have to interrogate both the computer and 
related courseware and students in action with it (and the teachers, too) all at once 
to understand the curriculum. The informatics curriculum is co-^mergent and 
fiilly affected by the triply embodied actions and interactions of the students 
enacting it. The curriculum is not in the hardware or software or courseware. It 
is not simply in the heads of the students or the teacher. The informatics 
mathematics curriculum, like ‘all knowing’, is in the interactions themselves. 



Notes 

1 This account is based on research done as part of a project supported in part by 
the social Sciences and Humanities Research Council of Canada grant 410-96- 
0405. 

2 The idea of variable entry prompt has been developed by Elaine Simmt at the 
University of Alberta to highli^t two things about what otherwise might be 
seen as a problem solving task. First the word ‘prompt’ indicates that it is the 
student who determines and generates problems acting selectively in the 
face of the prompt and the mental and environmental tools at the student’s 
disposal and in interaction with others. ‘Variable entry’ implies that students 
at various levels of sophistication can find ways into action appropriate to the 
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Abstract 

Educational implications of information and communication technologies are £ar 
more reaching than initially expected. Present models of mathematics teaching 
are quickly becoming obsolete because the new paradigms brought by the Internet 
enable new modes of mathematical thinking and new contexts of meaning. The 
structure of mathematical discourse is affected by visualisation and distance 
interaction, so there is a strong need to reorganise didactic sequences and to 
define new curriculum objectives taking into account the variety of modes of 
mathematical thinking that were not feasible in the past but which can now be 
sustained by the technology. 
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INTRODUCTION 

Information and communication technologies epitomise in many aspects the world 
of the last quarter of the 20^ centuiy and have become one of the building blocks 
of modem societies. On the whole, educational systems are making huge efforts 
to cope with these technologies, integrating them in order to develop students’ 
capabilities and new teaching methods, or, in some cases, merely so as not to be 
left behind in terms of technical and economic progress. 

These technologies, like any other, are initially developed with specific goals 
in mind, to solve a problem or a family of problems, and are applied by people 
and organisations in the pursuit of economic advantages, personal convenience or 
mastery of nature. Owing to changes in the environment, however, they produce 
effects b^ond those initially anticipated. Technological changes often give rise to 
unattended or previously unimaginable results that can be much more far- 
reaching than those originally expected or desired. There alreacfy seems to be 
reasonable evidence that this also applies to the integration of information and 
communication technologies into education (Ruiz, 1993), and that in mathematics 
it acquires very specific characteristics that can lead to new models of teaching 
and learning and even to a renewal of curriculum objectives. 

To summarise, telecommunications are giving rise very quickly to new 
economic and social relationships, and evidence gathered so far would seem to 
suggest that new teaching and learning paradigms are also emerging. So it is 
necessary to avoid a nmve approximation to the technological change when trying 
to ascertain the effects and implications of computers and the Internet on 
mathematics education. 



SOCIAL USE OF THE INTERNET AND MATHEMATICS 

The use of the plethora of telecommunication netwoti^ known as the Internet 
show some common patterns. Apart firom commercial and business applications, 
Internet is mainly used to siq>port and ^cilitate interpersonal communication; to 
search for information and to retrieve it in a variety of forms, although text is still 
the predominant mode; to carry collective or public discussions that can lead to 
coU^rative construction of knowledge; and to publish multimedia materials, 
making them available to the whole Internet communiti^. These four paradigms of 
the social use of the Internet can foster curriculum development, benefit teaching 
activities, and improve student’s learning in mathematics as well as in other 
curriculum subjects, although its implementation and use in secondary education 
is still in its infancy. 
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Interpersonal communication 

People all over the world use the Internet’s electronic mail facilities to exchange 
information and to establish meaninghil dialogues with other people on a personal 
basis. Teachers and students can take advantage of the e-mail as it is cheap and 
easy to operate: pupils can send completed assignments in electronic form to their 
teachers; the assignments can be marked and returned to students very quickly 
and with personalised comments; students in different locations can participate in 
collaborative projects; and distance barriers cease to be a problem. 

Information provision and retrieval 

There is a whole world of information in the Net, and there is frequent use of the 
browsing and retrieval facilities of the World Wide Web (WWW). At professional 
levels, "electronic journals’ that still maintain a quite traditional layout and design 
are a cheaper and fastest alternative to mathematical journals. As Okerson (1996) 
points out, this type of use is probably going to grow and its scope to be more 
widespread, setting new social problems. 

It is already possible to search on-line mathematical dictionaries, to access 
^csimiles of origmal papers of great mathematicians, to obtain information on the 
history of distinguished mathematical objects and to locate the biographies of 
great authors. There is a growing richness of Wd) pages with collections of 
problems at almost any level, and the implementation of Java and VRML 
languages allows the "netsurfer’ to access galleries of dynamically manipulable 
mathematical objects^ 

Public discussions 

Pubhc discussions consist of specific virtual that are freely joined by people with 
common and specific interests. In the mathematics field there are "classical 
newsgroups’ like sci.math, sci.math.*, and alt.algebra.help and "mailing lists’ 
such as owner-mathqa@lists.oulu.fi. The Internet holds the record public 
discussions on mathematical issues maintained by groups of students of higher 
levels - recently joined by senior or retired mathematicians - that enjoy answering 
questions of younger students and stimulating them with new challenges. An 
example here is the virtual Dr. Math who treats mathematical illnesses^. 

Public discussions allow for collaborative knowledge construction in many 
areas, and "Frequently Asked (Questions’ (FA(J) boards are often built up by 
means of the collaborative efforts of a large number of people. 

Publishing on the Internet 

The Internet provides a means for publicising the results of many creative acts of 
people that could not reach public audience by means of traditional publishing 
channels. This applies to many areas of human creativity, and specifically to 
mathematics and mathematical educatioa To publish on the Internet is becoming 
easier and easier, and almost anyone can post their papers, essays, personal 
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databases and multimedia products. The personal touch or style of the author in 
presenting information is not hindered 1^ rigid publishers’ criteria, it is only 
shaped common operating procedures. 

The Internet and mathematics 

Both in concepts and in technologies, the Internet is a rapidly evolving reality. 
Quoting the UK’s National Council for Educational Technology (NCET, 1995), 
present communications technologies already 

“provide students with opportunities for using and applying 
mathematics in the solution of problems, helping to develop 
mathematical reasoning, and enriching work with number, shape, 
space and measures. In the area of handling data, in which students 
establish lines of enquiry and collect, analyse and interpret data, the 
Net can be particularly useful”. (Page 13) 

It is nevertheless necessary to recall that in the early stages people tend to use 
computers to reproduce tasks which were done before without them. They are 
used to get better presentations, to perform faster calculations, and to provide 
enhanced examples for the usual curriculum subjects. As Bottino and Furinghetti 
(1994) point out, this approach is deeply rooted in the didactic paradigms teachers 
have so far, paradigms that are currently being undermined by the technology. 
There seems to be a similar trend in the ^-expanding process of using 
computer-mediated communications in education,. 

It is necessary to keep in mind that any new technology causes the rules of 
society, institutions, people’s roles, and their relationship with the environment to 
be r^uilt to some extent (Schwarz, 1992). Generalised computing and 
communication fodlities will have many impacts on mathematical education. 
Therefore, research and debate on the new tendencies and paradigms of 
mathematics teaching and learning is needed. 

On the other hand, the use of the Internet is spreading veiy quickly in many 
fields of human activity, specifically in those of research, business and production. 
A huge social demand for people with information processing and communication 
skills is correspondingly emerging. This is no means a small issue in 
mathematical education as we will attempt to illustrate. 



MATHEMATICS: WHAT ARE WE TALKING ABOUT? 

Paraphrasing Wittgenstein we ground our arguments in the idea that 
‘mathematics’ is not a doctrine but an activity. So it is necessaiy to establish 
which activities can be considered as ‘mathematical activities’. Critical analysis 
of the histoiy of science demonstrates that the meaning of the term mathematics 
has changed diachronically, and it is synchronically variable within the context. 
Thus, for instance, the actual classification of the Mathematical Review is useless 
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to classify the items of mathematics curricula of primary and secondary education. 
So our approximation will take into account two points of view: modes of 
mathematical thinking and contexts of meaning. 

Modes of mathematical thinking 

First, it is necessary to ascertain whether a given mode of thinking can arguably 
be called ‘mathematical’, with criteria wide enough to include not only academic 
mathematics but the mathematics of all levels of human activity. 

Tail’s classification (Tall, 1994) is helpful here in that he has classified the 
modes of mental representation of mathematical objects and activities upon these 
objects. The most primitive is the enactive sensori-motor mode, which is at the 
root of much of our activity. It begins with perceiving objects in the external 
world and acting upon them; objects can be handled and demonstrations made by 
means of direct physical experimentation. 

The iconic visuo-spatial mode uses iconic representations of objects, enabling 
us to sense spatial relationships to elaborate and interpret pictures and to consider 
thought experiments (what if ...?) as a demonstration method, for example, we 
may imagine holding certain conditions and ‘see’ whether a conclusion should 
follow. 

In the (visuo-)symbolic mode, one can distinguish: 

a) the symbolic-verbal mode of the classical Euclidean geometiy in which, while 
conforming to the concept of Euclidean demonstration, objects are described and 
idealised and relationships are veibalised; 

b) the proceptual mode (procept=process+concept) of the algd>ra and elementary 
calculus; and 

c) the symbolic-logical mode, in which objects are defined, relationships are 
inferred and demonstrations are formal. 

As an illustration, the New Maths didactic paradigm was rooted on the 
symbolic-logical mode of thinking. Linear concept formation is intrinsic to it 
and, correspondingly, student’s first perceptions of mathematical objects are 
microscopic. 

Information technology fosters a vigorous trend to consider visualisation as a 
legitimate way of approaching mathematical objects with students’ perceptions 
bexx)ming that of macroscopic instead of microscopic. Moreover, the c^)abilities 
of the computer introduce a new element, the manipulation of a representation. 
This suggests the inclusion of a new enactive mode of thinking, similar to the one 
described above but with a new characteristic: instead of objects being real only in 
terms of physical entities, to be handled physically, they become virtually real in 
that the representation and manipulation become more dynamic and flexible in 
the computing environment. 
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Mathematics and contexts of meaning 

It can be said that a mathematical activity belongs to 'pure’ mathematics when the 
objects dealt with and the processes done with these objects have meaning 
exclusively on mathematical contexts. But the social importance of mathematics 
arises from peoples’ capabilities in applying modes of mathematical thinking to 
veiy different fields of human e^rience and activity. It may seem obvious to 
point out that our societies are in many respects sustained by the math emati cal 
capabilities of its people. Although people have alw^ developed the skills 
needed to manipulate emerging technologies, nowadays we are facing a new 
challenge: informatics and telecommunication technologies are immensely more 
complicated and the models necessary to operate them have become more and 
more abstract. 

Computers and global networks are related to mathematics not only by their 
capabilities of quick and accurate computing, and the need to operate them 
according to logical rules, but because people efficiently use these technologies 
without needing to know about their internal working, nor their structure and the 
concepts underlying the development of the software (Keitel et aL, 1992). On the 
other hand, the ability to interpret and ascribe meaning to the h uman operation of 
computers and networks implies the need for elaborate abstract mental models 
and a grasp of the internal logic which underpins the interactions. These are 
genuine mathematical skills to be fostered by appropriate teaching. 

The implications are that in our society, people responsible at every level of 
mathematical education should reflect on and research the possibility of opening 
up the closed arena of mathematical education to include areas and contexts other 
than the traditional. 

The field and objectives of mathematical education should accordingly be 
extended to new areas, and specifically to the techruques of processing and 
transmitting information: it doesn’t seem exaggerated nor visionary to insist on 
the stable introduction of such subjects as modem progr amming techniques, 
database design and query languages, and graphical representation techniques in 
secondary education. 



THE CONSTRUCTION OF NEW MODELS FOR MATHEMATICS 
TEACHING AND LEARNING 

On the structure of mathematical discourse 

Pre-Hellenic mathematics is usually considered as a set of cumulative, semi- 
empirical and discormected practices validated by centuries of daily practice. The 
Greeks are credited as the inventors of the way we make mathematics, with 
Euclid’s Elements as the paradigm. From then on the mathematical discourse has 
been linear and implemented as a text Hilbert’s formalism is the highest 
expression of this approach: it gave rise to the 'New Maths’ didactic paradigm of 
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the fifties and sixties. A very special characteristic is the absence of illustrations; 
the linear deductive logic dominates the discourse so that mathematics becomes a 
form of text. Pictures and diagrams are absent because th^ can be read as non- 
linear networks of relationships. Even today, many teachers expect their students 
to elaborate linear discourses reflecting the Bourbaki style. 

However, a new tendency is emerging: the mathematical ability of students is 
proportional to the quantity of meaning of their conceptions. Visualisation is a 
source of meaning in the perception of mathematical objects (Zimmerman and 
Cunningham, 1991). The capabilities of computers and networks in this area are 
continuously growing, and it is already possible to construct visual representation 
of objects that were never before represented in such a way, and at the same time 
providing a means for illustrating the network of their internal relationships. On 
the Wd>, for example, classical geometry is illustrated and manipulated by means 
of a ^namic implementation of Euclid's Elements using Java applets^. The 
impact of that fiict is probably going to be much greater and global than, for 
instance, Argand’s representation of complex numbers. This fact, along with the 
generalisation of the hypertext, will probably make the exigency of a linear 
mathematical discourse obsolete and intolerable. 

The computer as a tool to enhance meaning 

Computers were initially employed to fitcilitate computing and representation 
tasks previously considered too long or too difficult, but it seems that these uses 
have had little impact on mathematical education, although a few research areas 
did open up because of insights prompted by the computer. 

Proposals to place algorithms in a central position in school mathematics are 
at least twenty years old. The proceedings (Johnson and Tinsley, 1978) of the 
1977 MP Working Conference on informatics and mathematics contain many 
authors arguing on mathematical concept formation and problem solving 
capabilities that benefit firom algorithms' analysis, construction and 
implementation. Nowadays there is considerable empirical evidence of the 
successful use of the computer to enhance meaning using programming languages 
specifically designed to convey mathematical processes, or by building up 
environments to construct and explore mathematical concepts (Dubinski and Tall, 
1991). 

But, in the near fiiture, students' perceptions of mathematical objects are going 
to be quite different from what teachers still expect today, because they will take 
place in very different environments. C!onsequently, educational use of computers 
and networks is leading to a new perception of mathematical objects. 

From a general point of view, current literature accepts widely that emerging 
didactic paradigms are rooted on the developments of Vygotski and Piaget, which 
stress the importance of social interaction and of interaction with the 
environment. Consequently, networked computers provide a framework of huge 
power, which, when fostered by appropriate teaching, can empower learner’s 
building up of mathematical knowledge. 
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Reorganising didactic sequences and the curricula 

Information and communication technologies open up many new possibilities. It 
is possible to change substantially the methodological approaches of the ‘pure 
mathematics’ field. Without the computer it is necessaiy to routinise algorithms 
and methods first, and only then does it become possible to manipulate a 
mathematical object with enough sophistication to be able to cope with its whole 
meaning. But now, as Tall (1994) points out, it is possible to reverse this process, 
and make the student use specific software to first conceptualise the object and 
understand its properties, and later, develop the manipulation processes that are 
intrinsic to that object Thus, for instance, in order to learn llie concept of the 
derivative of a function it is possible to use a special purpose piece of software 
such as Graphic Calculus (Tall et al, 1990) or use a more general purpose 
program for the graphical representation, e.g.. Derive. Successive magnifications 
of the behaviour of the graphic around one point demonstrates dynamically the 
fact that the curve is approaching a straight line that doesn’t change in further 
close-ups. The concept of derivative of a real fimction arises then in a very 
natural form, but there is more than this. One can do the same process with non 
differentiable functions at a fixed point or at any point, and students will see that 
they are never able to obtain a straight line. The concept image of the student is 
now provided with examples and counter-exan^les of the concept of 
differentiability in a way that cannot be done without ^e machine, and all before 
any formal definition of the concept of derivative and the acquisition of techniques 
for differentiation. 

Telecommunications add new dimensions and capabilities for enhancing 
meaning brought about by powerful visualisation techniques. Experimental Web 
sites implemented in languages such as VRML demonstrate these capabilities in 
the study of polyhedra"* or the space geometry, exanq)les of ill-fated areas in the 
traditional curricula. Furthermore, it is not necessaiy to run a finished and 
properly marketed program installed in one’s own PC. The Internet allows 
developers to create prototypes and applications that don’t need to be restricted to 
a single computer, i.e., sets of applets placed elsewhere in the network can be 
linked together, thus enabling multiple forms of interaction. 



CONCLUSION; TOWARDS A NEW DEFINITION OF CURRICULUM 
OBJECTIVES 

It can be rightly argued that, although the new environments enable the building 
up of very meaningful concepts, they cannot represent the general concept. When 
students manipulate geometric constructions with a Java applet or with a tool like 
Cabri Geometre they can obtain a deep understanding of the properties of the 
objects and their relationships. But the thinking mode of Euclid’s geometry 
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requires one to be able to describe the objects and to veibalise their properties in 
order to realise the Euclidean demonstration of proof. In a similar way, the 
enactive action over hmctions and slopes doesn’t necessarily lead to the logic- 
symbolic mode which characterises academic mathematics, in which objects are 
defined, relationships are inferred and demonstrations or proofs are formal. 

Is it necessary then to infer that computers are only helpful in very specific or 
elementary situations of mathematical education? Taking into account that 
'mathematical education’ is a broad concept that refers to many issues, we 
postulate that when defining a priori the objectives of a specific curriculum, it is 
necessary to bring to the foreground the issue of the selection of modes of 
mathematical thinking , in order to decide which modes should be fostered or 
which ones should be ignored. Two main reasons are put forward here in support 
of this position. 

Firstly, information and communications technology constitutes in itself a 
deep change of the didactic environment, and a very important element in this 
change is its capacity to foster new forms of authentic mathematical thinking that 
cannot be accomplished in the traditional environments. Now it is possible to 
engage in activities which were not even considered in the past, when ‘doing’ 
mathematics was limited to what could be done with paper and pencil. It is 
proposed here that this will provide ‘a breath of fresh air’ for those students who 
now feel uncomfortable with the classical paradigm of mathematical learning 
which, with its current heavy emphasis on deduction, may seem to be lacking in 
its attention to exploration and experimentation. 

Secondly, although our societies rely on the mathematical skills of their 
people, it is useless to expect that a sizeable part of the population will accept and 
share in a mathematical culture whose final criterion is the internal consistency 
agreed between mathematicians (Skemp, 1971). Correspondingly, curriculum 
goals now need to be defined within a wider perspective because technology, for 
instance, allows the learner to approach geometry without the requirement of a 
formal demonstration language, or to work with the calculus without mastering 
derivation and integration rules. Legitimate and different mathematical interests 
can now be linked with different modes of mathematical thinking. Consistency 
can be a matter for agreement between teacher and learner engaged in a 
meaningful dialogue mediated by the working environment, that is, by the new 
techniques of information processing and the emerging paradigms of 
communication brought about by computers and the Internet. 
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Abstract 

In 1994 we released a new version of the Logo language. We now concentrate on 
research into new educational possibilities offered this environment We want 
to provide Logo users with a strong and flexible developers’ tool for e^loring, 
creating and playing. Together with our university students - hiture teachers of 
mathematics and informatics - we run a seminar on implementing informatics in 
primary and lower secondary education. The goal of the seminar for the 1995/96 
school year was to develop a modem one-year course on informatics for lower 
secondary students, supported by a series of open microworlds which should 
provide creative kdx>ratories to explore major ideas embedded in turtle geometry, 
mathematics, multimedia, logic and algorithmics. 

Keywords 

Prograrmning language Logo, curriculum development, open learning, teacher 
education, tools. 



INTRODUCTION 

The main thrust in teaching Logo is the process rather than 
the final outcome of an activity (Shimabukuro, 1988). 

In 1994 we released a new version of the Logo language, (Blaho et al, 1994; 
Stuur, 1994), with the arribition to make use of all the powerM features of the 
Windows envirorunent and to provide corrq)lete siq)port for turtle geometry, 
enhanced Logo data structures, multimedia, multiple turtles and the handling of 
complex graphics. Since then our Logo has appeared in more than ten national 
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editions throughout several countries (titled SuperLogo in the UK, the 
Netherlands and others; Comenius Logo in Central Europe; MultiLogo in Greece 
and MegaLogo in Portugal and Brazil). As the number of users of this 
environment is growing considerably in schools, in families, in teachers 
education, in educational institutions for handicapped children, etc., we are now 
concentrating our research on new educational possibilities offered by this 
environment Our approach is to provide Logo users with a strong and flexible 
developers’ tool for exploring, creating and playing - the users being either young 
people, students, teachers or educational software developers. We believe that in a 
well designed open computer environment, learning can take place through the 
active participation in the development and use of microworlds. 

Our educational research is based on close co-operation with our university 
students — ^hiture teachers of informatics and mathematics. It is important and 
highly motivating to wori^ with future teachers as they are both very enthusiastic 
and very critical young people. Several of them are alreacfy involv^ as assistant 
teachers in e^rimental informatics courses our department runs in lower 
secondary schools (Blaho et al, 1995) 



LOWER SECONDARY INFORMATICS EDUCATION 

Two years ago we decided to start a seminar with our university students on 
implementing informatics in primary and lower secondary education. Every year 
we work with a group of students on a specified goal. In 1996 the goal was to 
develop a one-year Logo-based course on informatics for lower secondary students 
(between 10 and 14 years old). We tried to specify the objectives of the course, its 
conception and approach, and to design (and if possible, also implement) a series 
of open microworlds to support the course. These microworlds should cover all 
the major topics and provide young students with computer l^ratories to explore 
important ideas within turtle geometry, mathematics, multimedia, logical 
reasoning and algorithmics. We have decided to stress creativity, playfulness and 
exploratory work and have specified the general educational goals as follows: 

• to build a comfortable feeling in students when working with information 
technologies; 

• to develop creativity, independence and personality (through the creation of 
animated stories, for example); 

• to develop problem solving skills, logical reasoning and algorithmic thinking ; 

• to support co-operative work in projects; 

• to support a procedural approach in the coloration of mathematical concepts 
such as distance, angles, polygons as results of computational processes in the 
use of turtle geometry; 

• to combine different media for expressing more complex phenomena. 
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We decided to have the course Logo-based and Logo-centred, therefore we also 
specified the minimum turtle geometry and programming concepts which should 
be covered within the major topics of the course as follows: 

• elementary single turtle commands; 

• the concq)t of angle and polygon; 

• the concept of repeating, simple branching by if, the concept of user- 
defined procedure, procedures with irqruts, simple variables through 
procedure’s parameter/parameters; 

• the concept of stepping the computation (i.e. pausing the conqrulation at each 
forward, back, left and right commands); 

• introduction to multiple turtles; 

• introduction to multimedia control. 

In the following section we summarise the developments in 12 main topics of 
the course. We always specify the goals to be reached, concepts to be e^lored 
and microworlds to be used within the topic. 

The first topic is conq)letely devoted to exploring Logo demo projects for each 
of the other topics. In this way students will intuitively recognise basic concepts, 
ways of communication, the enviromnent, etc. Some demo Logo projects will 
illustrate applications of n for other subjects (mathematics, geography, arts, 
cross-curricular projects etc.). 



THE OUTLINE OF THE COURSE 
1 Demo projects 

Students will become familiar with the enviromnent of Windows and Logo by 
navigating through a collection of simple Logo projects (offered in the Demo 
Projects Window of Logo). Most of them are sinqile interactive games, in which 
stu^nts use the mouse to control one or several active objects in the graphics 
screen and thus solve simple problems. They are given the opportunity to 
discover the concept of a turtle (or many turtles) and the way it can be controlled: 
making it go forward, turn left and right, turning its pen up and down, changing 
colours, etc. From the informatics point of view, they will intuitively e?q)erience 
some fimdamental concepts, e.g., data and data representation, as well as engage 
in problem solving strategies and processes. 

Figure 1 illustrates the Turtle Writer demo project in which students work 
with multiple representations of data. In the upper Impart of the screen there is a 
pile of letters (printed on small square cut-outs), in the upper right part there is a 
pile of small pictures (printed on the same size cut-outs). If a student clicks a 
letter or presses the corresponding key on the keyboard, the letter starts to move 
downwards and is correctly positioned in the line (or lines) constructed in the 
lower part of the screen. In this way the student types the story. Some words. 
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however, do not need letters — th^ will be expressed by clicking a picture. The 
picture will move itself and will stop at the end of the sentence. In this way, a 

combined text-pictures stoiy is easily created to form a unified result (with its 
parts represented in different ways). 




Figure 1 A story in words and pictures. 

2 Paint and Turtle Geometry 

We use Paint or Paintbrush bitmap editor as an introduction to Windows because 
it is simple, attractive, intuitive and it supports the idea of co-operation among 
Windows applications. If students create a drawing in Paint and paste it through 
the Clipboard into the Logo graphics screen as its background, several important 
informatics concepts are illustrated. 

Such co-operation between Paint and Logo has inspired us to develop a 
microworld at the border between them: the graphical cursor is either in the Paint 
mode (with many well-known tools), or we turn it into the turtle mode. In such 
case, the graphical cursor (a pen) turns into a turtle which can be controlled in the 
usual Logo way (again, with many well-known tools). In fiict, both modes are 
quite similar if we communicate with the cursor through direct manipulation. 
However, the turtle mode also makes it possible to control the cursor through 
Logo commands (and later even throu^ Logo user-defined procedures, for 
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example, if we define a simple house command, it can be run once or several 
times in different positions, pen colours and pen widths and then we can switch 
into the Paint mode, fill some parts of the houses and add smoke to each house in 
a traditional fi*ee-hand mode). 

We will later use the same microworld to present a kind of Logo macro 
recorder to students: the complete sequence of Paint mode steps or turtle mode 
steps can be recorded any time and re-used later (an early introduction to the 
concept of a procedure). Working with such integrated environments will 
illustrate several important techniques as well as provide opportunities for 
printing and scanning. 

3 Playing Instruction Cards 

Shimabukuro (1988) introduced the idea of "Surprise Programs’. These are 
working sheets of six to ten printed rectangles with simple Logo instructions such 
as fd 100, home, fd 10000, rt 45 (or even incomplete instructions of the 
form f d ?, etc.). The sheets are cut into little cards, shuffled and organised into 
a random, or surprise paper program. We have found this idea to be highly 
inspiring — ^a strong interactive laboratoiy for developing sequential thinking may 
be based on the concept of constructing and running sequences of similar 
instruction cards. 

Students will find a collection of (complete) instruction cards on the screen. 
By choosing and dragging the cards into the other half of the screen, students will 
then construct a short sequence and be able to ‘run’ this. The concept of running 
a sequence of instructions will thus be developed. Later on, cards with 
incomplete instructions, like f d ?, setpc ?, setbg ? or rt ?, will be used 
as well. Students will replace unspecified inputs on the cards by specific values: if 
they click a particular symbol, palette or ruler or another chooser will open. 

Such tools provide students with an interactive laboratory for experimenting 
with particular commands, different inputs (like 50, 1000, -50, 0 or 1 for the 
forward command) and short sequences of instructions. 

4 Build Your Own Town Project (basic concepts in the Logo environment 
and language) 

This is a simple project with surprisingly deep didactics — ^reported in detail in 
Kalas and Blaho (1995). Students build a town making the turtle (with 
penup) navigate through a simple background picture using basic turtle 
commands. Two additional commands are provided by the microworld, enabling 
the student to build a house and/or to plant a tree (house and tree) — ^if they are 
used, the turtle stamps an image of a randomly chosen house or tree at its current 
position. Students in this way explore several important features of the Logo 
environment and language. If they feil to type an input to f d or rt or other 
primitive command. Ruler chooser or Compass chooser or Palette chooser is 
displayed instead of an error message. These interactive graphical tools help 
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students specify inputs to commands. Other features and concepts to be explored 
in this demo project are more instructions in one line. Buttons Window, Memory 
Window, MegaPaint Image editor (to create new shapes and images) and 
elementary user-defined procedures. 

All data including background bitmap and shapes of houses, trees, birds, etc., 
are directly accessible and can be modified or created 1^ students directly within 
the environment. In this way, une^q)ected modifications of the project can be 
developed with nearly no effort, for exanqile, turning ‘Build Your Own Town’ 
into ‘Build Your Own Zoo’. 

J Repeating 

Our e^rience has indicated that students are highly reluctant to replace linear 
sequence thinking an iterative repeat structure. The argument that the 
instruction repeat 4 [fd 100 rt 90] is shorter and more transparent than 
four identical lines of a pair of instructions fd 100 rt 90 is not easily 
accepted. (The argument that repeat 4 [fd 100 rt 90] introduces a new 
and single abstract concept of a square is perfectly valid but would seem to be 
unsuitable for younger students.) Therefore our future teachers tiy to develop 
several microworlds, which will motivate the concept of iteration as a natural way 
of planning repeated actions. 

If the goal is to build several streets (within the Build Your Own Town 
project) with dozens or hundreds houses and trees in regular rows, a kind of 
competition will make it obvious that these are real tasks which can be solved 
much quicker by the repeat structure than 1^ a long linear sequence of 
instructions. 

In another microworld, students are presented with a sequence of simple tasks 
to collect fruits from an ^ple tree (or from an all^ of apple trees). However, the 
tasks are accompanied with stronger and stronger constraints so that the repeat 
solutions are better than linear ones. First, students will have the opportunity to 
read and interpret repeat instructions in certain templates, later th^ will fill in 
missing parts of the tenq)lates offered by the microworld, finally, ^ey will be 
expected to construct such instructions themselves. 

6 Angle Laboratory 

Angles and negative numbers are probably the most complex mathematical 
concepts which might be developed through explorations within the Logo 
environment The procedural approach is highly motivating here, for example, 
turtle’s reactions to f d, bk, rt and It commands can be observed, undone or 
redone at any time. In previous activities, students have alreacfy worked with 
angles — ^most often with the interactive support of the Compass chooser — ^now, in 
several follow-up microworlds, th^ are given the opportunity to further develop 
the concept of angle and extend their planning skills. In the water slalom, 
students are to plan a zigzag trajectory of a sailing-boat so that it avoids all poles 




Kalas & Blaho: Young students and future teachers as Logo users 47 



and obstacles and reaches the goal. Several correct solutions exist, some of them 
being better than others (if we suppose that all boats move at the same speed) . 

Beside such procedural microworlds, students are also to explore the concept 
of angle in several more traditional mathematics assignments. Figure 2 shows 
this implemented in an interactive Logo angle microworld. The students are to 
reconstruct the same angle as a given one, compare the two angles, add the two 
angles, double an angle, etc. 




Figure! Angles on the clock &ce 



7 The World of Polygons 

Complex compositions can be created combining polygons of different colours, 
sizes, filling patterns, number of nodes, etc. Regular polygons can be created 
using the Logo tools (e.g., specifying the number of nodes, size, and colour - both 
through direct manipulations and through Logo language constructions), then 
dragged and placed in the working place. 

Other microworlds provide a grid of dots environment in which students are 
able to create their own irregular polygons (first only with horizontal, vertical and 
45 degree diagonal edges and later with other diagonal edges). In a tangram vtay, 
students are able to divide a rectangle into several irregular (triangular or 
rectangular) sub-parts. The parts may be dragged within the grid world and thus 
combined into manifold shapes. Later, each piece may be multiplied into as many 
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copies as necessaiy. The goal is to cover the whole working area by fitting the 
pieces close together with no holes in-between. 

Another kind of activity is that of coloring the area of each irregular polygon 
by counting the number of elementaiy squares covered by the polygon. Thus one 
is able to compare the areas of the two polygons. 

8 Multiple Turtles 

In so far as Logo makes it possible to create and control several active objects- 
turtles, students will have an opportunity to develop their own complex 
compositions in the gnq)hics screen. These are likely to consist of imported 
background bitmaps (e.g. through the use of the Clipboard) from the Paint or 
similar editor, plus a collection of objects with mutually independent behaviour. 
Students are then able to use all the tools of the microworld to set shapes, 
directions, speed, etc., for each object 

Figure 3 is an example of the output (for a point in time) for which students 
constructed a subuiban area of family houses and connecting roads. Multiple 
active objects — cars and planes — ^have been placed into the area where th^ move 
by themselves, without any additional control. The whole composition illustrates 
a living environment with multiple active agents. 




Figures A subuiban area— houses and roads. 



In a more complex microworld, students are able to control all active objects 
by creating a kind of planning agenda. That is, they are able to specify time 
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sequences of events to take place on the screen. So far, however, the objects 
cannot expose any alternative behaviour depending on, for example, their actual 
positions, the background colour behind them, or the presence of another object in 
their neighbourhood. The only control available to the student is simple 
independent timing planned for each object. 

A tiuther example of an activity (from a lower secondary school in Rio de 
Janeiro) is a project, in which students designed (out of many polygons) a scheme 
of a town with a piece of sea shore, or a lake or a river, with an airport and motor 
ways, populated by boats, planes and cars. Although the project is quite simple, 
some serious planning decisions had to be taken by the students — ^all active 
objects had to be created in several layers so that no plane was ever overlapped by 
a car or a boat, etc. 

9 Conditions and Events 

This topic is, from the conceptual point of view, the most complex of all since its 
goal is to develop some sense of intuitive alternative thinking — the third control 
structure the students will encounter in this course. While in the previous topic 
all objects were moved according to a time agenda, now students, are advised to 
specify several events which should take place if certain conditions are met. The 
language of the microworld is very simple. A predefined set of possible 
conditions are offered to the user togetiier with a set of possible reactions. 

Students are to compose a kind of a board game with regular square grid, 
where each square can be coloured by selecting from a palette. The language of 
conditions consists of one-word tests (with no inputs) of the type: 
staying. on. red?, staying. on. blue?, etc. Students are to specify a 
reaction associated with each condition, for example: if staying . on . blue? 
[turn. right go 3 turn. left]. 

In this way, students are to create their own games with their own plying 
rules — by colouring some of the squares, by specifying the corresponding 
reactions and defining the goal to be reached. 

10 Working with Texts 

Using the work of Goldenberg and Feurzeig (1987) we have decided to include a 
topic with seemingly different data structures - natural language texts. However, 
even this text-oriented laboratoiy is to be inq)lemented within the graphics screen. 
Each piece of text will be represented and processed as a structured sequence of 
certain graphics objects (corresponding to words). In this way, we expect to 
achieve high interactivity and visualisation of the ‘laboratory’. 

Students will be given the opportunity to interactively construct a general 
diagram (a template) of a class of similar sentences. At first, the template will 
represent very simple sentences, later it wiU represent compound sentences (of 
certain structures) or even the whole paragraphs. The templates will not consist 
of traditional grammatical categories (like subject and predicate), rather it will 
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consist of semantic categories (like somebody, something, a man, when, 
doing.what, with.whom, from,where, good.relation, badrelation). Students will 
then specify sets of words which fit into each categoiy and let the computer 
generate ra^m instances (sentences and paragraphs) of their text templates. 

The text generation microworld should siqiport co-operative work and students 
will have a tool to combine their random sentences into random dialogues or 
stories. 

11 Animation Studio 

This microworld is a follow iq> on the Multiple Turtles laboratory. Objects of the 
previous activities were traditional turtles with certain shapes (used to egress 
actual headings of the turtles - like the basic triangle sh^, or shapes consisting 
of a single fiame - a car, a plane, etc.). In the Animation Studio students are to 
populate their conqwsitions with animation turtles with sequences of frames as 
their shapes. In Siq)erLogo, sequences of fiames (called images) are used to 
e>q>ress active movements of the characters-turtles. Images are new first-order 
data objects which can be set to turtles by the setshape command and can be 
easily processed with the Logo language (in a similar way to processing lists and 
words) in the (new) Logo environment In the Animation Studio students will be 
able to develop and specify the shapes, movements and behaviour of turtle objects 
in the screen by developing and implementing their own scripts. 

Figure 4 illustrates a sequence of frames created by a Dutch student to express 
the real movements of a ship in waves. 




Figure 4 Movement of a ship in waves. 



12 Multimedia Studio 

We believe that students will appreciate the availabilify of tools which enable 
them to include sounds, melodies and video sequences into their animated 
compositions. These items will either be available from a library of rea^ made 
sanq)les or recordings by students themselves in the corresponding Windows 
applications. Each particular event or tool of a student’s composition can be 
siq>ported voice conunents— recording them is always an amusement and 
running them gives a new dimension to their creations. 

Students, working in such an open multimedia studio, will be able to engage in 
the process of developing scripts, creating backgrounds, characters (living objects) 
and their sh^)es, and choosing or developing sounds and melodies. 
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DISCUSSION 

We are aware of several shortcomings of the outcome of the 1996 seminar. Not 
all microworlds resulting from it are promising, not all of them have been 
realised, they are a kind of pilot implementations of ideas and discussions which 
have not yet been evaluated. In spite of that, we find this e?q)erience very 
important (both for us and for future teachers): in developing educational 
environments for students these first intuitive attempts have been important in 
that they have aided the clarification of new ideas as well as provided insights as 
to whether or not particular decisions have potential in other work. 
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Abstract 

We localise Computer Algebra Systems (CAS) among the technical innovations at 
school and emphasise the difference to artificial intelligence tools. There are two 
fimdamental modes for CAS, the graphic-numerical and the symbolic term 
modes. Of these, the graphic-numerical mode is most spectacular. It siq)ports the 
continuity paradigm of mathematics and induces the danger of an algorithmic 
demotivation of scholars. The symbolic term mode bears a strong connection to 
discrete thinking. It automatises term manipulation and seems to turn drill in this 
field into an obsolete art We reveal its nature as a recognition process for context 
fiee languages and sketch the perspectives of term manipulation in secondary 
instruction. 
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CHANGES IN MATHEMATICAL EDUCATION CAUSED BY NEW 
TECHNOLOGIES 

Computer Algebra Systems among other new technologies for 
secondary mathematics teaching 

Beyond chalk and pencil and beyond the now alreacfy classical pocket calculator, 
new techniques of the communication age invade the scenario of mathematics 
teaching. Mathematical software for geometry and many application oriented 
tools ranging fiom statistical data analysis to PROLOG sofiwe for artificial 
intelligence (AI) offer their services. Computer Algebra Systems (CAS) like 
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MAPLE, DERIVE or MATHEMATICA promise to substitute most of the 
mathematical driU by creative activities. Furthermore, the Internet and e-mail 
support scientific communication world-wide; thus mathematics instruction in the 
classroom has a direct link to the whole community of teachers and pupils; the 
time of isolated work in a small group without the support throu^ external 
resources is over — ^at least as ^ as the technical possibilities are concerned. 

In the last few years, A1 has suffered many drawbacks as the problem of 
efficiency has not yet been mastered. The search for efficient and deterministic 
deduction algorithms has only yielded inherently non-<]eterministic calculuses, 
which are controlled in most cases only by heuristic assumptions. In our opinion 
the most important changes occur as consequences of the new CAS facilities. We 
claim that their appearance alters the content and methods of mathematics 
teaching in a very specific way. In order to estimate this influence appropriately, 
we have to look at the details, and also some anthropological issues need to be 
discussed. In particular, the role of active and passive masteiy of mathematics, 
the importance of intuition and of verificational abilities and the chances for a 
reliable assessment all appear in a new light 

New horizons for mathematical teaching 

The classical tools of mathematical education are, of course, the ability to 
understand and, moreover, to find proofs for theorems and formulas in geometry, 
algebra, analysis and other fields, and to ^ply these results to problems which are 
in a close cormection to these fundamentals. The drill on algorithms which was 
required, gave the basis for assessment — correct calculating and correct term 
manipulation seemed to be a reliable indicator. The arrival of the pocket- 
calculator was the first occasion to weaken this position. But the belief that 
conq)etency in algorithmically finding the remarkable points of a function curve 
would be the evidence for a good mathematical understanding, was unbroken. 
And the ideal goal, to demonstrate mathematical strength by finding an 
independent way to solve an applied mathematical problem, seemed to be very 
often non-realistic for an average scholar. 

As a consequence these classical objectives are now changing. While the 
understanding of the basic fiicts remains officially in its important position, the 
need for training on traditional algorithms is now no longer obvious. It would be 
wonderful if the time which is now saved could be used to further improve the 
capability for applied mathematical problem solving. But considering the doubts 
mentioned above, another chance is most welcome: the ubiquitous offer of 
complete solutions for whole problem classes with an applications interface, 
which does not really require an understanding of the very problem. 

Actually, we get an extensive market of overview packages and of 
visualisation-tools, which help us to estimate or rather to get a feeling for the 
power of such a tool in an ^plicative context Thus working within mathematics 
changes to management of mathematics or rather to being managed, only guided 

cleverness to find ^ropriate packages in the Internet or elsewhere. 
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Thus there remain three fundamental mathematical abilities as goals of 
mathematical education: 

• hmdamental mathematical understanding, perhaps creativity; 

• appropriate use and visualisation of mathematical tools, perhaps for solving 
applied problems; and 

• competent evaluation (interpretation) and the ability to discover useful tools. 

The goal of mastering algorithms and mathematical techniques has become lost, 
and in connection we have lost important chances for assessment. It is therefore 
not surprising that, even in the innermost circles of mathematical didactics, 
opinions arise like that of Heymann (1996) “seven years of mathematics 
instruction suffice”. The speculation that politicians might subsume objectives 
like c) under the non-mathematical general sciences is therefore not absurd. 

But it is erroneous to believe that mathematics must not work with algorithms, 
since informatics is now the home of algorithms. Surely, informatics had 
deprived mathematics of algorithmic responsibilities in the past but the present 
and the future aim of informatics is to create high level interfaces for information 
technology in an applicative and declarative manner and thus to make algorithmic 
competency obsolete. Therefore mathematics has to become again the — possibly 
non-popular — ^refuge for discrete and algorithmic competency. In feet, our 
students of computer science have not just forgotten how to program in an 
algorithmic language like C^. While assembler programming is only practised 
by very few specialists, programming in a third generation language is done as a 
more or less annoying duty, if no public domain software is available. But the 
real merits for activities in informatics are high level achievements well above the 
algorithmic level. In the race for high level solutions computer scientists are well 
in front of mathematicians, and therefore the pendulum of algorithmic duties 
turns back to mathematics. 

The governing paradigm of continuous models and the annoyance of the 
discrete 

The classical content of mathematics education was based mainly on continuos 
models. We worked in the Euclidean plane or in 3D-space with real co-ordinates; 
optimisation was based on real valued functions, and the only unavoidable 
discrete objects seemed to be the natural numbers and the two truth values. But 
even number theory and Boolean logic only played a marginal role in 
mathematics education, not to speak about graph theory, combinatorics or other 
discrete theories. Of course, digital calculations and term manipulation could be 
considered as discrete activities, but they were never objects of mathematics 
instruction, only medium and tool. The appearance of the computer with its 
discretised technology promised a renaissance of discrete thinking at least in the 
mathematical foundations of computer science. But this period is coming to an 
end: mouse and light pen are being substituted for the keyboard as the usual tapai 
device. To press a button or to click the mouse (in the appropriate geometric 
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menu position) are (apart from writing) the only remainders of discrete activities 
of the average computer user, while the mouse seems to move in a continuous 
mode. Surely, this is a most natural activity from an anthropological point of 
view: the ability and the need of man to translate motion into action is the reason 
why the speech controlled or the programmed automobile has and will have no 
chance against the wheel-steering; and even though we are forced to discretise 
and to quantise information for computer processing, the trend is to make the user 
believe that information technology occurs in the continuous space of 
continuously moving pictures, where continuous motions produce actions. 

It seems to me that mathematicians again get the responsibility to make man 
aware that there has to be a discrete world at the basis. We must not decide on 
speculations whether the ‘real world’ is discrete or continuous. Discretisation is 
more than a technical trick to make information processing possible (see Graham 
et al, 1994, for excellent evidence for this claim). It is a pointer to mathematical 
realities which compete with continuous notions. And it seems most natural to 
get experience with a discrete dynamic itystem working with linear and non-linear 
recurrences rather than analysing existence theorems for solutions of differential 
equations; in experiencing the security of a public key cryptosystem based on 
number theory. Thus discrete objects turn out to be important for applications 
within a natural discrete model setting. 

New tools to support working with discrete objects are not yet completely 
developed. Yet the technique of automatic graph drawing or more generally of 
visualising discrete objects with high flexibility is — even though in progress — ^not 
perfect compared with the ^cilities to visualise continuous functional information. 



THE FUNDAMENTAL MODES OF COMPUTER ALGEBRA 
SYSTEMS 

The graphic numerical mode of CAS and its revolution of calculation- 
practice at school 

What is the role of CAS in this context? We have to distinguish two fundamental 
modes, in which these systems can be used (see Oberschelp (1996) for more 
details): 

• the graphic-numerical (GN) mode; 

• the symbolic term (ST) mode. 

The difference between these two modes is not defined by the operating system of 
the computer, but only via the semantics of input and output. 

CAS in the GN-mode owe their most spectacular success to their ability to 
represent on the screen graphs of functions, sets of trajectories or visualisations of 
gradient fields. In many cases they are able to show the dynamic development of 
those pictures according to changing parameters in the manner of a mathematical 
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movie. In this way we get a complete overview of a functional situation and we 
are dispensed of the nowadays obsolete curve discussion. There is much charm in 
visualising the maxima of a hmction f(x) in the GN-mode of a CAS, more than in 
the tedious calculations with the derivatives of f(x); and also in visualising 
geometric configurations or curves in a way which goes b^ond the somewhat 
anaemic ritualism of vector calculus or the theoiy of conics. 

Of course, there are limits to the numerical power and (as consequence) to the 
graphical perfection in the GN-mode. According to reasons connected to 
numerical instability it will not be possible in the near fixture to plot the 10 zeroes 
of a polynomial of degree 10 in the complex plane and to pursue in real time a 
quasi-continuous change of coefficients with a mouse-like 10-finger-input device. 
But those limitations have no practical influence on the consequences, which we 
draw firom the nevertheless impressive performance of CAS in the GN-mode. We 
say good bye without regret to the zeroes-finding-activities in maximisation. They 
were only based on the more or less accidental fact that the derivatives of a 
polynomial have a smaller degree, and it is therefore easier to calculate their 
zeroes. But from a numerical aspect the calculation of zeroes and of maxima has 
for arbitrary functions a similar complexity. The GN-mode now leaves to the 
computer the somewhat monotonous task to evaluate a fimction at sufficiently 
many arguments, such that a curve can be drawn or is simply visible in 
accordance with the pixel granularity of the screen. 

Since the points on the screen have to be calculated with suitable precision, the 
GN-mode relies on the common paradigm of continuous co-ordinates. Thus a 
typical intermediate step to display the fimction / (x) = sin2;zx at the argument 

Xq=\ is to calculate /(Xq)= 0.7071068 not f{xQ) = \yIl (the concept of an 

'exact solution’ is not a genuine notion in the GN-mode). It should be clear that 
CAS in the CN-mode have facilities for very high precision calculations as a 
necessary prerequisite for fast and precise graphic performance. 

CAS in the GN-mode give a strong de-motivation to exercise numerical 
calculations by oneself. Nearly all calculation exercises for assessment tests can 
be done very quickly by these systems. Considering the built-in Polities for 
different solve-concepts it would seem to be no longer necessary to learn how to 

solve a quadratic equation ax^ + + c = 0 or a (3x3)-system of linear equations. 

Given the parameters a,b,c or the coefficient matrix together with the right side as 
input, the appropriate solve-command will yield the result. As long as the teacher 
could prevent the use of the CAS-computer in the classroom (this is a non- 
realistic assumption), the old forms of mathematics instruction would stay valid 
for teaching and for assessment purposes — but no longer for homework. Most of 
our teachers agree that the alternative for assessment of only solving applied 
mathematical problems with the help of CAS would end in a disastrous failure of 
the average students, who rely on perfection with traditional algorithms in order 
to conceal their mathematical incompetence. Therefore, we have to establish 
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officially more general goals for education and for assessment (as described 
previously). 



The symbolic term mode of CAS and its impact on mathematical 
education 

The tremendous success of CAS in the GN-mode can be understood from the well 
known phrase 

one picture says more than 1000 words 

or in an appropriate adaptation 

one plot tells more than 1000 table entries. 

This thesis obviously favours the continuity paradigm. But for mathematics it is 
not the ultimate argument. Even a good and intuitive picture does not create 
reality. But the mathematician has to create mathematical reality from a skeleton 
of &cts and decisions (e.g. axioms). 

Therefore, there is, in contrast, a symbolic term (ST) mode which supports 
discrete thinking for mathematics in a certain way. Here we are working with 
non-trivial terms and equations (or more generaUy with inequalities). 

That is, we don’t restrict ourselves to single terms and equations such as 

3.14159 or sin 0.1 = 0.09983 



Instead, now typical objects are term equations such as 



2 2 

sin X + cos X + 1 

100 N N{N = 1) 

Z/=500 or even Z = 

i=l i=l 2 



In mathematics instruction we are used to manipulating the terms according to 
rules and conventions which come from algd)ra. But most of these identities have 
a nontrivial legitimisation or an application-oriented meaning; term manipulation 
is then usually only an auxiliaiy step between nontrivial argumentations. 

Now CAS in the ST-mode offer to perform these auxiliary steps automatically. 
Commands like 



sin^lify, expand, factor, derive, integrate 

in the context of a term input indicate essential services of the ST-mode. But 
there is more about these itystems. We can expect from a ^stem like MAPLE that 
it yields as an output to 

N ') n 

Z/I or z 
«=1 *^=0 

the simplified results 

1 

-N{N = \){2N + \) or 
6 






Walter Oberschelp: How informatics and discrete thinking return to school 59 



In other cases a confirmation or a denial of a conjectured identity has to be given. 
We also expect the answer 




for the input 

solve (1 - 2jc - 3x ^ )/'-(! + 3x)f = 0 with /(O) = 1 . 

Moreover, if no closed-form-solution is known or does provably not exist, we 
expect to receive the appropriate information. Thus a user of a CAS in the ST- 
mode cannot only expect help in doing intermediate term manipulation steps; the 
user can e^qiect any reasonable information about the result, which he or she sets 
out to find or to prove. A good CAS in the ST-mode would give you the 
information that 

00 1 

X — is divergent, 
n=ln 

while a system working only in the GN-mode might stop with a certain value, 
e.g., with 

21.30048 1502, 

(thus indicating convergence) because the built-in-precision has told the 
evaluating program that summands which are less than 10'^ can be neglected. 

Now this veiy feature is of levolutionaiy importance for all mathematicians. 
What is left for ^e person, who is working at the fundamental level, i.e., that of 
understanding and creatively developing ideas, who wants to find new results and 
proo&, if the CAS in the ST-mode gives any information which is wanted 
automatically? 

One mi^t give a preliminary answer in the same way, in which jogging 
answers the question. Why learn to run fast, if technical crafts can exceed the 
largest speed which is possible for man to run! 

There are analogous situations. The various &dlities for automatic word 
processing obviously do not dispense with the need for teaching orthographically 
correct writing. We feel that the comfort to correct every type-fault easily and 
immediately does not strengthen our ability to concentrate on good and correct 
writing. A certain kind of orthograpical jogging is asked for! Our idea is 
therefore to understand mathematical education as an institution to learn and to 
practice mathematical jogging. If we agree that secondary education needs such a 
jogging to a certain extent, we have to develop (and to argue for) a reason^le and 
indispensable training program. We have to start a general discussion about the 
cultural basics of our civilisation, about the aims of what the German word 
‘Bildung’ (education) means. 
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DISCRETE THINKING AND THE ST-MODE 
What is behind the ST-mode? 

There are two obvious questions now, which should be answered in order to 
analyse the situation correcfly: 

• How is all this possible for CAS in the ST-mode? Why are all the other 
computer-based tools unable to do a similar job? 

• What remains of mathematics teaching, if all results are delivered to us 
automatically by the CAS? Is there really nothing left for the humans? It 
seems implausible that CAS are doing eveiything and more of that — ^what 
happens in human mathematical thinking? 

We are going to discuss the first question. How do CAS in the ST-mode work? 
The basic observation is that eveiything is strictly based on processing techniques 
for formal languages with the main impact on syntax-analysis (parsing) of the 
input. The relevant language class is that of context-firee-languages (CFL) in the 
sense of the well known Chom^-Hierarchy. In this framework mathematical 
terms can be handled as linguistic objects. The main problem is to recognise the 
input problem first syntactically and then in its semantic context. Then a CAS 
has to find an appropriate entry in a data-method-base, which contains specific 
mathematical knowledge. Afterwards the system generates the output by 
reporting the facts and applying the algorithms, which have been found. The 
difference firom methods of artificial intelligence (AI) is important. AI tries to 
deduce with the general rules of logic firom given assumptions. Since Gddel we 
know that this is a complete technique (for first order languages), but it is in 
general not decidable. As an indirect consequence Al-techniques are usually not 
efficient. 

In contrast, a CAS in the ST-mode simply uses the fects and applies the results 
(e.g., algorithms), which have been found in the method-data-base and which 
usually have been discovered by eminent mathematicians. In this way, a CAS will 
neither find, e.g., the well known proof of divergence for the harmonic series nor 
the well known trick of the little GauB to sum the numbers firom 1 up to 100. 
Instead, a CAS has to recognise the harmonic series or an arithmetic series with 
certain parameters as the input, and then look for the right answer within the 
stored information. The CAS can only print out the proof idea, if it is stored as a 
text in the database. 

These examples explain the enormous success of CAS compared to AI: The 
whole mathematical knowledge of mankind, more exactly all those results and 
algorithms, which have been stored and implemented in the CAS, are available, if 
the input problem can be identified appropriately by the system. 

The basic technique, which is used here, is the so called unification, which 
tries to fit terms together, if they “only differ by a substitution”. Unification is the 
main technique of the theoiy of term rewriting systems, which is a well developed 
branch of informatics. AI ^ems also work with unification in their basic 
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resolution technique. But the terms, which are handled hy AI systems, are of a 
veiy elementary kind, since AI does not (yet) possess the power to incorporate 
arbitrary auxiliary theories. 

We give some more characteristic application examples. If the input is 





then a CAS in the GN-mode wiU output 1.64493407, while in the ST-mode the 
system has to recognise that this is an instance of Riemarm's Zeta-function, and 
the output has to be ^2 

f(2) = ^ 

o 



If we sum in the same way the inverse cubes instead of squares, then we can 
expect in the ST-mode an answer like 

C(3) = L202056903 approximate value, result is irrational 



The latter remark relates to Apery's famous proof from 1981; his result that 
^(3) is irrational, has to be stored as a fact in the data base. 



There are, of course, serious technical problems with a successful syntax 
analysis. The system must, for example, be able to try different substitutions in 

order to recognise ® j « 1 

as the same problem as 

rp=l^ i=l ^ 



The success of the system usually depends on the abilities of the user. If the 
user is able to inform the system that some kind of Dirichlet series is connected 
with the input, the system has to extend its unification test only to a part of its 
data base and no tests for membership of subclasses is required in advance. 

There may arise serious theoretical problems for successfully working with 
term-systems. Only in the simplest cases there exist normal formulas for terms, to 
which each input can be uniquely reduced. For polynomials and for rational 
fimctions in one variable those normal forms are available (using the degree- 
concept and the technique of partial fractions). Here commands like expand or 
factor yield unique results. But the factors can in general not be written using 
the symbolic radical — ^it is well known that this is only possible if the degree of a 
polynomial is less than 5. 

A normal form for nested terms of root-radicals is unfortunately not available 
(see Davenport et al, 1988, for the subsequent discussion). Similar problems 
arise with trigonometric terms. Here the non-existence of the so called Church- 
Rosser-normalisation-property raises problems. Therefore we lack a technique to 
verify systematically the famous Ramanugan-identity: 




And even the systematic deduction of the identity sm2x = 2 sinxcosx from a 
database, which contains only sin(x +y) = sinxcosy + siny cosx . 
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This is a serious problem for a CAS, since the system has not only to find the 
substitution x = y — ^which is easy — but also to use the identity x+x = 2x which 
is not obvious in the present context. 

In the context of secondaiy mathematics instruction it is important that 
symbolic differentiation of function terms does not give rise to difficulties. And 
the problem of indefinite integration is con^letely settled by Risch's theorem. It 
is decidable which integrations lead to elementary results, and here the results are 
found by an algorithm. 

Of course, CAS are 1^ no means absolutely fool proof. If the user is unable to 
formulate his task precisely (which veiy often happens in connection with the 
commands simplify and solve), the CAS usually tiy heuristic default 
techniques. But often the user is disappointed the output, because it is not the 
type of answer which was expected. Thus the ambitious user of the ST-mode has 
to possess a serious background in mathematics, and veiy often the lay person 
fails, particularly if it is only a case of simply “throwing the problem into 
MAPLE”. 

ST-Mode automatisation and the mathematical mind 
The foregoing discussion has revealed some answers concerning the human 
aspects which might be missing in the ST-mode. These answers are necessary, 
since otherwise we would enter a similar motivation crisis concerning our own 
thinking in categories of term manipulation, as we have experienced for the GN- 
mode, where we scarcely escaped with our jogging philosophy. 

For the ST-mode we state its inability to create and to use mathematical 
concepts in an intuitive way. These systems essentially imitate and copy 
mathematical knowledge, admittedly with a remarkable intelligence to find out 
what the issue is. 

Therefore, we usually don’t get help firom the system for finding proofs. 
Instead, the ^stem betrays final results and very often it spoils the mathematical 
clout of an argument. 

But we have to be cautious and should not Mi into the trap of anthropocentric 
self-overestimation. Is there an invariant notion of an authentic and genuine 
human mathematical argumentation? 

Since mathematics as a deductive and living science develops further and 
further, surprising new methodological inventions may happen. C^e of the most 
spectacular methodological inventions of the last years was, in my opinion, the 
Wfif-Zeilberger (WZ) technique, which finds proofs and new identities for 
‘hypergeometric formulas’ (see Petkovdt et al, 19%, for the present state of the 
discussion). An example is the Mnous Dixon identity 

k=-^ U+kjvc+kJU+kJ n\b\c\ 

The WZ-theory has been completely integrated into, for example, MAPLE, and it 
serves as a decision procedure for conjectured hypergeometric identities. Here the 
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results are not stored in the knowledge database of the ^stem, only the method^ 
this situation can be interpreted as a passage to a very high level of AI. In 
addition, WZ offers verification tools (certificates) for correct formulas. Therefore 
a handmade control of correctness is possible, and nobody has to trust the honesty 
of the ^stem blindly. But even though we understand the theory, usually these 
certificates don’t support our ‘original proof intuition’ for hypergeometric 
formulas. We are used to accepting proo&, which are based on induction or on 
certain bijection arguments. But the appearance of a 'strange and less 
transparent’ verification technique will not keep these negative attributes forever. 
It is just the trademark of great mathematics, that it starts with a flare of mysteiy 
and finally works as a well accepted, elegant and steady source of creative ideas. 
A good example here is the residual calculus of complex analysis. Initially under 
the odium of an extremely non-elementary theory, now most mathematicians 
classify proofs with the residual technique as eaity, elegant and obvious. 

Nevertheless, the big complexity gap between verification of a proof and 
finding a proof seems to be an intrinsic mathematical fEict. The fimdamental 
conjecture of complexity theory that P^NP gives a somewhat precise formulation 
for our experience that it is much easier to teach students a bulk of knowledge 
using ve^cation techniques — this is the usual procedure of university 
mathematics teaching — than to make them find a single theorem. We can teach 
in one semester more mathematics to an average student, than centuries of 
ingenious mathematical research could find. And the main achievements of the 
ST-mode concern verification! Keeping therefore in mind that the creative 
production of mathematics has to be rewarded more so than professional 
verification, a substantial portion of human motivation should survive the CAS 
area. As teachers we will have to decide in the future again and again about the 
appropriate distribution in the trade-off between the professional use of 
mathematical verification tools and the mathematical fitness in the mind of a 
student. 

A final word concerning discrete thinking 

We have argued over and over that working with discrete objects has to be(come 
again) an important part of school mathematics, even though these objects are 
often hard to distinguish in a very-high-level application interface; that they can 
be grasped constructively, add to a certain scientific realism and are last but not 
least essential features of our mathematical jogging program. And for the future 
of CAS we hope for even better and more comfortable practice with discrete 
objects. 

But discrete thinking is more than working with discrete objects. It also 
means thinking in and working with distinct linguistic units, which amounts 
essentially to argue in general term systems. The language of mathematical 
reasoning is a system of discrete utterances (quite different, for example, from the 
continuity potential, which is hidden in the language of music). The 
differentiation and integration of fimction terms is a purely discrete (term- 
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oriented) activity! This way of discrete thinking has been implemented partly in 
CAS in the ST-mode. It seems to be clear now, that a minimum of 
discrete-thinking-competency is required in order to use such a system 
appropriately. With respect to this qualification, mathematics education has the 
task of teaching basic mathematical reasoning, which is a well controlled and an 
intuitively guided calculus of discrete linguistic operations. This kind of discrete 
thinking is indispensable for wide areas of mathemati cs instruction and a 
counterpart to fimctional and continuous thinking, which is like steering a 
continuous device to an appropriate position. 
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Abstract 

Mathematics has developed dramatically in today’s world. However, the contents 
of mathematics education are almost the same as before. Our goal is to change 
this through the development of new content and approaches in mathematics 
education. We have studied how the inclusion of ideas such as algorithm, 
network, and operating ^stem, as viewed from a computer science perspective, 
influences pupils’ approaches to solving problems — ^in particular, their increased 
flexibility in the processes they employ in working on problems related to these 
computer science domains. 



Keywords 
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The present situation in Japan 

Three key areas of concern have been identified in regard to mathematics 
education in Japan. These include: 

• the paradox of the current situation in which Japanese pupils are quick and 
good at calculation, yet they dislike mathematics; 

• the need for including new types of mathematics in the curriculum; and 

• the need for new approaches which encourage the identification and 
investigation of new ‘undeveloped’ fields of study. 

Dislike of mathematics Results of the recently conducted lEA study mathematics 
tests (TIMSS) show that Japanese pupils are better in mathematics than pupils in 
other countries. However, this same study also reveals that while they are good at 
calculation, they are somewhat poor at solving problems wMch require 
mathematical thinking. Although Japanese pupils have pretty good grades, many 
of them say that they ‘hate mathematics’ or ‘find it difficult’. 
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New mathematics The development and difiusion of computers has been 
accompanied by dramatic developments in mathematics (mathematical modelling, 
discrete mathematics, etc.). Hence, it now becomes more important than ever that 
young people be given the opportunity to study these new areas - and at the same 
time find enjoyment in such stucfy. 

Innovation Surviving in the rapidly changing world— pupils need to be 
empowered with an appreciation of ^proaches which enable them to open up 
undeveloped fields by themselves. They need to learn how to approach new areas 
through the identification of interesting questions, and fiuther, learning to start 
questioning whether or not an answer even exists. 

The research experiments 

In order to address the concerns iodicated above it was necessary to take into 
account not merely the mathematical ideas and approaches, but the learners as 
well — ^in particular, a^)ects of cognitive development Hence, the e^rimental 
work had as its focus aspects of pupils’ behaviour related to ideas in computer 
science, i.e., information processing, including human information processing 
(problem-solving and modelling), which are closely related to mathematics. 
Three main themes were identified (Tokuda, 1990), namely those of algorithmics, 
network systems, and the concept of an operating systent 

Algorithmics The study involved a consideration as how pupils changed in their 
thinking and approaches to problem-solving afier becoming familiar with the idea 
of an algorithm in computer science, which is different fi^om the usual 
interpretation in the school mathematics classroom. It was found that pupils who 
were generally prone to the idea, or stereotype, as to a ‘single way to do 
something’ came to be more flexible in their approach(es). An example of a 
primary pupil’s e^loration is shown in figure 1. 

Networks Most pupils know of the word ‘network’. However, they have little 
notion as to what kind of problems need to be solved in this domain of computer 
science, nor how one might approach the creation of better network systems. The 
experiment involved a consideration of the fact that interesting problems abound 
within their daily life. Models were made of newspaper delivery routes, routes for 
rubbish collection, and even relationships with friends. It was found that making 
models of networks of problems in their daily lives helped pupils to find the basic 
structures of these problems. 

Operating system. In order to examine how primary age pupils address, or even 
avoid, problems which they face in their daily life we provided a context which 
involved solving a maze and observed their attempts in trying to avoid the 
deadlock. The results of this aspect of the research indicated that pupils who were 
good at arithmetic (calculations) tended to try to break the deadlock trial-and- 
error rather than avoiding the deadlock through carefiil reasoning. 
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Figure 1 A priniaiy pupil’s algorithms for multiplication 



Conclusion 

The experiments provided support for the conclusion that we need to break from 
conventional content and methods in school mathematics — ^much of which has 
had its focus on in:^)roving calculation or manipulative skills. The approach taken 
in our work was to investigate pupils thinking and approaches in contexts taken 
from computer science — ^new or unprecedented situations for this audience, 
requiring logical thinking and reflecting the nature of today’s mathematics. Our 
results have provided insights on pupils approaches and ways of reasoning in 
these new areas. 
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Abstract 

Computing technologies can help motivate students to explore problems and 
topics from the history of mathematics. Because the activities are project based, 
the role of the teacher becomes that of a resource. Modified assessment 
techniques must be implemented. On the part of both the teacher and the 
students, the end results are increased mathematical understanding as well as a 
better appreciation of both how mathematical ideas developed historically and the 
individu^ behind these developments. 

Keywords 
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Introduction 

Unfortunately, most mathematics teachers and secondary school students fall &r 
short in their understanding of how mathematical ideas developed historically as 
well as the individuals behind these developments. It is important that they gain 
some sense of the impact of the concrete physical world, the interdisciplinary 
contexts, the role of powerfiil intuitions, and the growth of mathematical 
abstraction. Access to computing technologies provides both a means and a 
motivation for student exploration of topics in the history of mathematics. 
Furthermore, these technological explorations can easily be integrated into an 
already crowded curriculurrL 

In addition to graphing calculators, the computer technology necessary for 
these explorations include spreadsheets, dynamic geometry software (e.g. Cabri, 
The Geometer's Sketchpad)^ symbolic algebra ^sterns (e.g. Mathematica, Maple, 
Derive), 2D/3D graphing packages, and simulation software (e.g. Stella). Also, 
proficiency in one or more programming languages (e.g. Pascal, C-H-, Logo) will 
allow the design of more specific investigations. 

Students can communicate the results of their investigations in the form of 
CD-ROM multi-media presentations. World Wide Web pages on the Internet, and 
data bases. These coimnunications should include a historical context, an 
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overview of the historical personalities involved, a summary of the original 
problem or idea, and a full presentation of the student’s investigations. 

The student’s first step is to find an interesting problem or idea that is 
accessible, has a rich historical context, and has the potential for creative 
investigation. Any of the general reference texts on the toory of mathematics 
can serve as the source of these problems or ideas. Other resources are 
anthologies of original writings of mathematicians or reference texts that focus on 
the history of a specific mathematical topics. 

Process 

The student will spend a considerable amount of time trying to understand the 
original problem or idea, due to changes in notation and context. Computing 
technologies can help gain this understanding. Often, the mathematics teacher 
will serve as an interactive resource, and possibly be pushed mathematically as 
well. At this stage of the investigation, the assumption that old mathematics is 
trivial mathematics is easily proven Mse. 

In the further investigation of the problem or idea, the student can show 
considerable creativity. A minimal expectation is the use of computing 
technologies to demonstrate understanding of the mathematics involved in its 
original historical context. The motivated student may move beyond this minimal 
expectation to the actual doing of new mathematics by investigations of extensions 
of the problem or ideas involved. Hindsight and access to the power of modem 
mathematical techniques empower the student in these extensions. 

Examples 

In the compilation of examples of potential explorations, an attempt was made to 
include prd>lems or ideas representative of a broad range of mathematical content 
and the fiill history of mathematics. The following list of 25 examples is certainly 
not exhaustive. 

• Comparison of Babylonian, Greek, and Chinese solutions of quadratics, including root 
approximations and the rule of double false position; 

• Pythagorean number theory, including figurate numbers, amicable numbers, and 
Pythagorean triples; 

• Khayyam’s solution of the cubics; 

• Three famous construction problems: duplication of the cube, trisection of an angle, 
and quadrature of a circle; 

• Techniques for the computation of values of pi; 

• Geometrical excursions such as the Lunes of Hippocrates, Archimedes shoemaker’s 
knife. Pappus’ anharmonic ratio; 

• Euclidean constructions, such as the process of divisions and the use of collapsible 
compasses; 

• Apollonius’ conic sections or three circle problem; 

• Diophantine problems cormectiug algebra and number theory. 
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• Map projections of a sphere onto a plane; 

• Fractal geometry, such as the Koch curve, the Mandelbrot set, and coimections to 
Pascal’s triangle; 

• Pascal’s and Galileo’s investigations of a cycloid and its analogues, including the 
Bernoulli’s work on the brachistochrone problem; 

• Descartes’ techniques for constructing tangents to a curve; 

• Fermat’s conjectures in number theory and the method of infinit e descent; 

• Probability problems posed by Huygens, Fermat, and Pascal; 

• Newton’s method and its refinements; 

• Euler’s investigations in number theory, 

• Lagrange’s Theorem in group theory, 

• Bufibn’ s needle problem and Laplace’ s extension; 

• Gauss’ theory of congruence and modulo arithmetic; 

• Fourier series and applications; 

• Models for non-euclidean geometries (e.g. Klein or Poincare); 

• Contributions to projective geometry by Desargues, Poncelet, Steiner, and MObius; 

• Monge’s contributions to differential geometry, 

• The search for large prime numbers. 

Implementation and Assessment 

These projects can easily be dove-tailed with on-going classroom instruction, with 
anq>le time and access to computer resources outside of class being required on 
the part of both the students and their teacher. Because the projects require an 
extended time-period, a time-schedule should be established at the veiy beginning 
and closely monitored the teacher. Furthermore, a mechanism needs to be 
implemented for monitoring progress, and possibly linked to a system of 
assessment. Key partitions are the selection of the problem, development of 
understanding of the problem and its context, further investigation of extensions 
of the problem, and communication of student results. In order for each student to 
achieve success, the teacher must carefiilly monitor the student’s original problem 
selection, using criteria such as the student’s ability in mathematics, use of 
computing technologies, and ability to work independently. It is possible for 
students to work in small groups on these projects, though student roles and 
responsibilities need to be clearly identified. 

Assessment of the project must reflect all of the project’s aspects. That is, the 
assessment must include the selection of the original problem (e.g. 
appropriateness, level of mathematical sophistication), the development of a 
historical context, the demonstration of an understanding of the original problem, 
the use of computing technologies, the investigation of extensions of the problem, 
and the communication of final results. The biggest difficulty is the inclusion of 
the assessment of this project into the overall assessment of the student for the 
ongoing mathematics course. 
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Abstract 

More natural inter&ces are likely to be a main feature in the future design of 
Direct Manipulation Software, including Dynamic Geometry. This, however, will 
not be without problems in the actual design and in the tensions these new 
possibilities will bring due to constraints implied the nature of the curriculum, 
specific content knowledge which is deemed to be important, and the e?q)ectations 
of teachers — ^the teachers’ culture. 



Keywords 

Direct manipulation, geometry, human computer interface. 



A CONDENSED fflSTORY OF RECENT MAN-MACHINE 
INTERFACE EVOLUTION 

At the end of the 70’s, engineers at Rank Xerox conceived the idea of an interfiice 
for a computer essentially as a simulation of an office, actually proposing an 
electronic counterpart to it. The familiar environment of an office is presented as 
a desktop, on which we have folders containing files; some files can be put 
directly on the desktop, some files are open other are closed, showing only their 
titles; in addition we find on the desktop mail baskets, one for the outgoing mail, 
one other for the incoming mail, a printer could also be available. All this was 
present in the design of the Star Machine at the Rank Xerox Research 
Laboratories in Palo Alto. Only a trash was missing on this first attempt to create 
some sort of ‘natural’ interface. Just after Steve Jobs and his fiiends had received 
a shock in discovering and realising the potential of what was just happening at 
the Xerox Park, engineers at Apple introduced the trash, an ea:^ way to destroy 
and possibly recover any file the user wanted to get ride of Almost 25 years later, 
Windows 97 also finally brings a trash to the PC user community. Actually, 
Microsoft products have some look of modernity, its icon shows a recycling trash 
instead of the outdated waste trash. 

Information and Communications Technologies in School Mathematics 
J.D. Tinsley & D.C. Johnson (Eds.) 

© 1998 IFIP. Published by Chapman & Hall 




72 Information and communications technologies in school mathematics 



Direct Manipulation (DM): some difficulties 

During the past twenty years not too much has been accomplished in comparison 
with the giant step forward acconq)lished at Rank, with the introduction of a 
conq)uter interfEice based on an electronic counterpart of the physical world. 
Because it was now possible to act on an internal object through its graphic 
representation — ^looking almost as if it was real — the concept of direct 
manipulation (Schneiderman, 1987) was introduced to characterise such 
environments where the user acts on internal objects through some graphical 
representation produced for the user by the intei&ce. 

Despite its incredible potential, the general ideas of direct manipulation, 
enhanced through direct engagement, has not affected too much the majority of 
application software that people continue to produce and to use, especially in the 
educational software domain. 

Possible reasons for this situation are: 

• the difficulty in finding appropriate metaphors, relevant to the cultural 
background of the user as well as to the specific content of the knowledge 
domain covered by the application; 

• the general difficulties in programming at a fine level of granularity the 
interaction at the level of the main inpxxt device (mouse-k^board); 

• the temptation of applying the concept in software design of ‘divide and 
conquer’ and to de-limit relatively separate sub-domains of activities, 
intr^ucing an increasing amount of modal type interaction; 

• the development of itystem architecture like windows, which has been designed 
by people strongly influenced by their DOS type culture and the way they 
conceive and use computers (an example here is way the mouse in the 
Windows Environment is put on the top of the architecture and not really part 
of the whole design of the system). 



SOME EXAMPLES IN MATHEMATICS (GEOMETRY) 

One can think about a geometrical figure as a set of objects related by some 
properties ‘e^ressing’ the figure itself. In a book a figure is commonly 
represented by a drawing in addition to text describing those relations as wanted 
by the designer of the figure. For instance a figure could represent two points 
which are symmetric with respect to some line (see figure 1). Normally, no 
remaikable property in the drawing can be found which would not be a ‘logicaT 
geometrical consequence of the properties as e^ressed by the designer. This 
means that the drawing is siq)posed somehow to be a model of the figure in its 
most general position (this is true up to some properties an expert would consider 
as irrelevant, e.g., the &ct that a figure involving a triangle will often be presented 
as a triangle with an horizontal base). In the case above, siq)pose two points are 
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labelled A, B and the line D. A can be viewed as the 
symmetric image of ^ in the axial symmetry around D, 
as well B can be viewed as the image of^. 

A 

Figure 1 A geometrical figure representing 2 • 

symmetric points with respect to a line. 

Dynamic Geometry Software 
Dynamic Geometry Software, or DCS, refers to conq)uter-based environments 
which appeared some years ago to help discover the properties of a figure through 
its behaviour when the user "drags’ some of its components with the mouse, 
usually the points the user has first introduced when creating the figure a 
sequence of calls to primitives. 

Taking the exanq)le of Cabri (Laborde, 1995), a figure constructed by a 
student in the above case could be one of the following: 

• A points and a line D have been created somewhere on the working sheet, not 
sharing any explicit relationship. Then the user created, through a call to the 
item axial syinmetry , the image of namely B, around the axis D. It is 
possible to drag A or D, but B caimot be dragged despite the faisX that A is 
equally treated in the syntaxic description of the figure. At any time the 
Cabri-construction gives a drawing which can be viewed as a static drawing of 
the geometrical figure, but dynamically one would prefer a solution where A or 
B could each be dragged on their own. 

• Instead of calling the primitive axial symmetry, another student might 
have constructed the perpendicular line fix>m A \oD and then considered the 
other intersection of this line with the circle centred at the foot of the 
perpendicular line, passing through A. In respect to the above consideration 
the behaviour of dragging this construction would be exactly the same. 

• Another possibility would be to start fi*om two points A and B and construct 
the perpendicular bisector of This time A and B would be equal according 
to their drag capabilities, but as in the preceding case now the line D would 
not behave any with full generality or fresdom. 

Using Geometer *s Sketchpad (GSP: Jaddw, 1995) we will take advantage of the 
mirror feature producing the mirrored image of a point with respect to a line 
that we have just marked as ‘current mirror*. The behaviour here is more general 
than for Cabri because it is possible to drag A ox B ^parently in an entire 
symmetric way. But if one drags the line D, A takes over as a more fundamental 
object than B and re mains immobile. 

In GSP, it appears that it is not ea^ to obtain the symmetric image of a point 
by using the construction of a perpendicular line and a circle, such that in all 
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cases the construaed point B behaves as the symmetric image of vl. In contrast, 
even if there is no perpendicular bisector primitive, we could construct 
a perpendicular bisector from two points—first constructing the midpoint of the 
line-segment joining them and a perpendicular line through the midpoint The 
resulting construction behaves essentially the same way as in the case of CabrL 



SOME IMPLICATIONS FROM AN EDUCATIONAL POINT OF VIEW 

As shown in the previous section, figures obtained in DGS corresponding to the 
same geometrical representation can behave differently, according to the way they 
have been constructed or according to the softmre program used in the 
constructioa It is probably inqx)rtant to draw teachers’ attention to this aspect of 
dynamic geometiy. Actually, dynamic geometry (Euclidean, analytical or 
whatever else) as manifested in DGSs, sappcaas relatively clearly as something 
different from geometry. According to e^rience gained in looking at different 
kind of users using DGS (e.g., teachers, students, mathematicians), one can say 
that there is no one preference. For instance, very often the relative freedom 
preserved in GSP about dragging (the essence of dynamic geometry) is 
appreciated by teachers, especially in the US. In France, when this kind of 
behaviour has been deliberately introduced with Cabri II the reaction was strongly 
negative among those users (teachers) who discovered it These users were 
claiming that the software was no longer keeping a Togical dependence’ among 
the different objects constructed. 

This indicates the need for further research into the conceptions or 
misconceptions that can be created due to some inherent characteristics of 
(fynamic geometiy, and also into some of the design choices made at the software 
design level. 

Actually, if we think about a DGS as an environment to help model some 
situation, e.g., in mathematics or physics, we could require a DGS to behave in a 
considerably more 'permissive’ way. Consider, for example, a mechanical device 
in which we have a wheel tangent to two guides, represented by two concurrent 
lines. As a physicist one would be interested in producing a figure like that given 
in figure 2, in the fastest and easiest possible w^. Using current Cabri or GSP 
we would have to consider a point on a line, then a perpendicular line, to produce 
finally, after a whole set of intermediate constructions, the circle representing the 
wheel. 
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Figure 2 Obtaining a circle tangent to two lines. 

In my opinion it would be highly desirable to have an inter&ce which would 
enable the user to obtain the same figure through the creation of a circle, then 
approaching its periphery from one of the lines making it ‘visibly’ tangent to the 
line, and finally doing the same for the other line. From a mathematical 
education perspective, the possibility of achieving the desired outcome through 
first realising them visually would help the user to ‘discover’ what are the extra 
properties shown the figure in its fiW stage. This in turn could help the user 
in ‘constructing’ file expected circle in a more traditional way (using basic 
primitives). For instance it would be possible to check that the locus of the centre 
of the circle is a line, actually the angle bisector of the two lines. The latter 
property seems to be obvious to a mathematics teacher (an eiq)ert) but this cannot 
at ^ be assumed in the case of a begirmer (a student). 

In the same spirit one could also think about allowing the user to constrain a 
point to be part of an object, simply by dragging it onto the object (if possible), 
and in the very same way to free a point from an object smq)ly by dragging it wifii 
the mouse with an emphasis somehow in a direction roughly normal to the object 
or to its boundary. 



MORE NATURAL INTERFACES: THE TENSION 

Considering that students are normally coping with some well-defined set of 
construction problems (see, for exanq>le, Hoelzl, 1995), it is likely that some 
people will refrain fix)m accepting an interface which provides the generality or 
freedom implied in the example given above. An initial reaction, at least for 
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mathematics teachers, may be that such flexibility would no longer require the use 
of the underlying "formal’ geometric structures or relationships in the 
constructions. In which case they may well be overlooking the potential the new 
features might have for providing insights as to how subsequent construction(s) 
might be developed in a more precise manner using the more formal aspects of the 
mathematics (as indicated in the discussion of the example), if in &ct, this is the 
desired final purpose of the DGS activity. Nevertheless, if we really do have 
Direct Manipulation and Direct Engagement in mind, one can only think that this 
flexibility in internee is about to be the future. 
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Abstract 

This paper intends to show how basic counting principles from combinatorics can 
be translated directly into numerical solutions using spreadsheets. Relationships 
need not be reformulated algebraically. Additionally, the visual form of the 
representation will make some insights into structural relations easier to 
comprehend, that is, the software can be used not only to calculate numerical 
solutions but also to offer help for understanding mathematical concepts. 

Keywords 
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INTRODUCTORY EXAMPLES FROM COMBINATORICS 

Let us start with a well-known example from combinatorics, but giving it a new 
twist: 

If we have a group of 7 people, how many different subcommittees 
having exactly 3 members can we form from this group? 

Let us assume the people are numbered from 1 to 7. Then each possible 
committee consists of 3 different numbers in the range 1 to 7. Of course, when 
writing down the members of the committee, it makes sense to arrange the 
numbers of the members in ascending order. So, we will talk, for example, about 
the committee consisting of members 1, 3, and 6. Instead of talking about 
subgroups or subsets of a set, we can talk about increasing sequences of a given 
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length. And instead of asking for the number of possible 3 person committees we 
can ask for the number of increasing sequences of length 3 with the last element 
not being larger than 7. In such cases, it is a general mathematical technique not 
to solve the special case under consideration, but to study many similar problems 
in parallel to try to find relations between these problems, possibly yielding a 
solution for the general case. In our case, we want to study this problem for 
different upper bounds and for different lengths of the increasing sequence. The 
best w^ to summarise our results is a table (see figure 1). 

We want to fill the cells of this table with the number of possible sequences. It 
is very ea^ to find the numbers for the first row of this table: If there is just one 
person, there is exactly 1 one-person committee, and there are no committees with 
more than 1 member. So we can start to fill our table (see figure 2). 

Determining the number of sequences of length 1 is also very easy. The 
number of possible sequences of length 1 is equal to the number of numbers 
available, so, for example, there are 3 possible sequences of length 1 if the largest 
possible number is 3. This allows us to fill the first column of our table (figure 3). 

We have now solved our problem in all the marginal cases. How about the 
nonmarginal cases? Let us look at the original problem again, sequences of 
length 3 with a largest possible number of 7. To get the answer for this problem 
we have to find the value for the gr^ shaded cell in our table (figure 4). 

To find the value for this cell, the following observation is helpful: any 
sequence of length 3 with the largest possible number 6 also is a sequence of 
length 3 with the largest possible number 7. We might call these sequences the 
‘cheating’ 3 out of 7 sequences because they do not really contain the number 7. 
To find the number of all 3 out of 7 sequences we have to find the number of the 
non-cheating or ‘honest’ 3 out of 7 sequences. These sequences all end with 
number 7. Therefore, they can be obtained by taking all 2 out of 5 sequences and 
adding 7 at the last place. Now let us look at our table again (figure 5). 

The cell shaded in dark gr^ should contain the number of all 3 out of 7 
sequences. The cell directly above it (shaded in light gr^) should contain the 
number of all 3 out of 6 sequences, which also is the number of all ‘cheating’ 3 
out of 7 sequences. The ceU above and to the left should contain the number of all 
2 out of 6 sequences, which is the number of all 'honest’ 3 out of 7 sequences. 
Since the cheating and the honest sequences together yield all 3 out of 7 
sequences, the number in the cell with the daik shading has to be equal to the sum 
of the numbers in the two cells with the light shading. We can express this 
relation through the diagram given in figure 6. 

But this relationship is true not onfy for the 3 out of 7 case, but for all 
nonmarginal cases in our table. For each nonmarginal case, i.e. for each number 
of sequences with the possible largest number at least 2 and the length of the 
sequence at least 2, we can divide all the sequences in 2 classes, the cheating 
sequences and the honest sequences. The number of cheating sequences is the 
number in the cell above the cell under investigation (same length of sequence, 
largest possible number one less). The number of the honest sequences is the 
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number in the cell above and to the left (sequence shorter t^ one element, largest 
possible number one less). Therefore, the values in all the nonmarginal cells in 
our table can be calculated adding the value firom the cell above and the value 
ftom the cell above and to the left The topmost and leftmost cell for which this 
formula has to be applied is the one for 2 out of 2 sequences (see figure 7). 

As indicated in figure 8 the same formula has also to be applied to all the cells 
to the right and below this cell. 
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So fer, we have only been talking about mathematical structure. Computer 
programs have not been mentioned. It turns out that the way we were analysing 
our combinatorics problem fits very nicely with spreadsheet programs. In a 
modem spreadsheet program, a formula may be entered by selecting a cell, then 
pressing the = k^, and then just clicking on the ‘input’ cells and entering the 
arithmetic operators from the keyboard. Therefore, it is veiy easy to create the 
formula for the 2 out if 2 case by selection the cell shaded in dark grey, then 
pressing =, then clicking on the cell above and to the left, then pressing +, and 
then clicking on the cell directly above. Of course, this point and click method 
creates the formula in just one cell. We need the same formula in all the cells to 
the right and below. At this point, one of the most important techniques of 
spreadsheet modelling really helps finishing our task. When a typical formula in 
a spreadsheet cell is copied to other cells, the relative position of the input cells to 
the formula cell wiU be preserved. In our case, copying the formula fi*om the cell 
with the dark shading to the cells with the light shading will create the formula 

“add the cell above and the cell above and to the left” 

in all the target cells. If not explicitly declared otherwise, references to other cells 
in spreadsheet formulas are relative references. When a formula is copied to 
another cell, all these references will be moved the same way the formula is 
moved when it is being copied. So our mathematical model for calculating the 
number of subsets of a fixed size translates veiy easily into a spreadsheet which 
immediately calculates all the numbers. When we enter the formula for the 2 out 
of 2 cell, we immediately see the result, as in figure 9, and copying the formula 
‘with one sweep’ immediately fills the whole table (figure 10). 




Let us reconsider what we have done so far. We started with a classical 
combinatorial problem, and with very basic counting principles we could establish 
a description of the table containing the solution for any version of the problem: 

To calculate the number of different selections of fixed size out of a 
given set of a given size, construct a table with the number of the 
base set in the header column and the size of the selection in the 
header row. In the first column, put the row number. In the first 
row, put 0 (excq>t in the first position). For all the other cells, add 
the numbers in the cell above and in the cell above and to the left. 
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This is a very easy to understand complete description, and it works completely 
without using algebraic notation. This description is powerful enough to calculate 
the numerical solution for the usual problem sizes in very short time. The 
calculation method is very close to a "naturaT way of the abstract structure of the 
problem. This description of the solution only appeals to common sense, it is not 
necessary to refer to algebraic or other mathematical prerequisites. 

However, translation of this solution into standard algebraic notation does 
provide a compact and mathematically concise description. We define a function 
F{n,k) of 2 integer variables through the following equation: 

F(/i,l) = n for all 
F(1,A:) = 0 for all A: >2 
F{n,k) = F(« - 1, A: - 1) +F(n - 1, A:) 
forw>2,k>2 

For a mathematician it is trivial that the veibal description of the table and the 
algebraic formulas are equivalent, but for most people who do not have a 
professional mathematical background the veibal description is much easier to 
understand. 

Looking at the algebraic definition we see that this is a recursive definition. 
Recursion expressed by algebraic egressions can be quite difficult to understand 
for many students. In the verbal description, recursion is embedded in the 
formulation: add the cell above and the cell to the lefi and above. With this 
phrase and the powerful visual image it is self-evident that recursion does not lead 
into any difficulties. The first row and the first column do not reference other 
cells and once these cells have their values assigned the remaining cells can be 
calculated row by row without any difficulties. So in this table, recursion comes 
in quite naturally and is coupled to a strong visual model. 

So far, this alternative representation of one of the basic problems of 
combinatorics, combinations without repetition, helps in designing an easily 
understandable algorithm for the numerical solution, and this algorithm fits nicely 
with the spreadsheet concept of visualising relationships in a table with formulas 
represented by array diagrams. The structure of the problem is expressed by using 
relative references and the possibility of copying the formulas without additional 
changes. 

But the power of thinking 'the spreadsheet way’ does not stop here. We will 
use spreadsheet concepts to understand the structure of table of combinations 
more deeply. 

Looking at our table in figure 10 we see that in the first column each cell’s 
content can be describe as “the cell above + 1”. So adding an additional column 
labelled 0 (see figure 11 overleaQ containing 1 in eveiy cell allows us to extend 
our formula “sum of the cells above and above and to the left” to column 1. 
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Again, in this expanded table, eveiy cell except the cells in the very first row 
and the very first column woik according to the formula “add the cell above and 
the cell above and to the Idt” (figure 12). 

We can extend this table once again adding a row labelled 0 with 1 in the 
first column and 0 eveiywhere else (figure 13). As illustrated in this image, the 
extended table again preserves the structure “add the cell above and the cell above 
and to the left” in eveiy non-marginal cell. Conq>ared to the original table the 
newer one is simpler since the first column consists only of Is. 

The structure of this column can easily be describe as “the just take the cell 
above” and this can be visualised again as indicated in figure 14. 

So fiur, we have used the arrow notation to represent the formulas in each of 
the cell. We selected one sink and represented all sources flowing into the same 
sink. We also might say that we were looking at the mathematical structure fi’om 
the consumers point of view. We can also look at the structure fi-om the producers 
point of view. Stressed differently, we can say the we trace each cell with 
regard to where it is used as an inpuL Doing this we immediately see that each 
cell’s content migrates down twice, once into the cell directly below, and once into 
the cell below and to the right We show two examples in the table in figure 15. 
Each cell migrates down in the next row exactly twice. Therefore, row sums will 
double fi-om row to row. Since the sum of row 0 is 1, we just proved that the sum 
of row /I is 2” . The proof is very convincing and non-technical, looking at the 
arrows one immediately sees the \^di1y of the assertion. We can use the “chase 
the arrows” method to derive further equations for the numbers in our table. 
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As indicated in figure 16, the basic &ct is that the dark cell is the sum of the 
two light cells. Marking the predecessors of the light cell to the right, i.e. 
marking the two cells yielding the sum for this cell. Resolving the predecessors of 
the right one of the two light cells in figure 16 we get we get that shown in figure 
17. 
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Figure 17 



Figure 18 



Continuing this predecessor chasing up until we reach the top margin 
produces the result shown in figure 18. Since the right topmost ceO in this chain 
always contains 0, we also can omit it, and therefore we see that in our table the 
number in each nonmarginal cell is equal to a sum of the column left to the cell 
under consideration. This sum extends fix>m the very first row the row just above 
the cell investigated. Again, we just proved a theorem about the numbers in our 
table. Algd)raically speaking we proved the foUowing: 

F(n,k) = - 1) for n^l,k>l 

1=0 

Using the same method of arrow chasing but always replacing the left cell of a 
pair of predecessors we get the pattern shown in figure 19. 
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So each non-marginal cell is the sum of all the cells forming a diagonal 
starting directly above the cell under consideration and extending to the left 
margin of the table. Algd>raically expressed this is 

k 

F{n,k) = ^F(n-k+i-l,i) for w ^ l,/i ^ A: > 1 

i=0 

Sometimes this theorem is called ‘^hockey stick theorem”, the picture given in 
figure 19 makes it clear why. 




Figure 20 



Figure 21 



Figure 22 




Let us look at one more structural properly of our table. We start with a left 
bottom right top diagonal (see figure 20). Selecting one of the shaded cells and 
marking its predecessors yields the example given in figure 21, and marking the 
predecessors ofall the cells shaded dark yields the result in figure 22. Thesumof 
all the cells shaded dark is equal to the sum of all their predecessors, therefore the 
sum of the diagonal shaded daik is equal to the sum of the two diagonals shaded 
light 

So, if we define 

S(«) = XF0i-M) 

1=0 



we just proved that 

S(n) = S{n-l)-\-Sin-2) for/i^2 



Since additionally we have 

5(0) = 5(1) = 1 



we just proved that the sum of the diagonals in our table yield the Fibonacci 
numbers. 
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It is important to notice that for all these considerations we did not use 
algebraic eiq)ressions explicitly when we were analysing the mathematical 
structure, on the other hand, algd>raic ‘thinking* was mq)licit in the derivations. 
We only used algd>raic notation to express the results we alrea^ knew and 
understood the way it is usually done in mathematics. In the next section we will 
stucfy the implications of this approach. 



VISUALISING STRUCTURE OR ALGEBRAIC REPRESENTATION 



The key idea in the presentation of the examples in the previous section was 
representing mathematical relations between function values by spatial 
connections. This idea 1^ itself is neither new nor tightly bound to conq)uters. 
Pascal’s triangle is well known, and this kind of representation has been 
mentioned in mathematics classes again and again. But it seems that the full 
power of this approach has not been realised. 

Of course, all the examples in the previous section dealt with the binomial 
coefficients. The twist was that we did not use the most common way of 
expressing these numbers, the quotient of ^orials. 







n\ 

k !(/? - k ) ! 



at all. 

With this formula, given n and k , one can immediately calculate the value of 
the hmetion, i.e. the answer to the question. While this calculation is performed, 
manually or with just a pocket calculator, or even with a conqiuter and one of the 
common procedural programming languages, there is no need to refer to any other 
value of this fimetioa This method of performing the calculation, however, does 
not represent veiy well the counting principles we used when we set up the table 
with the structural relationships. So in the spread sheet context, understanding 
the basic principles is quite separate from performing the actual calculations. 
With a spreadsheet program, things change because it is possible to set up the 
whole table in the same time needed to perform the calculation with a calculator 
or a procedural computer program. The visual structure we used for expressing 
the mathematical structure is there from the veiy beginning, and is used in a 
natural way by creating a formula with relative references just once and the 
copying it to a whole range of cells. So through using a spreadsheet a context 
which originally was useful for understanding but not very practical for 
performing calculations suddenly becomes ‘computationally feasible* also. It is a 
well established &ct that the computer can help with mathematics learning 
because it is possible to calculate realistic exanq>les with varying inputs stu^fying 
the effects on the results of the calculation. In our case, the computer plays a 
somewhat different role: it turns a conceptual model into a practical calculation 
device. Additionally, stutfying the relations between the numbers in the table 
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provides the opportunity for deriving more insights into the structure. Here again 
the computer can play an important role for understanding. 

The latest version of spreadsheet programs — ^Microsoft Excel for example — 
offer tools to select a cell and highlight its predecessors automatically. In Excel 
97, double clicking on a cell will show the cell formula with all the references to 
other cell colour coded, and the cells corresponding to these references will be 
coloured accordingly, so one gets an immediate visual representation of the 
calculation a cell is performing. Earlier versions of Excel offered the Auditor 
toolbar. Selecting a cell and applying the tools from this toolbar draws arrows 
similar to the ones we were using in the graphical representations in the previous 
section. The original intent for creating these tools was creating dd)ugging tools 
for designers of large spreadsheets. But it turns out that these tools are extremely 
powerful in a didactical context, they can help building visual structures very 
quickly, and they are extremely easy to use once one know how to access them. 

Using this land of tool also shows how conq)uter-based tools in general and 
spreadsheets in particular can help to create new representations of mathematical 
objects and relations. For hundreds of years, the working medium of mathematics 
has been the printed or written document So we have become used to the fact 
that mathematics always is presented in a static medium. In a few decades, 
creating mathematical movies has been possible and some very impressive tools to 
help with understanding mathematics have been created using this dynamic 
medium. For everyday life, and for the ordinary person working with 
mathematics, it still has been almost impossible to create this kind of tool. Now 
with computers being accessible in many situations coimected with mathematical 
learning, it is possible to use dynamic representation and animated visual aids in 
the everyday context of mathematical learning. 



CALCULATORS, COMPUTERS, SOFTWARE, AND 
MATHEMATICAL LEARNING (A HIGHLY PERSONAL VIEW) 

Each time a new tool for mathematics education appears, everything seems to be 
changing. When pocket calculators appeared, mental arithmetic (which in many 
cases is really p^r and pencil arithmetic) became less important With 
programming languages, many more problems could be tackled at the same time, 
and output could be nicely structured. So e^qierimentmg as a tool to 'find out’ 
was brought into mathematics. In addition, the concept of algorithm became an 
object of study in mathematics. 

Then came spreadsheets which have been adopted in mathematics education in 
many different areas, for example, see Arganbright (1985, 1995), Neuwirth (1990, 
1992) and Smith (1995). Spreadsheet programs essentially have the same 
computational power as traditional programming languages, but they are less 
heavily centred on the design and implementation of algorithms. \^en it is 
possible to describe relationships as mathematical entities, it is not necessary to 
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think of the order of the calculations to be performed from the very beginning. If 
a ^em of equations is consistent, the spreadsheet program will take care of 
performing the necessary calculations in feasible order. Also, as soon as a 
formula is changed, the whole system will update itself accordingly, so practical 
consistenqr is taken care of automatically. 

A furdier advantage of spreadsheets is that they are closer to 'natural 
language’ than procedural programming languages. Let us illustrate this. In 
everyd^ life one would say: to get the result you need, just add the number to the 
left and the number one more step left. In a spreadsheet, one would create the 
formula for this result just clicking with the mouse. To avoid a ftmdamental 
misunderstanding here: a finished spreadsheet with the formulas in common 
spreadsheet notation (=A1*C2) is not closer to natural language nor to an 
everyday ^roach to e?q)laining mathematical relations. The point and click 
method of creating formulas in a spreadsheet is what makes spreadsheets so ea^ 
to use if one has a basic understanding of the structure of the problem to be 
analysed. Mildly exaggerating one might say that spreadsheets automatically 
translate a gesture way of describing mathematics into a semi-algd)raic notation. 
One could even refer to this way of building mathematical representations as 
'gesture mathematics’. Gestures are highly dynamic, and with conq)uters it is 
also ea^ to make the process of building a mathematical model a ^noamic 
e?q)erience. This very frtet implies that static documents like this p^r cannot 
MthfuUy represent the actual experience. A more detailed discussion of these 
aspects of spreadsheets as a representational medium can be found in Neuwirth 
(1995, 1996). 

Some examples aiming to demonstrate how this can be acconq>lished, and 
some ideas on how to use spreadsheets in mathematics, statistics, and science 
education can be found on the World Wide Web at 

http : //sunsite . uni vie . ac . at/ Spreads ite 
This Web site also offers a large list of reading material and further resources for 
spreadsheets. 
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Abstract 

Developments in hand-held, battery-powered computing technology are 
considered and defined in terms of Personal Computing Technology (PCT). The 
suitability of PCT for use in supporting teaching and learning mathematics is 
exemplified in terms of the capability now available with facilities extending from 
computational to software packages, with word processing, spreadsheets and 
computer algd^ra, along with the potential for linking with teaching hardware and 
desk-top computers. The role of such technology in connection with the 
professional development of teachers is such that we are now in a position to 
support national curriculum priorities as well as teacher enhancement with PCT. 

Keywords 

Classroom practice, graphics/programmable calculators, hand held computers, 
national policies, teacher education. 



INTRODUCTION 

There have been enormous changes in the power and availability of Information 
and Communication Technology (ICT). There are presently national and 
international educational initiatives to connect schools, colleges and information 
providers using high speed communications (so-called super highways) and 
powerful multi-media desk-top computers. These possibilities are extremely 
exciting. However, given the real-politik of secondary schools with (usually fer) 
less than perfect human and physical resources, this paper concentrates on a 
particular form of ICT which seems to be having the greatest in^ct currently on 
mathemati cs teaching and learning in secondary schools — that which we will call 
Personal Computing Technology (or PCT for short). 
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PERSONAL COMPUTING TECHNOLOGY 

One of the earliest sqiplications of the silicon chip, more than 20 years ago, was 
the electronic calculator. This device has had considerahle impact on woik, home 
and education throughout the world — ^Ln very diverse ways, and over veiy different 
time scales. Developments in associated technologies, such as LCD displays, led, 
around 10 years ago, to the development of graphing calculators using a display, 
typically of around 100x64 pixels. Such calculators, which will be referred to as 
GCs (for graphing/graphic calculators), were produced 1^ companies such as 
Casio, Sharp, Hewlett Packard and, later, Texas Instruments. Their impact has 
been almost exclusively on education, usually at the higher age and ^ility ranges, 
and principally in mathematics in the industrialised European and North 
American countries. 

Currently there is a wide range of powerful models of GC available priced 
between 20 and 120 US dollars. Their common &cilities enable the user to: 

• enter, edit analyse and display substantial data sets; 

• enter functions in algebraic notation, such as: 

= 2x + 3 and to produce tables and graphs of values; 

• draw figures such as circles, lines, etc., using co-ordinates; and 

• enter, edit and run programs written in a simple programming language. 

Certain models can exchange data with each other and with personal computers 
as well as having scientific data capture devices and overlay graphic displays for 
OHPs. Thus th^ can no longer be thought of as just a simple development from 
the four-function and scientific calculators. They are really hand-held 
microconq>uters running a suite of dedicated software for mathematics and 
science. In some countries th^ are widely available as consumer electronic 
products through high-street stores. A few models have the ability to perfofm 
symbolic manipulation e.g. for algebra and calculus (also known as CAS, for 
Computer Algebra System). 

Electronic calculators— elementary, scientific and graphing— are clearly 
compact, low-cost personal ICT tools which are designed for solving 
mathematical problems. The manu&cturers of other electronic products have not 
been slow to e^loit markets where people have need to store and retrieve 
information while on the move. Hence there have been a proliferation of pocket- 
sized, battery-powered devices such as personal organisers, data-banks and palm- 
top conq>uters. Many of these are hand-held microconq)uters running a suite of 
dedicated generic software such as a spreadsheet and database— usually with the 
capacity to communicate with host software on a desk-top computer. Some have 
the c^iadty to store data and to run programs using removable media such as 
flash-card RAM or ROM. An early exan^ile of this was a version of the CAS 
package Derive® adapted to run on a Hewlett Packard HP95 palm-top computer. 

Now these two strands of technological developments— the graphing 
calculator and the personal organiser — ^are coming together in a vmy which has 




Adrian Oldknow: Personal computing technology — use and possibilities 91 



consideiBble inq>licatioiis for education in general, and mathematics in particular. 
To illustrate this point consider two recent developments, one in hardware: the 
Texas Instruments’ TI-92, the other in software: the Microsoft Windows CE 
operating system. The H-92 is a bold mixture of a gr^hic calculator (the TI-82) 
and a palm-top computer with dedicated software for geometry (written the 
authors of Cobh G^ometre®) and symbolic manipulation (written the authors 
of Derive®), packaged in a unit whose size and feel reflect another branch of 
consumer electronics — the hand-held game device. Together with its statistics 
handling, programming language and text-editor the TI-92 is the mathematician’s 
device par excellence, as demonstrated Waits and Demana (1995). By contrast 
Windows CE is an attempt to bmld a common operating system for palm-tq) 
conq>uters which has the feel of other versions of Windows for desk- and lap-top 
models. Thus new ranges of palm-tops from manu&cturers such as Hewlett 
Packard and Casio are based on this software, with its built-in versions of the 
common MS Word® word-processing, and MS Excel® spreadsheet software. 
Here it is now up to any third-party software producer to tailor versions of their 
software to run on these smaller and cheaper platforms. 



EDUCATIONAL APPLICATIONS OF PERSONAL COMPUTING 
TECHNOLOGY 

It is clear from the above that virtually all the forms of software currently found 
on desk-top conq)uters which have inqx)rtance for secondary school mathematics 
now have their PCT equivalents (or soon will have). Physical aspects such as 
speed, colour, screen resolution, etc., may make the desk-top version (^) 
preferable for individual use — but compromises have to be made when providing 
mass, public education. If UK experience is anything to go on, the availability of 
large numbers of networked computers in specialist rooms has actually brought 
about a decrease in the use of ICT to support secondary school mathematics 
teaching. This may be e?q)lained a variety of frctors, such as competition with 
other subjects for resources, teacher anxiety about the technology, or lack of 
appropriate software. More to the point, it may actually be appropriate only to use 
such software for just part of a lesson — ^and the physical disruption involved in 
organising a room change may well be educationally counter-productive. 

Graphic calculators have gained an established place in mathematics in the 
16-19 age range in many countries. Partly this can be seen as a result of bottom- 
up pressure from students bitying their own equipment, as reported at ICME6 tty 
Ol^ow and Taylor (1989). In the UK there are now several tyUabuses at this 
level which have been designed with the assumption that all students have access 
to (jCs. Recent data collected tty Ruthven (1997) show how extensive such 
ownership has become. Other countries, such as Norway and Denmaik, which 
have a national curriculum at this level, are making the use of GCs compulsory. 
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A different model is the Advanced Placement examination in the USA where the 
use of GCs was first banned, then permitted and is now encouraged — ^with 
questions set in which access to a GC is essential. The implications of CAS at 
this level raises many questions about conventional approaches to examination 
and testing; see Ruthven (1997), Hirlimann (1996), Oldlaiow and Flower (1996) 
and Cornu and Ralston (1992, p.93 et seq.). For example, currently the only 
restrictions on calculators for use in the French Baccalaui^t examination are on 
size and ability to inter-communicate — criteria which the TI-92 passes, CAS and 
aU. 

The widespread use of GCs in lower secondary schools (age 11-16 in the UK) 
is a more recent phenomenon. The first generations of GCs were relatively 
expensive, relatively user-hostile and could not inter-communicate. In 1993 a 
govemment-fimded pilot evaluation of Personal Computer Technology took place 
in England and Wales involving 118 projects in primary schools (ages 5-11), 
secondary (ages 11-16) and special schools (ages 5-16) covering a wide range of 
subjects from the national curriculum. The hardware included notd>ooks, low- 
cost wordprocessors, palmtops (including HP95 with Derive), graphic calculators 
and personal organisers. Through this project a group of secondary schools were 
equipped with relatively large numbers of GCs for work in mathematics. Some 
had just a class set of 30, others had enough for 3 or 4 classes (100+), others had 
enough for every pupil in the 1993 intake (c200). An evaluation of this project 
was conducted ly NFER, (see Stradling et al, 1994). 

The following year the government changed its policy on the use of ICT in 
secondary schools moving the emphasis from the technology itself to its use to 
support the teaching and learning of a group of subjects: mathematics, science, 
technology and geography. By this time a new generation of GCs had been 
developed, such as the Texas Instruments TI-82, which were fully communicating 
— both with each other, and with desk-top computers, and hence to printers. Thus 
students were able to get hard-copy of their work. Similarly teachers equipped 
with OHP capabilities for use with such GCs could both demonstrate their output 
to the class, and also display results obtained by pupils. 

Through these fiidlities teachers have now become able to make their own 
decisions about how best to deploy the technology. Some choose a personal 
ownership model in which pupils borrow GCs for a period of time, others prefer to 
hand them out for use only in class. Some prefer all pupils to have their own, 
others prefer them to be shared groiq>s of 2 or 3 to encourage discussion. A 
clear fiictor in schools deciding to adopt this technology is the price. A whole 
class can be equipped for the price of 2 desk-top conq>uters (see, e.g., Ruthven, 
1996) 

Perhaps the most exciting development has been that in data-capture and 
control devices which are conq>atible with GCs. Both Texas Instruments and 
C!asio manufacture hand-held, batteiy-driven data-loggers which can accept a 
wide variety of sensors and probes. These include sensors for temperature, 
voltage, light, sound, pH, and radiation, as well as heart-rate monitors, strain 
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gauges and motion detectors. They can be programmed from the calculator and 
used either remotely or with a GC. Once the data have been downloaded to the 
GC (possibly in real-time) th^ can be displayed and analysed. Of course they can 
also be shared between other GCs, as well as being downloaded to a de^-top 
computer. This means they can be easily used on field-trips, as well as in 
minimally equipped school rooms. Another recent development is an integrated 
sensor which also woiks directly with a GC and which measures time and 
distance — called a calculator-based ranger (CBR). This year the UK government 
is fiinding a small scale development involving a group of secondaiy schools (ages 
11-16) in which the science and mathematics departments are planning joint work 
using calculator-based laboratory, CBR and GCs. 



EDUCATIONAL IMPLICATIONS OF PERSONAL COMPUTING 
TECHNOLOGY 

As has alreacfy been mentioned there is a difference in the genesis between 
computational PCT (calculators and GCs) and the more generic palm-tops, 
personal organisers and the like. This is reflected in the public perception of flie 
products where the first are seen as being just calculators (and therefore probably 
bad for the pupils!) and the second are clearly small conq)uters. Again, as has 
alreacfy been stated, the modem range of GCs are frr more ‘computer than 
calculator', and the difference between the typos of such technology is becoming 
veiy blurred. However the GC is seen as a tool only for use in the mathematics 
department Thus it not surprising that the educational decision makers in 
secondaiy schools who control the ICT purse strings have difficulty in 
understanding that there is a strong argument for seeing PCT in general, and GC 
based products in particular, as a valid and cost-effective solution to improving 
teaching and learning in maths, science and related subjects. So there is a 
communication gap to be overcome. The National Curriculum for mathematics, 
science and technology in England and Wales (ages 5-16) contains specific 
references to calculator and ICT use in mathematics, and to data-capture and 
modelling in science and technology — ^which should help focus some minds. In 
the end, though, it is often the stick, rather than the carrot, which has the most 
effect Recent policy statements from the UK government make it increasingly 
likely that all schools will have to have development plans for their ICT 
strategy— and that these will be subject to regulm inspection, with funding 
implications linked to the outcome. 

From the national perspective there is always a concern about what should be 
in the curriculum, and how it should be assessed. In the first respect it is quite 
important that there should be an e^rience and research base to justify using 
ICT (and hence PCT) in the mathematics curriculum (see, e.g.. Burton and 
Jaworski, 1995, Chapter 4). Fortunately this is now the case (see, e.g., Burton and 
Jaworski, 1995; Fey and Hirsch, 1992; Dunham and Dick, 1994). In particular 
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there are interesting results concerning the education of girls (see, e.g.. Burton 
and Jaworski, 1995, Chapters 10 and 11). Interestingly, recent populist claims 
that national under-perfonnance in comparative international tests is linked to 
over reliance on calculators are not bom out the &cts, as has been 
demonstrated in a number of recent reports commissioned in the UK by the 
Schools Curriculum and Assessment Authority (SCAA), (see, e.g., Ruthven, 
1997). Such international tests, in general, do not include questions relating to 
pupils’ ability to use calculators, although this a statutoiy part of some nations’ 
mathematics curricula. 

With regard to assessment, a major concern is the maintenance of standards. 
Again, populist opinion has been voiced in the UK to suggest that public 
examinations are becoming easier. SCAA has woiked with the Office for 
Standards in Education (O&ted, formerly known as Her Majesty’s Inspectors of 
school’s or HMl) to look at standards in public examinations over the past 20 
years in Mathematics, English and Chemistiy at both age 16 (GCSE) and 18 (A- 
level). Their report, SCAA/Ofeted (1996), shows interesting inconsistencies 
between their recommendations in mathematics. 

Mathematics at 1&^ 

SCAA should establish agreement on the best ways for GCSE 
syllabuses to ensure that: 

e all candidates take papers which must be completed without the 
use of a calculator and which involve specified skills in mental 
and written calculation; 

• candidates are set some demanding mathematical tasks which 
require them to demonstrate effective use of the capabilities of 
calculators. 

Mathematics at i8+ 

In revising and monitoring GCE A-levels, SCAA should work with 
the examination boards to: 

• introduce strict limits on the use of calculators in certain 
papers. 

In the latter case the current questions have little to do with numeric computation. 
The commentaiy reads: 

Before the introduction of calculators, high proportions of the 
marks in statistics papers were awarded for calculating standard 
deviations, correlation coefficients and other quantities ... In the 
last 15 years or so, statistics courses and examinations have 
increasingly focused on the selection of suitable approaches to 
solving problems and the interpretation of results. The use of 
calculators has allowed the setting of more challenging questions in 
this area. However, as calculators have become more and more 
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powerjul their influence on pure mathematics papers has raised 
concerns... 

So the UK reference is really to facilities associated with GCs, which are currently 
allowed in both GCSE and A>level examinations. The recent French directions 
for 97/98 about the use of PCX at 16-19 are more explicit 

d. Use of programmable calculators or pocket con^uters 
The objective for using programmable calculators or pocket 
computers in mathematics is not just to perform calculations, but 
also to check results and encourage sound use ofICT. 

Students must know how to use their own equipment in situations 
related to the curriculum. 

The following capabilities are essential basics: 
to know how to 

• perform numeric operations and to compare numbers; 

• use and evaluate those functions required at each stage of the 
curriculum; 

• draw their graphs on the screen; 

• use sequential and conditional instructions in a program. 

Students are advised to have a suitable machine whose facilities, 
particularly graphic ones, allow them meet the objectives above. In 
order to be used in other subjects, and for further study, it must also 
have statistical functions (for 1 and 2 variables). 



PROFESSIONAL DEVELOPMENT OF TEACHERS 

While a most inqwrtant aspect of PCT is the possibility of individual ownership 
and use by pupils, its effective use in supporting the mathematics curriculum is in 
the hands of teachers. They need to know more about the use of technology than 
can just be found from manuals, teaching materials and other information sources. 

To quote Cornu (Cornu and Ralston, 1992, Chapter 8): 

Mathematics is evolving and changing under the influence of 
computers and informatics. Therefore, teachers need to maintain 
their mathematics knowledge and to practice mathematics from an 
informatics viewpoint. Mathematics is becoming more 
experimental, more algorithmic, more numerical; teachers must be 
able to follow the evolution of mathematics, and to acquire new 
competencies and new attitudes and to be able to carry out new 
activities in mathematics. 
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Here, again, the flexibility, and cost, of PCT — compared with conventional 
computer-based alternatives — ^means that both formal and informal hands-on 
sessions of staff development are more easily staged, and foUowed-up. For several 
years my University has been able to run courses for secondaiy teachers, both in- 
post training, INSET, and in initial training, ITT, of around 60 hours over periods 
between one and three months involving a mixture of formal sessions, a day or 
half-day in a centre with a tutor, informal sessions, teachers working in local 
small self-help groups, and private study. These are based on the use of GCs and 
those teachers without access to one of their own are loaned one for the duration 
of the course. 

A far more extensive programme of teacher development based on PCT has 
been developed by Waits and Demana in the USA. This programme. Teachers 
Teaching with Technology (known as T-cubed or T^) is now being extended to 
many other countries, and the UK version was piloted in 96/97. The delivery 
model fits veiy well with that already described, but there are considerable 
advantages in having a national inflastructure so that, for example, information 
about the courses is widely disseminated, the necessaiy equipment is provided at 
the right place, at the right time, and that there is a good set of supporting 
materials related to the nation’s curriculum. 



CONCLUSION 

The claim has been made that current forms of PCT are powerful enough to 
enable nearly all the activities to support the mathematics curriculum usually 
associated with desk-top computers to be implemented practicably, and more 
affordably, in (and outside) ordinaiy classrooms. This extends to related subjects 
such as science. There are possible problems at the local and national levels in 
getting PCT products recognised as bona fide ICT products. Some countries have 
developed strategies to overcome these. The practicability of PCT extends b^ond 
pupil use into training and support activities for teachers. There are good models 
and good materials currently in place. Technological developments are such that 
PCT products are unlikely to become obsolete, and evaluations of their use show 
them to be extremely reliable. They m^ well provide a viable alternative to 
conventional computers for countries (or di^cts, states, counties etc.) 
considering establishing a place for ICT in the mathematics curriculum. 
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Abstract 

The educational aims for school mathematics in the information- and knowledge- 
intensive society require new enq>hases. Students must be able to grasp 
phenomena nu^ematically and systematically and be able to judge the 
authenticity of this knowledge. The nature of knowledge and information in the 
21st Centuiy has changed substantiaUy fit>m that of earlier centuries and 
mathematics transformed from the shuty of entities through visual mathematics 
and mathematical experiments (modelling) hidlitated through the use of new 
visual media - the hypertext electronic textbook. 

Keywords 

Modelling, hypermedia, information retrieval. 



INTRODUCTION 

How to offer education in mathematics in 21st centuiy is the common task of 
mathematics education researchers today. Unlike the 20th centuiy, characterised 
by the growth of the industrialised society, which is based on production and 
distribution, the coming centuiy may be characterised as an information- and 
knowledge-intensive society in an era in which information is converted into 
knowledge at an increasingly rapid pace, and in which new values are created 
through the exchange of ideas. These times require a serious examination of such 
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questions as '‘What should be the essential qualities of human beings in such an 
era?” and “To that end, what contributions can mathematical instruction and 
stu(fy make?” 

llie framework for today's educational curriculum was proposed at the end of 
the 19th century in an effort to cope with the switch-over to industrial society. 
Thereafter, this curriculum continued to develop until it reached the form it has 
today. Presented in the following is an overall view of the relationship between 
society and school mathematics in this development process. 

On the junior high school level, emphasis is placed on enabling students to 
mathematic^y e>q>ress a world represented 1^ engines and cogwheels, rather 
than by number theory and Euclidean geometry. With differential and integral 
calculus serving as the apex, everything is grasped as a function amid changes, 
making equations and graphs the predominant forms of mathematical expression. 
In preparation for such an education, students are taught about letters, ratios, and 
figures first, and then learn geometry, which is represented diagrams, loci and 
figure drawings. At the junior hi^ school level, attempts have been made to 
teach the various types of calculations necessary in modem city life and to foster 
the ability of students to think logically so that various contracts can be exchanged 
and promises made among people. 

Meanwhile, we are now in the process of switching over to an information- 
and knowledge-intensive society. 

Therefore, the objective of mathematical education must be to teach 
individuals to cope with such a social transformation. The New Math movement, 
which was launched in the second half of the 1950s, and lasted through the 1960s 
and into the early 1970s, stressed the formality of mathematics in an attempt to 
emphasise a stroctural understanding of mathematics and make it one of the 
centrepieces of a good education. Moreover, the educational use of personal 
computers, begun in the 1970s, flowered after the beginning of the 1980s, making 
it possible for probability and statistics textbooks to be handled more realistically. 
Through the use of moving diagrams, various ftictors could now be grasped in an 
integrated ^hion in terms of their development process. Hypothetical, 
experimental guidance on functions was provided after repeated trial and error. 
All this gave rise to numerous proposals and practical examples for educational 
methods. 

At the start of the 1990s, the Graphic User Interface (GUI) environment for 
computers was streamlined and new teaching topics such as fractals, chaos, fiizzy 
logic, etc. became the objects of research in the field of mathematical education. 

As a result, mathematics was transformed from the study of formulas written 
in logical and abstract terms to the study of entities through visual mathematics 
and mathematical e?q)eriments. 
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QUALITY OF STUDENTS’ MATHEMATICS REQUIRED BY THE 
INFORMATION / KNOWLEDGE SOCIETY 

The development of the information society appears to require the following types 
of mathematical education: 

To grasp phenomena mathematicaOy and systematicaOy 
In today’s society, many things - like the LSI chip, to cite one typical example - do 
not show anything on the outside, and even an internal analysis does not enable 
understanding. Entities appear as software, and to understand them, one would 
have to learn to ^stematically understand how information input and ou^ut are 
connected. In this kind of society, software used in mathematics course needs to 
be reviewed from an entirely new perspective; especially, how to understand the 
structure of mathematics must be examined in school. 

To produce valuable knowledge based on information, to be able to tell 
which knowledge is true and which is false 

Most people who use the Internet are most impressed by how widely information 
is dispersed. For information to be really worthwhile, it is far better that no 
restrictions be placed on it However, in such a case two questions arise. 

How can reflective knowledge be obtained information? 

In fostering the ability to make good use of information, the following argument is 
common to questions about the Internet, electronic calculators and computers: 
"The use of Internet in education does not necessarily teach students how to make 
effective use of information. Moreover, those adults who can use the Internet 
studied how to construct knowledge in an environment in which the Internet did 
not exist”. 

A similar argument proposes that allowing students to use electronic 
calculators without giving them calculation drills on paper makes them incapable 
of understanding the true concept of mathematics. Adults, however, can 
understand these concepts precisely because they spent a great deal of time on 
calculation drills without relying on electronic calculators. 

The above arguments are still true to some extent, but are somewhat out of 
date. A more moderate methodology must be proposed. 

It is important to let students experience modelling in various stages. There 
are plenty of computer software programs today that support such experience. 

How can one tell whether the knowledge gained is correct? 

The theory of stucfy based on structuralism boils down to how to how students 
structure knowledge out of information, and how they determine the authenticity 
of this knowledge. This is precisely what has been required of mathematical 
studies ever since the days of the ancient Greeks, and what progressive scientists 
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and philosophers required of mathematics in their arguments with conservative 
scholars and religious leaders. 

Bits of mformation are labelled in mutual relation to one-another and 
stored for easy retrieval - chunking. 

Information is not stored in one’s brain in the way that an objea is placed on a 
shelf The network of intelligence, whether the student is conscious of it or not, is 
constantly being changed and restructured by one’s interest and concerns. 
Mathematical studies cannot be pursued without duly considering the process 
which the brain obtains knowledge. Independent and self-motivated study, 
inquisitive joint study, and suitable teaching materials are vitally important for 
mathematical education in our information society. 



EXAMPLES 

Example 1: authenticity of knowledge 

Authenticity of knowledge may be endorsed by logical verification, verification by 
numerical values and calculations, verification by graphs and diagrams, and 
computer simulation. For people living in today’s society, a sense of numerical 
values in term of geometric series may be considered an extremely important part 
of verification. The following story which is a mimicry of an old Japanese tale 
gives us a clue regarding the problems that we fiice today. 

A shogun told a little boy to name anything he wished and the shogun would 
give it to him as a reward. The boy said: “I wish for the number of grains of rice 
placed on a Japanese chessboard, which has a total of 81 squares, one grain of rice 
placed on the first square, two grains on the next square, four grains on the third 
square, eight grains on the fourth square, and so on, multiplying in that way until 
all squares are filled.” The shogun said, ‘"Is that all you want?” and had his 
retainer make the necessary calculations. Learning that the amount of rice 
requested would be too great even for a shogun to give away, he apologised. 

We should actually make the necessary calculations to see how much 
astonishment this witty story would evoke. Personal computers of the past had 
difficulty even with problems of this level. Let’s calculate t^ on the T1 92. 

2®+2‘+2^+...+2** = 2,417,851,639,229,258,349,412,351 = 2418 x 10^’ 

This figure really doesn’t mean much to us. Therefore, to estimate how much 
this really is we need something for corrq>arisorL Assuming that a grain of rice is 
1cm in length, and is arranged horizontally, it would total about 161,621,098,879 
times the average distance between the earth and sun, which is about 
14,960,000,000,000cm. 

The major axis of the ellipse constituted ty the galactic system is about 98,000 
light years or 92.70x10^^ cm, and even that can hardly match the length of the 




Shoichiro Machida: Mathematical modelling learned through hypertexts 103 



rice grains. It would be 2^ times the length of the major axis of the galactic 
system. 

If we were to consider this topic in terms of the propagation of a rumour on the 
Internet, it would spread at a greater speed, and the influence would be fsa 
more serious. Suppose, for exanq)le, a warning about viruses dubbed 'Penpal 
Greeting’ is sent to a mailing list to which I belong. This is followed immediately 
afterward 1^ a message from another person saying, "Peiq>al Greeting is not a 
virus, but a hoax.” Assuming that propagation on the Internet spreads on the 
basis of a &ctor of 5, the propagation will have covered (5“-l)/4 =12,207,031 
persons after 10 generations. It would spread throughout Tokyo in no time. 
Recent bankruptcies stemming from the problem of bad loans m^ be partly 
ascribed to an education that does not emphasise this sense of compound interest 
calculation. 

In order to develop this type of software as teaching material, a conq>uter 
capable of undertaking multiple calculations, and a database software cspsAAc of 
retrieving various practical data would be necessary. 

Example 2: Creation of effective knowledge out of information 
According to Gibson’s Affordance Theory, things ^peal to human beings in 
many different ways. If weeds in early spring put out tiny lovely flowers, people 
would get a good feeling from them and would hesitate to pull them out If we 
wanted to select only necessary information out of continuous flow of information, 
organise it and therdty obtain only necessary knowledge, we would have to have a 
good sense of what is important in each bit of information received. 



Problem of the trailer's length 

"You are driving five meters behind a large trailer. Its visible shape is as shown 
in Figure 1, however, since you don’t know how long the trailer is, you are afraid 
to pass it How can you measure the length of the trailer? A hint is contained in 
the visual information given in Figure 1. 




r" \ 



Trailer’s length is short 



Trailer's length is long 
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In order to obtain effective knowledge out of the given information, it would be 
necessaiy to eliminate unnecessaiy information and prepare a mathematical 
model (I^chida and Kurihara, 1994). This problem can be solved through use of 
the proportional model. In order to perceive such a structure, it would have to be 
examined from various angles. Software to siq>port such an investigation includes 
Macromedia Director, \%ual Basic, 3D animation software, and a data base of 
photographs. 



THE HYPERTEXT ELECTRONIC TEXTBOOK 

Textbooks are a form of printed media. In Japan, it is believed that a good 
textbook is one that is thin and easy for teacher to handle. However, this type of 
textbook, which is designed primarily for teachers, caimot serve as a good source 
of information for students with diversified interests who wish to stady on their 
own. Accordingly, an electronic textbook based on hypertext can be cited as a 
textbook to be used in school in an information society where students with 
diverse abilities, interest, and a level of enthusiasm can pursue autonomous and 
creative studies (Tiffin and Rajashingham, 1995; Koschmann, 1996). Electronic 
textbooks should have the following characteristics (Machida, 1996): 

• Offered via CDROM or Internet communications. 

• The screen should look like hypertext, but should provide a more elaborate 
explanation when the student comes across unfamiliar terminology or 
concepts. 

• The concept of a certain unit is positioned in a network of concepts taught at 
all levels of education, ranging from primary school to high school. 

• As in the case of an ordinary printed textbook, the first picture has a simple 
configuration. 

• Satisfies key principles and embodies structural techniques such as those 
delineated in the Information Mapping Method (Horn, 1995). 
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Abstract 

There is a need to diminish the discrepant^ between the high quality of tools and 
programs ofifered by information technology and the orientation of mathematics 
curricula to general abstract concepts. An exanq>le here is how the power of 
Cabri-Gdom^tre can be used to siqiport students in their investigation and 
discovery of the most important known and two unknown properties of non 
degenerate conic sections (conics) which finally lead to an adequate rq>resentation 
of planetary orbits. 

Keywords 

Learning models, creativity, geometry. 



Introduction 

The growing quality of tools like the hand-held conq>uter TI-92, and of programs 
like DERIVE and Cabri-Gdom^tre, does not automatically enhance the situation 
in school mathematics. Sdence-oriented curricula and ^e ‘sociological law of 
inertia’ are well-known obstacles. Therefore the development of suitable 
conceptions and the construction of teaching material using information 
technology are the most challenging tasks in the near future. 

Chir vfork is based on two conceptions called ‘Spatial Algebra’ and 
‘Elementary Analysis’. The didactical fiamework following the model of ‘guided 
discovery learning’ and some technical references are described in Mdller (1995) 
and a typical treatment of conics and planetary motion before the advent of 
information technology is given in Castelnuovo et ai. (1979). 

WeU-known properties of conics 

In this first phase Cabri-Gdom^tre is used for static drawings. We start with a 
table-termis ball lying on a sheet of pq)er and a torchlight which gives a cone of 
light turned on the ball. Examining the fix>ntiers of the shadows on the psq)er and 
on the ball, the focal properties of the central conics and the representation of all 
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non degenerate conics with the help of a directrix are discovered in the following 
way: 

First of all, special cases of both properties can be seen in the sectional 
drawing perpendicular to the p^r plane and containing the midpoint of the ball. 
Since the focal property is obtained through segments on the generators of the 
cone it is important that the second sphere of contact can be discovered with a 
‘shirt-shaped’ figure. The eccentricity property of the directrix is easily found by 
projecting the points of the conic to the plane containing the corresponding circle 
of contact. 

The general cases of both properties can be visualised with perspectives using 
the powerful construction tools of Cabri-Gdom6tre. 

Discovery of new tangent properties 

This second part is dominated dynamic applications of Cabri-G^mdtre. Since 
the representation of the planetary orbits is derived from Newton’s laws of motion 
and of gravitation we need tangent properties to handle the velocity vectors. Two 
new results enable a completely ‘genetic’ treatment 



We start with the hint that there is a simple coimection between a fixed 
directrix and each tangent of a given conic. Experimenting with Cabri-G6omdtre 
it is ea^ to conjecture that the mapping in question is a rotation-stretching round 




the corresponding 
focus for which the 
counter image of the 
tangent point of 
contact is the foot of 
the perpendicular 
from this point to the 
directrix (see fig. 1). 
The simple indirect 
proof uses the eccen- 
tricity property of the 
directrix and the 
triangular inequality. 



Figure 1 
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Velocity vectors are tangent vectors of the oibit Therefore we search for a 
relation between tangent vectors and the corresponding radius vector of a conic in 
the vector space which has a focus as origin and which is spanned three 
orthogonal unit vectors, the first of it (eO directed towards the nearest vertex of 
the conic and the third of it perpendicular to the plane of the sectioa 

Since a rotation-stretching is 
an angle-preserving mapping, 
the foot A of the perpendicular 
firom the focus F to the directrix 
is mapped on the foot L of the 
perpendicular to the tangent 
(figure 1). Therefore the 
triangles FBP and FAL are 
similar. Then, in figure 2, the 
triangle HPF with HP parallel to 
FL is orientation-reversing, 
similar to FAL. 

Figure 2 

Now calculating the length of FH in terms of the magnitude r of r and of the 
eccentricity e we find that 

(1) n = r“V+^.Ci 

is a normal vector belonging to r. Vaiying r and multiplying (1) a positive 
constant c we obtain the equation 

(2) c.r~^r = c.n - 

which describes a circle with 
the radius c where c.n is 
always a normal vector 
belonging to r (see figure 3). 

TherdTore we call (2) a *track 
circle' representation of a 
conic. This equation will 
enable the genetic 
representation of the 
planetary oibits in the next Figures 
section. 

With Cabri-(j6om6tre using the track circle representation we let the students 
discover that the foot of the perpendicular from a focus to a tangent lies an the 
smallest circle through the vertices in the case of a central conic respectively on 
the tangent at the vertex when the conic is a parabola. This property prepares the 
discovery of the above-mentioned representation of planetary orbits. 
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Simulation of planetary motion 

From Newton’s laws we get the differential equation 

(3) r" = -g.M.r~^r 

where g is the gravitational constant and A/ is the mass of the sun. Using Cabri- 
Gdomdtre to simulate motions that have become discrete in a central force field on 
screen we find successive triangles with equal area. Since the magnitude of the 
vector product r Ar' equals the double of the area of the triangle generated by r 
and r' it seems reasonable to consider the derivative of this vector product We 
find (r Ar') = r Ar" = 0 . With the theorem of constant fimctions which can be 
derived without integration and even without limits in elementary analysis we get 
that d=rAr' is a constant vector. 

The inverse tool of Cabri-G6om6tre enables the impressive simulation of 
motions becoming discrete in gravitational fields on screeiL Motivated by the 

equality of triangular areas obtained by 
the first simulation we also construct 
the foot of the perpendicular to each 
difference vector (figure 4). The 
conjecture that these feet lie on a circle, 
is only approximately correct. 
Nevertheless, it leads to another 
conjecture connected with the track 
circle representation, namely that 
(dAr'y is a constant multiple of 
(r"V)' where dAr' is a normal 
vector belonging to r. With sinq)le 
calculations we get 

(g.M.r'V+dAr7=0. 

Therefore the theorem of constant fimctions gives the track circle representation 
of a conic which in the case of planetary orbits must be an ellipse. 




Figure 4 
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Abstract 

This paper focuses on students’ construction of meaning and teacher control of 
learning in conq>uter-based learning environments. The new complexity brought 
about by modem learning environments is discussed and illustrated from the point 
of view of learning and of teaching. The analysis presented is based on data 
gathered in the context of a distance tutoring scenario using the experimental 
platform T616Cabri— T616Cabri is a research action of the project Cabri-gtomdtre. 
The conclusion introduces two issues for further discussion: the type of knowledge 
teachers should have of the mathematics underlying the software they use, and the 
nature of the knowledge constructed Ity students in the course of their interactions 
with a learning environment 



Keywords 

Distance learning, tele-teaching, geometiy, direct manipulation, experimental, 
pedagogy. 



INTRODUCTION 

During the past decade, educational technology ft>r mathematics has made a 
decisive step with the develq>ment of gr^hical interftice, direct manipulation and 
tymbolic computation. The trend is obviously that of a more friendly interftice, a 
reification of mathematical objects and processes closer to what one may describe 
as a “What You Get Is What You Expect (WYGIWYE) principle. In 
mathematics, Conqniter Algd>ra System (CAS) and Dynamic Geometry Software 
(DGS) have had the best beiiefit of these iiDprovetneiits. The time whem coriq)lex 
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programming languages were necessary in order to interact with the computer 
seems to be over, everything works nowadays as if one could directly perform 
actions on mathematical objects themselves. Even more, this access to 
mathematical artificial worlds is now possible through handheld calculators and 
not only through desktop computers. One would predict a new revolution. 

But what about the last decade's revolution? A recent stucfy reports that in 
France about 15% of the curricula had been modified as a result of taking into 
account the availabiliti^ of handheld calculators, and that about 3% of the 
exercises proposed teachers were specific to their use. As Cuban (1987) 
analysed, ten years ago, in a classical stu^ of the use of 'machines’ by teachers, 
"they will either resist or be indifferent to changes that they see as irrelevant to 
their practice, that increase their burdens without adding benefits to their student 
learning, or that weaken their control of the classroom” (p.71). 

This issue of control is central when one considers teacher accountability with 
respect to the students learning outcomes. It is significant that researchers 
involved in the UK three-year lx)go Maths Project, in the mid 80s, recognised the 
need for 'teacher-initiated activities’ as a way to channel the students creativity 
and increase the probability of some specific learning outcome (Hoyles and 
Sutherland, 1989, 226 — ^227). This recognition contrasts with the dominant 
trends of this period; it acknowledges that teachers are confironted with a 
paradoxical injunction: on one hand they must fxvom a fi*ee and genuine learner 
construction of meaning, but on the other hand they need to be in good command 
of the learning outcome as "^mediators of society’s goals” (Bishop, 1993, p.238). 

I will here focus on these two aspects and their interactions: students 

construction of meaning and teacher control of learning in the context of the use 
of computer-based learning environments. 



CONSTRUCTING MEANING IN AN ARTEFICIAL WORLD 

Drawing upon an analysis of the nature of the above mentioned software 
packages, as well as considerable experience in their use in classrooms, provides 
evidence that the WYGIWYE principle is satisfied provided that the user has 
enough mathematical knowledge to be able to read the screen in a proper way. 

Ifillel (1993) provides us with a good exanq>le, in the case of CAS, when he 
shows that students need "new skills to cull pertinent information about a 
fimction” (p.40), what he refers to as "a certain art to graphical 'window 
shopping’” {ibid.). For the student, the issue at stake is to focus on "the idea of 
invariance of ftmctions as opposed to properties which are arte&ct of scaling, such 
as flatness or steepness of graphs” {ibid.). 

Such examples can be found in the research studies which have questioned the 
development of students’ conceptions as a result of their interaction with a 
learning enviromnent; in algebra (Sutherland, 1993) as well as in geometry 
(Laborde, 1993; H6M, 19%). 
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One could paraphrase Dreyfus (1993, p.l25) and state that it is not pure 
perception that makes artificial mathematical world meaningful to the 
mathematics student but the interpretation of the perceived images in terms of 
mathematical structures or relationships. 

But even such a mathematical riding must be cautious and must take into 
account an unavoidable computational transposition of knowledge as a result of 
its implementation in a computer (Balacheff and Sutherland, 1994). 

Because of its hardware characteristics and software idio^cra^, the 
computer introduces a new semiotic for mathematics. This is especially evident in 
the case of the use of graphical representations of fimctions or of geometrical 
objects. The (fynamics of these representations as well as the way the discrete 
characteristics of the screen are taken into account are likely to have an effect on 
the objects behaviours. 

If one accepts the constructivist hypothesis, which states that learning results 
fi-om a process of adaptation of the learner to his or her environment, these 
semiotic characteristics are likely to have an effect on mathematical meanings. 
Then, what will be the consequences on learning as a result of interactions with 
the computer? Some learners may construct meanings different from what is 
expected by mathematics teachers. How could that be diagnosed and remedied by 
teachers? 



MAKING SENSE OF THE STUDENT UNDERSTANDING 

Distance tutoring as a window on the teacher-student interaction 
The complexity of the task of the teacher in using new computer-based learning 
environments becomes especially evident in the context of modem distance 
tutoring environments. In such environments, the constraints of the one-to-one 
communication between a teacher and a student sharing a common workspace 
make visible the work of the teacher trying to make sense of the student’s 
understanding and to cope with the mathematical specificities of the computer- 
based learning environment As one teacher working in such a setting, 
interviewed by Lesh and Kelly (1997), indicated: “Before I did this one-to-one 
tutoring I never really had much time to see aU the "unusuaT ways my kids think 
about the problems I assigned.” (p.410). 

In engaging in a personalised interaction with a student, the possibility that 
the teacher is likely to ignore what this student says or does is considerably 
reduced, whereas in the classroom there is always a possibility to shift the 
attention to another student whose contribution is easier to e?q)loit. Distance 
tutoring opens a window on the teacher-student dialogue through which one may 
get a better view on the way the teacher manages the interaction with the learner. 
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Distance tutoring with Td^abri 

The ideas described in the previous section provided the focus the e?q)ermiental 
studies and analysis we carried out within the research project T^16Cabri. The 
Tdl^Cabri e^q>erimental platform allows both the teacher and the learner to share 
Cabri-gdom^tie at a distance, and to discuss one another’s ideas through a video- 
Chanel included in the screen of the conq)uter. 

The outlines of the teacher’s ta^ are: to be available for any student call, to 
identify the mathematical domain and questions (which are in general not the 
ones the student states), to diagnose problems, to siq>port the learning and to 
provide the student with suggestions for further activities. The basic scenario of 
the use of T^l^Cabri at the Grenoble Academic Hospital alternates phases of 
student autonomous work (in the ward or at home) and, at will, phases of 
interactions at a distance with a teacher. The students also visits of the teacher on 
a regular basis — the technological platform is conceived of as complementary to 
the regular teacher interventions. 

Facts, phenomena and modelling 
Let us consider the problem given in figure 1: 



P2 




Construct a triangle ABC. Construct a point P and its 
symmetrical point PI about A. Construct the symmetrical point 
P2 of P about B, construct the symmetrical point P3 of P about 
C. Move P. What can be said about the figure when P3 and P 
are coincident? Construct the point I, the midpoint of [PP3]. 

What can be said about the point I when Pis moved? Explaiit 
Figure 1 

The figure being constructed with Cabri-g6om^tre, the direct manipulation of the 
point P shows an obvious fact: the point I does not move. Since I depends directly 
on P and P3, two points which move when one moves P, this fact seems 
surprising. The central purpose of the activity is to propose an e>q>lanation. 

Let us examine the interaction between a teacher and a student, Fabien, about 
this problem (a more detailed analysis can be found in Balacheff and Soury- 
Lavergne, 1995). Fabien has observed the fact but he has no insight about the 
reason: ^The point I does not move, but so what?..” Since Fabien has noticed 
spontaneously the parallelogram ABCI, the tutor encourages him to focus on it — 
the student proves that ABCI is a parallelogrant At this stage, firom the point of 
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view of geometiy (and of the tutor), the reason why I stands immobile while P 
moves, is obvious. The tutor then provides Fabien with several hints: 

Hey! What does is mean that when one moves P, I does not move? It tells 
you that I is how? [prot.113] 

... you have used a lot of intermediate points but if we consider the 
conclusion that they don *t play any role any more, the points P, PI, P2, 

P3. [protllT] 

But if it does not move when you move P. That tells you what? I, the point 
I, you have told me that it moved according to which points? [prot 139] 

The others, they do not move. You see what I mean? Then how could you 
define the point I, finally, without using the points P, PI, P2, P3? 
[prot. 143.] 

But Fabien still does not see the ‘obviousness’, it is only later in the interaction 
that the tutor tells him the mathematical reasons of the immobility of I, provoking 
a genuine ha-ha! effect ... 

Actually, Fabien hiiled to relate the fact that ABCI is a parallelogram to the 
fact that the location of I does not depend on P, PI, P2 and P3. In order to e:q>lain 
the immobility of I, the teacher had to obtain from the student the construction of 
a link between a mechanical world— viYncYi is that of the interface of Cabri- 
g^mdtre, and a theoretical world — which is the world of geometiy. Only this 
link can turn the observed fact of the immobility of I into a phenomenon, that is 
the property of the invariance of I. The tutor’s interventions follow a kind of 
Socratic strategy under the constraints of a didactical contract which functioned as 
a paradoxical injunction: the more precisely the tutor would tell to Fabien what he 
had to do, the more she risked provoking the dis^)pearance of the expected 
learning. 

Then, sharing the screen as a common field e^rimentation, the student and 
the teacher may share facts, but not phenomena. Simply said, it is not enough to 
look at the screen of the DGS to see the geometiy. 

Let us listen to an other student, Sd>atien [prot 78 — 84]: 

S^>atien: ^What can be said about the point I when P is moved? Explain ” 

So, hmm... I move P and I does not move. 

Tutor: Hm, yes! 

S^)atien: So... I have said... But is not very clear... That when, for 
example, we put P to the left, then P3 compensate to the right. If it goes 
up, then the other goes down... 

Tutor: So what... 

S^)atien: But I have not found a mathematical proof, hmm 

Tutor: OK, so what can you say about I. That... why I is invariant? Why I 

does not move? 

Sd>atien: It is exactly what I have not found... How to prove that ... in fact 
P3... it annuls the move ofP. 
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This excerpt from S^iastien’s protocol gives even more explicit evidence that the 
passage from the mechanical world to the world of geometiy is not obvious. It is a 
process of modelling. 

Making sense of the student’s production 

At the beginning of a new interaction, in the context of distance teaching, the 
tutor has veiy little information on what the student has produced. Nevertheless, 
it is important that she is able to quiddy make a diagnosis, and one which is as 
reliable as possible, in order to take the best decisions to support frurther learning. 
But, just looking at the screen may not be sufficient in order to get the needed 
information. In particular, in the case of DGSs, what is displayed on the screen is 
a drawing for which meaning depends no only on the actual set of significant 
pixels but also on the way it behaves when dragging its basic points (Laborde, 
1993, pp55— 57). 

For example, in the context of Cabri-g^ometre, a circle drawn using as a 
centre a point O and passing through a point P, will not differ at first sight from 
the drawing of a circle defined a centre O and a radius on which is drawn a 
point P (as a ‘point on object’). 

Let us come back to the interaction of Fabien and his tutor. The following 
short excerpt [prot 326 — ^343] illustrates well the point I want to raise (the 
interaction evolves around the diagram given in figure 2): 




Figure 2 

Tutor: Now, then, where are you? 

Fabien: IV s done, I have drawn the isosceles triangle. 

Tutor: OK. So now, your triangle, it stcys always isocelous? 

Fabien: Yes. 

Tutor: Do we make a little verification? Wait, This point ... I cannot 
move it, why? So, it is visible that iVs more or less correct. Look, I will 
try to move the point C, just to see. Hey! Why the point B follows when I 
move the point C. That "s strange! 

Fabien: Sorry? 

Tutor: The point C... 
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Fabien: Yes? 

Tutor: ... When I move the point C, the point B follows and the point A 

doesn *t move. How did you do it? 

Fabien: Yes» because it is a circle. 

Tutor: IVs on a circle... 

Fabien: ThaCs it, C is the centre of the circle... 

Tutor: Yes... 

Fabien: and B and A are on the circle. 

Tutor: Hmm, OK. B, you linked it to the circle? How did you do that? 

Fabien: No, no. C is the centre of the circle. 

Tutor: C is the centre, but your point B? 

Fabien: Wait, I will show you. 

Finally, Fabien and the tutor used the Cabri-g6omdtre functionalities which 
enabled them to see the hidden objects in order to clarify the constructioa 

This example is fypical of the problems encountered teachers when, in 
order to make sense of the student production, th^ need information about the 
process which has led to it The conq)lexity of this process and the large variety 
of the possibilities make this task harder than in the classical paper-and-pencd 
environments. 

It requires a knowledge of the software which cannot be reduced to knowing 
the user’s manual or even its original specifications. 



REVISITING THE COMPLEXITY OF THE TEACHER CONTROL OF 
LEARNING 

In a domain other than geometry, the teaching of fiactions, Ohlsson (1991) gives 
us a veiy clear example of a widely shared belief among conq>uter-scientists or 
software designers. He describes a software package for the learning of fiactions 
which provides the student with two different windows, one window displays 
fiactions (mathematical register) and this is associated with another one which 
displays a related illustrations world (concrete world of partitioning strips). 
Ohlsson claims that ‘‘[this] yoking feature enabled [the student] to get 
mathematical feedback on her physical actions”, but he also reports that a student 
could nevertheless achieve a “wro/ig insight and so he raises the following 
questions (among several others): “Why did the student construct one idea rather 
than another? Would it have been possible to predict before the event that this 
exercise would produce this particular insight?” (p.55). 

These questions are crucial to the teacher control of learning. Ohlsson 
searches for an answer in the direction of learning theories, I suggest here that 
one may get a better understanding of this complexity by looking at the 
mathematic^ characteristics of both the environment and die learning situations 
since modem learning theories emphasise, although in different ways, the 
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centrality of the process of adaptation of the learner to his or her environment. 
The characteristics of this environment are then crucial in the construction of 
meaning and thus to eiq)lore them from the point of view of the conceptualisations 
th^r may stimulate is as essential as e?q>loring the possible learner cognitive 
processes. The outcome of the latter depends largely on the characteristics of the 
former. 

Distance tutoring opens a new window on the teacher-student interaction, in 
that it provides further evidence of the complexity of teaching and the way 
teachers m^ cope with this complexity. Two directions of research are suggested 
which are likely to be essential for both distance teaching and teaching in 
classrooms using conq)uter-based technology: 

• the development of teacher training in order to improve the teacher 
understanding of the mathematics of the conq>uter. Conq>uter-based learning 
environments raise an intrinsic difficulty as compared to classical material 
environments due to the dynamic representation ibisy display as well as their 
autonomy in performing actions. These features are likely to change the 
relationships between the learner and the symbolic environment, but it is also 
the case between the teacher and his or her woiking environmenL In the case 
of geometry, Laborde (1993) emphasised that the teacher may well benefit 
firom knowing what mathematics underlies the software he or i^e will use in 
her classroorrL On the same line, I would now question the relationships 
between mathematics and the conq>uter-based artificial world, suggesting that 
'Modelling’ may be the k^rword for a possible answer. If it is so, one may 
consider this relationships as being part of the mathematical content to be 
taught just as Laborde suggested was the case in the distinction between 
drawing and figure that DGS has placed at the forefiont of the geometrical 
scene. 

• A k^ issue for the teacher is to keep control of the learning situation while 
leaving to the student enough autononty so that genuine learning processes can 
develop. The richness and the conq>lexity of the outcome of the interaction 
between the learner and the machine is such that the teacher will find difficult 
to make sense of the student’s production in all cases. This issue is especially 
important in the case of distance tutoring because of time constraints, and calls 
for the development of machines capable of interacting with teachers in order 
to facilitate their activity, in particular at the level of interpreting and 
debugging students’ productions. 

The new directions constitute a challenge for the current research in AI and 
education, with a shift from autonomous artificial tutors to machine as teaching 
partners. 
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Note 

The project T616Cabri is part of the project Cabri-geomtoe from the Leibniz 
Laboratory. The experimental studies to which I refer have involved Jean- 
Fran^ois Bormeville, Nathalie Masseux, Sophie Soury-Lavergne and Lucile 
Vadcard. 
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Abstract 

In spite of many insdtntional actions, and the enthusiasm and militancy of 
pioneers, the integration of computer technologies into secondary mathematics 
teaching develops veiy slowly in France. In this text we point out some obstacles 
to integration which seem specially resistant— the limited ‘educational legitimacy’ 
of computer technologies, the underestimation of computer transpositive 
processes, the opposition between the technical and conceptual dimensions of 
mathematical activity, the relationship to instrumentation — ^and defend the thesis 
that the poor sensitivity of the usual teacher training to these obstacles partially 
explains its poor efficiency. 



Keywords 
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INTRODUCTION 

Everywhere in the world, in spite of incentive actions and institutional support, in 
spite of the increasing role played by computers in our social and cultural life, the 
integration of computer technologies into mathematics secondary teaching does 
not develop very fik. France does not escape this general situation. 

Since 1980, the ‘rational’ use of pocket calculators is an explicit aim of the 
secondary mathematics curriculum and all types of calculators can be used in 
national and regional examinations. Nevertheless, even today, only a small 
minority of teachers (about 15%) takes this aim in charge, seriously. The great 
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majority tolerates calculators but leaves their instrumentation and use to the 
‘private mathematical life' of students. The negative effects of such a situation, 
relative to the teaching and learning of the concept of limit, are well documented 
in the research of Trouche, (1996). 

For more than ten years the Ministry of Education has supported and 
developed a lot of actions in order to impulse the integration of new technologies 
into teaching: mixed licences which allow schools to buy selected software at 
reduced cost; financial support of iimovative and research groups who take charge 
of the production of specific software and didactic material, and whose production 
is widely dispersed by the Ministry; training sessions for teachers taking place 
during file academic time, summer schools, etc. Nevertheless, even in the many 
schools now provided with good quality equipment, the use of computers for 
mathematics teaching remains marginal 

The poor return from all these actions and the resistance of the educational 
system, in spite of the enthusiastic militancy of pioneers, naturally leads to 
question the principles and strategies which govern teacher training and their 
adequacy to the current situatioiL In this paper, we analyse, in didactical terms, 
the situation in France. More precisely, we point out some obstacles to integration 
which, in our opinion, are not taken seriously enough into account in teacher 
training, and hence contribute to its limited efficiency. 



OBSTACLES TO INTEGRATION 

The ^educational legitimacy’ of computer technologies 
The resistance of the educational system to computer technologies cannot be 
analysed without taking into account more general issues, such as the legitimacy 
of teaching means. In order to tackle this question, we find it useful to distinguish 
different dimensions for legitimacy, at least the social-cultural, epistemological- 
scientific and institutional-educational dimensions. There is no doubt that 
computer technologies are strongly legitimate as fiu as the first dimensions are 
concerned, but this is not enough to ensure their educational legitimacy. Last 
year, in France, this fact was evidenced by the passionate discussions generated by 
the commercialisation of the TI-92. 

Chiltural and scientific integration of computer technologies gives evident 
arguments in favour of their educational legitimacy: briefly speaking, educational 
systems caimot reject computer technologies without losing social credibility. 
But, in order to motivate teachers to pay the price of change, such external 
arguments are not sufficient Teachers want to be convinced that the internal 
efficiency of the educational tystem will be increased by such a change in teaching 
means. Computer technologies are thus asked to prove that they can help teachers 
to fEice the recurrent difficulties of mathematics teaching and learning and also, 
for instance, help them to face the new difficulties arising from social crisis. 
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In fact, the insufficient pressure of cultural and scientific legitimacy generates 
a kind of vicious circle: in order to overcome persistent resistance, promoters of 
change are more or less consciously induced to minimise the costs and difficulties 
of integration and to overestimate its potential benefits for mathematics teaching 
and learning. Such strategies are helpfiil in the short term as th^ allow 
innovative practices to survive and even locally develop in bad ecological 
conditions. In the longer term, they tend to create obstacles to the integration th^ 
want to support as they tend to obscure some major difficulties teachers will have 
to face and, as a consequence, do not promote the development of efficient 
adaptive means. Integration remains thus trapped in a transitory phase of 
‘pioneer militancy’, instead of reaching a maturity phase. 

In our opinion, teacher training is far fi*om having escaped this vicious circle 
and this contributes to e^lain its limited efficiency. 

The underestimation of issues linked to the computer transposition of 
mathematical knowledge 

The theory of didactic transposition was introduced by Chevallard (1985) in the 
early eighties in order to better take into account the complexiy of processes 
which govern the institutional life of teaching contents and to provide researchers 
with operational tools for such an ecological stu^. Computer technologies 
increase the complexity of these transpositive processes by adding a new element: 
the ‘computerisation’ of mathematical knowledge. 

Didactical research is more and more sensitive to these new transpositive 
processes and their possible didactic effects (Balacheff, 1994) but teacher training 
programs do not pay so much attention to them. One can see there is, at least 
partially, some negative effect of the legitimacy problems mentioned above: by 
devoting attention to the existing discrepancies between school mathematical 
knowledge and its computerised versions, one risks to weaken their educational 
legitimacy. This is specially the case for Computer Algebra Systems (CAS) 
software, more recently introduced in secondary teaching and thus more fiugile. 

Research carried out about DERIVE, both with desk top computers and the Tl- 
92, obviously shows the dangers of such an underestimation (Abboud et aL, 
1995). Observations of DERIVE classroom sessions, when compared with 
teachers’ expectations, put to the fore: 

• the poor awareness of discrepancies teachers and researchers spontaneously 
have, when prq)aring or simulating a session (as they unconsciously 
compensate for them); 

• the important ‘perturbations’, regularly produced by slight differences, if they 
are not quickly identified and properly managed; 

• the spontaneous tendency to consider the didactic effects of such differences as 
parasite phenomenas which have to be avoided a careful choice of situation 
variables, in a posteriori analysis (that is to say, to negate the feet that. 
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resulting from computer transpositive processes, th^ are in some sense 
unavoidable); 

• the learning potential they have if one overcomes this spontaneous tendency 
and becomes aware of the possibilities resulting from the comparison of two 
slightly different transpositive worlds. 

For instance, in the experimental work developed with beginners in algebra, this 
comparison allowed the identifrcation of criteria used by students to interpret and 
work out algd>raic and pre-algebraic e>q>ressions, which remained invisible in the 
standard paper and pencil environment, as well as to introduce fruitful discussions 
about the distinction between mathematical rules and conventions. In the same 
way, on-going research with the Tl-92 shows that the peculiarities of the 
automatic evaluation of expressions in exact mode can motivate efficient reflexive 
work about the ‘sense’ and ‘denotation’ of algebraic expressions (Delgoulet and 
Guin, 1997). 

The opposition between the technical and conceptual dimensions of 
mathematical activity 

From a cognitive point of view, the traditional discourse about computer 
technologies is grounded in the opposition between the technical and conceptual 
dimensions of mathematical activity, this opposition going along with an 
underestimation of the technical dimension. Computer technologies are presented 
as inducing reflective, strategic and conceptual timctioning by freeing the student 
from technique. This vision is not independent from the privileged role these 
technologies have been given for renewing teaching practices perceived as too 
narrowly technical and making them more compatible with the dominant 
constructivist learning theories. Anthropological and cultural approaches are 
challenging this schematic vision now (Noss and Hoyles, 1996; Chevallard, 
1991), but at least in France, the world of teacher training remains under its strict 
influence. 

The detailed observations we made during the last five years with DERIVE 
and the TI-92 showed the inadequacy of such an idyllic vision (Artigue, 1997). In 
these environments, due to specific adaptive processes and their economy, two 
opposite tendencies are at play: 

• the first one effectively &vouring the reflexive and strategic work teachers 
would tike to induce; 

• the second one, conversely, tending to save reflection, frivour blind action or 
atomise the solving process into a great number of micro-actions without 
evident coherence. 

Only a careful management of the didactic variables of situations enables the 
establishment of an adequate equilibrium between these tendencies. Moreover, 
except if students are performing routinised taidcs, relationships between the 
technical and conceptual dimensions of mathematical activity appear to be 
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Strongly dialectic and mutually dependent: it does not really make sense to set 
them in opposition. 

Once more, it seems that most teacher training programs do not give teachers 
the means really to overcome this dichotomy and seriously investigate (a) how the 
equilibrium between the two dimensions can be altered by the integration of 
computer technologies, and (b) what criteria can be used in order to understand, 
beyond mere action, the kind of mathematical activity students engage in during 
computer sessions and the situation variables which allow to control and improve 
this mathematical activity. 

Relationship to ^instrumentation’ 

Mathematics teaching has been used to living in environments poor in technology. 
Integration of computers introduces a radical change and obliges us to take into 
account issues related to the transformation of material arte&cts into 
mathematical instruments (Rabardel, 1995): 

• Which learning processes underlie such a transformation and how to manage 
them? 

• What relationships with mathematical knowledge are aimed at by the 
institution? 

• How to deal with eventual discrepancies and conflicts? 

Answers to such questions are far from being obvious. Once more, when 
reflecting on them, one has to face obstacles linked to cultural and ideological 
dominant positions. If mathematical legitimacy is solely attached to the usual 
instruments of mathematical activity, how does one justify the price to pay in 
order to transform computers into mathematical instruments ? 

In teacher training, this inevitably leads to stress the conviviality and 
immediate accessibility of software and calculators, and conversely to 
underestimate the work necessaiy in order to instrument them. Research results 
clearly show the limitations of such an approach. Let us give one example, 
referring once more to on-going research with the TI-92 (Artigue et al., 1997). 
E^riments carried out with scientific students at high school level tend to prove 
that, for these students who are used to working with graphic calculators, 
&miliarity is quickly obtained. But, familiarity is only a first level of 
instrumentation. BridOiy speaking, students are able to use the machine efficiently 
if it directly gives the desired answer. Faced with an algebraic expression of a 
derivative which is not in the form given in the text or obtained by paper and 
pencil means, they are not so obviously able to use the machine to pilot the 
necessaiy transformations; they are not necessarily sensitive to graphic 
phenomenas linked to discretisation even if the results they obtain in the symbolic 
mode are contradictory with those th^ have got in the graphic mode; they do not 
clearly differentiate between approximate and exact results all the more as, even if 
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the exact mode is selected, results given in most applications are still 
approximations. 

Further, the Tl-92 opens widely the range of possible actions, even nearly 
equivalent actions, and students are &ced with the necessity of selecting and 
finding a coherent way in this complex world to develop 'instrumented 
techniques’. These instrumented techniques, not officially worked and 
institutionalised the way that standard paper and pencil techniques are, take more 
time to stabilise and thus more time to become a matter of routine. For a quite 
long time they remain more sensitive to small pertuibations than one might 
expect. 

The decisions the teacher has to take at this level are not without influence: 

• What functions and commands have to be introduced in order to benefit from 
the potential of the machine, without complexifying to much the student’s 
instrumental woik? 

• How to organise this progressive introduction? 

• How to manage the necessary evolution of the didactic contract taking into 
account what has to be done by hand and what is left to the machine? 

• How to simultaneously manage, in classroom activities, the progression in 
standard mathematical learning and in the instrumentation of the machine; 
two progressions which are strongly dependent but whose possible 
relationships are not so well known? 

The evolution we have noticed in the teachers’ mastery of these problems along 
these two first years of experimental work with the Tl-92 and its positive didactic 
effects are evidence of the importance of these questions. They have to be 
seriously addressed in teacher training, but this will be difficult if the legitimacy 
of the specific apprenticeships required by instrumentation is not firstly 
recognised. 



OBSTACLES AND TEACHER TRAINING STRATEGIES 

Up to now, we have tried to point out obstacles to the integration of computer 
technologies which, in our opinion, deserve more attention in teacher training 
than is usually the case. Without pretending to be exhaustive, we chose to focus 
on obstacles linked to dominant cultural representations. These representations 
unconsciously shape teachers’ expectations with respect to teacher training. They 
also shape the way teachers interpret and personally integrate the professional 
experience they have with computers. This makes them specially resistant to 
change. 

Faced with these difficulties, teacher training based on innovative values and 
militancy has shown evident limits. For the reasons mentioned above, our 
personal conviction is that such resistant obstacles will not be overcome without 
giving didactic analysis a more inq)ortant role in teacher training, and without 
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providing teachers with didactic tools allowing them to analyse transpositive 
processes, to identify the didactic variables of situations and pilot them, and to 
analyse their professional techniques and the way these are modified the use of 
computer technologies. 

Abboud (1994) clearly demonstrates that this is not an easy task, even if 
standard teacher training in this area does not limit itself to technical issues and 
really tries to address the pedagogical implications of the use of computer 
technologies. Teachers generally become teacher trainers in this area because 
they are known to be regular and successful users of computer technologies with 
their students. They certainly are good experts in the use of computer 
technologies for mathematics secondary teaching, but as it is normal for experts, 
most of the competencies they have developed have become routine. They are no 
longer aware that they had to learn them, they are not necessarily able to analyse 
them. Moreover they do not necessarily have a strong didactic culture. Most 
often, the didactical dimension of teacher training is based on ‘imitative’ 
strategies: it is organised around situations trainers have experienced with their 
own students, some nice situations evidencing the interest of computer 
technologies and their innovative power for mathematics teaching. These are 
generally worked by using ‘homology’ techniques, that is to say, by putting 
teachers in student positions and simulating the classroom life of such a situation. 
If training sessions are discontinuous, teachers are invited to try some of these 
situations, possibly with the necessary adaptations, with their own students and, in 
some further session, time is devoted to reports on these experiments and an 
analysis of the reports. 

We are convinced that these strategies do not enable students to overcome such 
resistant obstacles as those mentioned above and do not necessarily provide 
teachers with the didactic tools they need. Efficient teacher training carmot only 
rely on imitative strategies which carmot correctly take into account the 
differences between experts and novices, homology techniques obscure the fact 
that one’s mathematical knowledge strongly shapes the use of computer 
technologies, and if teachers are not provided with didactic tools for analysis, if 
observations and experiments are not carefiiUy prepared, they only serve to 
reinforce initial representations or perceptions. 

As stressed by Abboud {op, cit.\ the didactic investment we ask for requires 
more efficient links between research and teacher training. This is the reason 
why, for instance, we decided to use the material collected in our DERIVE 
research in order to produce didactic resources for teacher training (Lachambre 
and Abboud, 1996). For this purpose, we selected classroom sessions in the 
experimental work and organised the corresponding data and analysis as 
resources for a tr ainin g module on DERIVE. Each module consists of five parts : 

• a synthetic presentation and a priori analysis of the session, 

• the material prepared for students; 
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• a synthetic research analysis of the possible interest of the session for teacher 
training: identifying interesting points to be worked on at a technical level, at 
a transpositive level, at a cognitive level, and at a didactic level; 

• some selected protocols and data which seem of particular interest in order to 
support this work with precise data (which, for evident reasons, are out of 
range of teacher trainers and innovators, if they are not engaged in research 
projects); 

• an indicative strategy for using this module in teacher training sessions. 

How much such a material can be really helpful for teacher trainers, remains for 
us an open question — to be investigated within the framework of a specific 
research project in the near future. 



REFERENCES 

Abboud, M. (1994) L ’integration de Voutil informatique a Venseignement 
secondaire des mathematiques: symptomes d’un malaise. Doctoral thesis, 
Universite Paris 7. 

Abboud, M., Artigue, M., Drouhard, J. P. and Lagrange, J. B. (1995) Une 
recherche sur le logidel DERIVE, Cahier de DIDIREM, 3 (special issue), 
IREM, Paris 7. 

Artigue, M. (1997) Computer environments and learrung theories in mathematics 
education, in B. Barzel (ed.). Teaching Mathematics with DERIVE and the TI- 
92, Proceedings of the International DERIVE and TI-92 Conference, Bonn, 
1—17. 

Artigue, M,, Defouad, B., Duperier, M., Juge, G. and Lagrange, J. B. (1997) 
L ’integration de calculatrices complexes a Venseignement scientifique au 
lycee. Research Report, Equipe DIDIREM, IREH Paris 7. 

Balacheff, N. (1994) Didactique et intelligence artificielle. Recherches en 
Didactique des Mathematiques, 14(1-2), 9-42. 

Chevallard, Y. (1985) La transposition didactique. La Pens^e Sauvage, Grenoble 

Chevallard, Y. (1991) Dimension instrumentale, dimension s^miotique de 
Tactivit^ mathematique, S^minaire de didactique des mathematiques et de 
I ’informatique, LSD-IMAG, Grenoble. 

Delgoulet, J. and Guin, D. (1997) Etude des modes d’appropriation de 
calculatrices graphiques et symboliques dans une classe de seconde, IREM de 
Montpellier. 

Lachambre, B. and Abboud, M. (1996) Training of mathematics teachers. The 
International DERIVE Journal, 3(3), 109 — 124. 

Noss, R. and Hoyles, C. (1996) Windows on Mathematical Meanings: Learning 
Cultures and Computers. Kluwer Academic Press. 

Rabardel, P. (1995) Les hommes et les technologies— Approche cognitive des 
instruments contemporains. A.Ck)lm, Paris. 




Michele Artigue: Teacher training for integration of computer technologies 129 



Trouche, L. (1996). A propos de Vapprentissage de la notion de limite de 
fonctions dans *un environnement calculatrice*: etude des rapports entre 
processus de conceptualisation et processus d 'instrumentation. Doctoral 

thesis. University de Montpellier n. 




Michele Artigue is professor at the lUFM of Reims 
and responsible of the research team DIDIREM in the 
didactics of mathematics at the University of Paris 7. 
After a doctoral thesis in mathematical logic, she 
dedicated to the didactics of mathematics and got an 
habilitation in this area. Her research work mainly 
deals with epistemological issues, the didactic of 
Analysis, at secondary and university level and the use 
of computer technologies for mathematics teaching. 
From 1992 to 1995, she was responsible for a national 
research project on the use of DERIVE in secondary 
schools, supported by the Ministry of Education and 



she is now piloting a research project on the integration of the calculator Tl-92 in 



scientific series at high school level. She is the chief editor of the journal 



Recherches en Didactique des Mathematiques. 



16 The computer in mathematics 
teaching: scenes from the classroom 



Rosa Maria Bottino 
Consiglio Nazionale delle Ricerche 
Istituto per la Matematica Applicata 
Genova, Italy 

Fulvia Furinghetti 
Dipartimento di Matematica 
Universitd di Genova 
Italy 



Abstract 

In this paper we analyse, through a case-study approach, the role assigned by 
mathematics teachers to the use of educational software. We considered cases in 
which teachers autonomously chose and used the software. Our analysis was 
carried out the direct observation of classroom activities. Two areas of 
particular note were those of how the computer was used, e.g., in the development 
of mathematical knowledge and/or for reinforcing ideas already taught, and the 
nature of the teacher-pupil classroom discourse. Results indicate that even 
experienced users make limited use of the exploratoiy potential of the technology, 
and the dynamics of communication (teachers, pupils, computer) is still very 
much that of a 'teacher directed and led’ classroom. 

Keywords 

Classroom practice, software, integration, teaching methods, attitudes. 



INTRODUCTION 

This paper is based on research we have conducted over a number of years which 
considers the impact of computers on mathematics teachers’ behaviours and 
beliefs. The focus in this work has been at the upper secondary school level 
(students aged from 14 to 19). Initially we stuped the conceptions that 
mathematics teachers have developed about the introduction of basic elements of 
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informatics in their schemes of work. These conceptions have been compared 
with the conceptions teachers have of mathematics and its teaching (see Bottino 
and Furinghetti, 1996a). 

At present we are stiKfying how mathematics teachers use educational software 
in their classroom work. Here the term educational software is used to denote 
both packages explicitly designed with didactic aims and other more generic 
software, such as, for example, spreadsheets, when used for educational purposes. 
While studies which consider teachers' attitudes towards the use of software in 
mathematics education have been reported in the literature, in general their focus 
has been on teachers who have been trained in the use of specific software 
packages and then guided in the development of classroom e}q)erimentation. Our 
woik differs in that the context is one in which software is autonomously chosen 
and used by teachers in their classroom woik, that is to say, their choice and use is 
independent of guided and controlled experimentation. 

The main phases in our programme of work can be outlined as follows: 

1. A general investigation (through questionnaires) aimed at collecting data on 
the use of educational software in mathematics teaching at upper secondary school 
level (difiiision, type of software used, topics afforded, etc.). 

2. An analysis of interviews conducted with a significant sample of teachers 
aimed at providing initial insights on teachers' expressed/perceived beliefi; and 
choices in the use of educational software. 

3. Case studies involving classroom observations aimed at providing rich 
descriptions of teachers' behaviour when using software in school practice. 

4. A synthesis aimed at illuminating emerging beliefs and conceptions. 

Results in Stage 2 indicate that the range of software used is quite limited (see 
Bottino and Furinghetti, 1996b). The most widely used tool is the spreadsheet 
which would appear to be appreciated because of its potential use in a number of 
topic areas. Symbolic manipulation ^sterns (especially Derive) have a certain 
degree of difthsion among the teachers most experienced in the use of the 
computer, with the topic areas mainly in the field of calculus and analytical 
geometry. 

The present paper concentrates mainly on Stage 3, the classroom observations. 
Here we take into consideration issues related to both educational computing and 
mathematics education: 

• from an educational confuting perspective, the work provides elements for the 
analysis of the role that computers can assume in the teaching/leaming 
processes; and 

• from a mathematics education perspective the research provides a fimnewoik 
for analysing teachers' belieft and conceptions on mathematics and its 
teaching (see also Hoyles, 1992); moreover it offers elements for informing 
teacher education and training as well as the work of curriculum developers. 
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METHODOLOGY 

The research involved classroom observation of computing activities with the 
focus on teacher behaviour. Two experienced mathematics teachers, competent in 
the classroom use of computers, one from each of two classes with tiie same 
curricula (where the mathematics program is rather rich) were observed on a 
number of occasions. The teachers both used the computer quite regularly during 
the school year (approximately one hour per week). They agreed to host us in 
their classrooms when the computer would be used. Die teachers were also 
interviewed prior to the lesson observations. With each of them we chose a topic 
that would be developed when we would be present. In each situation, the lessons 
carried out with the computer took place in a laboratory equipped with about 10 
personal computers (coimected with a local network) and a printer. Both 
researchers were present in the lessons and took notes separately and 
independently without intervening in the activities. 

Here we present the observations made during different lessons grouping them 
in two ‘scenes’, one for each teacher. The observations were collected and 
analysed according to a number of issues grouped into the four main areas listed 
below. We identified these areas as crucial in studying how the use of technology 
affects the way in which mathematics is taught, the way in which teachers 
perceive their role in classroom and the types of interactions which take place. 

Setting 

• school, classroom level, students’ age, number of computers available in the 
laboratory 

• presence of a computer-laboratory assistant (who takes care of the technical 
aspects of the work) 

• topics developed in the computer laboratory 

• software used 

Role of the computer in the development of mathematical knowledge 

• types of problems and the ways in which they are proposed 

• types of mathematical activities: exploring, conjecturing, verifying, ... 

• autonomy left to students (in mathematics and in the use of the computer) 

• types of answers required fi’om the students 

• integration with classroom activities 

• support for laboratory work-in addition to software tools, e.g., manuals, 
written worksheets, ... 

Social interaction 

• team-work: spontaneous aggregation or suggested by the teacher, 
responsibility, ... 

• guidance offered by the teacher to the development of the activity: to give a 
general outline, to guide step-by-step, to offer a spectrum of possibilities, ... 
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• time left to students 

• teacher’s behaviour: stays at the blackboard, passes among the computer 
desks, asks the students individually or poses questions to all the chss, 
discusses the answers or considers only the right ones, ... 

• attention paid by the teacher to the students’ behaviour during the work 

• role of the laboratory assistant (if present) 

Assessment and evaluation 

• evaluation of the laboratory work: focus on ‘computer abilities’, on 
mathematical abilities, on both, ... 

• quantitative and/or qualitative assessment 

• attention paid by the teacher to students’ response during the work: if they 
follow the activity, if it is necessary to help some of them individually, ... 

• how the students’ work is collected and stored 



SCENES FROM THE CLASSROOM 

Scene A 

The setting is a fourth-year class of 20 students (aged 17) of a technical institute. 
A computer-laboratory assistant is present during the work. The teacher leaves 
the students free to organise themselves in groups: the majority form groups of 
two, some form groups of three, two students work alone. The topic studied is 
‘function’; the notions of function and its graph have been already developed 
without the use of the computer. The educational software used are Derive and 
Lotus; students have already used both. 

The teacher writes on the blackboard the function 
f(x)=^ + x 

Students are asked to use Derive to find its first and second derived functions and 
to graph them. Then they are asked to make conjectures about the graph of / 
starting from the derived functions. 

Standing at the blackboard, the teacher asks the students about some 
mathematical notions useful to solve the exercise and some technical issues about 
the use of Derive. Since students do not remember some points about Derive 
(derivatives, variables, notations, ... ), she gives a general account of them. 

Students begin to work with the computer. The teacher walks around the 
desks. Since some students try to directly graph the function with Derive, the 
teacher, a bit disappointed, asks them to withdraw and to follow the instructions 
given. The teacher gives some indications about how to plan out the organisation 
of the screen (axis, unit of measures, etc.) in order to obtain ‘good’ graphs. She 
tries to fix students’ attention on some elements that can be useful for making 
conjectures (students at the computer can see both the graph and the algebraic 
expression of the fimctions); the conjecturing process is directed by the teacher 
with such questions as: “Has the second derivative zeros? Well, then, what is the 
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cx)ncavity of the function like? The teacher every now and then sums up 
orally for all the students. She does not pay particular attention if students do or 
do not use strategies that take better advantage of software opportunities. The 
laboratory assistant intervenes only when students ask technical questions. 

The teacher gives a new problem: 

“Find the zeros of the function f(x) = + x - 1 in the interval [0, 1], 

with an error less than 0.01". 

She suggests that they use Lotus. Some students ask if they may solve the 
problem using Pascal. The teacher agrees. 

Students do not remember Lotus and Pascal very well and look fi:equently at 
their written notes. The teacher, going around the desks, intervenes on the 
mathematical aspects (recalling what has been done before without the use of the 
computer); the computer laboratory assistant gives suggestions about Pascal 
programming and about the use of Lotus. 

Each group of students prints the work developed on the computer; printouts 
are collected in a folder. The teacher tells us that during oral examinations on 
these topics she does not usually look at these folders and that she does not ask 
questions about the work done with the computer. 

Scene B 

The setting is a third-year class of 19 students (aged 16) of a technical institute. 
There is no computer-laboratory assistant. The teacher asks the students to form 
themselves in groups of two. The topic developed is geometrical plane 
transformations; this topic has already been studied without the computer (the 
teacher states that it is necessary to first develop topics without the computer to 
ensure they understand what they are doing in the laboratory sessions). The 
software used is Derive; students have used this previously. 

Standing at the blackboard, the teacher reviews some ideas about reflections in 
the plane (reflections in the origin and in any point of the plane, corresponding 
equations, ... ); she poses some questions to the class, only some students answer, 
she goes on quickly; students take notes on their exercise-books while the teacher 
is at the blackboard. She asks them to use Derive to verify the mathematical 
concepts she has outlined. For example, she asks them to use Derive to 
investigate the reflection in a point of the plane. After students have worked out 
with an assigned straight-line and with assigned points, the teacher asks them to 
infer a general rule using the algebraic functions of Derive. The teacher goes 
around the desks only when the students have difficulties with the computer, 
otherwise she remains at the blackboard. 

The teacher gives another problem: “Find the reflection of a parabola in a 
point of the plane”. The teacher does not ask the students to make conjectures 
about the result; students, following her suggestions, go on graphing a given 
parabola and its reflection in a given point. When th^ have obtained the graphs 
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she asks them to conjecture if it is possible to generalise. She guides them in 
finding the generalisation. 

Few students follow the work tenqx) of the teacher, she does not look at the 
work of all the groups and does not make adjustments if some students fall 
behind. 



COMMENTS 
Scene A 

The computer was not integrated in the mathematics teaching in the sense of 
creating new ‘scenarios’, but was utilised for enriching topics previously taught. 
The teacher proposed a traditional type of problem. The use of the computer 
prompted activities such as working with images to e?q)lore properties of 
fimctions. The contenqx)raiy use of two registers (graphical and symbolic) is 
interesting. The teacher seemed aware of the problem played by symbols seen as 
procepts (concepts + processes) and used the computer to pass fi-om the processes 
(e.g. calculation of derivatives) to the concepts (e.g. meaning of the sign of the 
derivative and its relation with the graph of its primitive). We can interpret this 
behaviour as an attempt to promote the ‘flexible meaning of symbols’, as 
described in Gray and Tall (1993). 

The computer would seem to have been used to ‘scaffold’ students’ learning of 
mathematical topics through the provision of concrete support for their 
progression, step-lty-step, through the activities. See Kutzler, 1994, for further 
discussion on the use of Derive in relation to the theoretical aspects of scaffolding. 

The teacher directed students’ interaction and reflection on their actions 
according to the feedback provided the computer (she provided some 
indications as to how to plan graphics on the screen, fixed their attention on 
elements usefiil for making conjectures, summed up orally, etc.). The phase of 
free e}q)loration was limited (as a matter of fact, the first exercise was not very 
suitable for development through fiee e?q)loration). It would seem that the 
computer was perceived as a learning aid thk helps in structuring knowledge. 

Research, such as that reported in Artigue (1995) and Balacheff (1991), has 
stressed that the computer, acting as a third pole in the dynamics of the classroom, 
can change the traditional relationship between the student and the teacher. In 
Scene A, even if the teacher maintained a prominent role in classroom interaction, 
students were given a certain degree of fr^om in the activity with the computer. 
This was evidenced, for exanqrle, by the tact that they were allowed to use 
software which was different from that chosen t^ the teacher (Pascal instead of 
Lotus). This was an indication that the teacher was flexible in her interactions 
with the students and was confident in her ability to establish a fiuitfiil 
communication which was independent of the software used. We observe here 
that the presence of the laboratory assistant fi:eed the teacher fi^om any anxiety 
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which might have arisen in regard to the use of the technology (hardware and 
software). 

E^licit acknowledgement of the existence of two types of skills were 
exhibited in the teacher’s behaviour, those related to mathematics and those 
related to the use of the computer. She ascribed importance only to the first of 
these. The way in which assessment was performed also reflected this attitude. 

Scene B 

Two key elements orientated our analysis of this scene: the way in which the 
teacher carried out the communication with the students and the time allowed for 
students to answer questions. She stood at the bladdxiard and asked questions of 
the students collectively for the majority of the time. Individual dialogue only 
occurred when students made specific requests for help. The teacher explained 
the topic at hand and asked the students to use the conq>uter whenever there was a 
need to use exanq)les to verify a conjecture or to find a counterexample. Thetime 
allowed for answering questions was very short 

The communication with the students was limited and did not seem affected by 
the use of the conq>uter. The teacher did not consider all the students’ answers, 
only taking into account the first correct response and then continuing with her 
discourse. She often drew sketches on the blackboard of what she presumed 
students had obtained with the computer, with the students taking notes, etc. 

The teacher does not seem convinced of the fact that the use of the computer 
can be really effective for students’ mathematics learning (see, for exanq)le, her 
claim that it is necessary to first develop the tc^ics without the computer since 
otherwise th^r may not have a real understanding of what has taken place). The 
computer is perceived as a teaching aid but its impact on classroom reality is very 
limited. 



CONCLUSIONS 

The two scenes described above provide insights on the teacher’s 'eveiy day life’ 
in school. They demonstrate that somewhere between the categories of teachers 
who refuse to use the conq>uter and those who cany out advanced e?qperiences 
using it, there is an intermediate level of teachers who, step-lty-step, are building 
what probably will be the standard use of educational software in mathematics 
secondary school teaching for the majority of teachers. While they will have 
integrated the computer in their teaching, eliciting some of the o[qx>rtunities 
brought about by this iimovation, a large part of the potential is likely to be 
neglected. 

Both of the teachers in this research took into consideration the use of the 
computer to promote students’ visualisation capabilities. In one case (Scene B) 
the focus was more on an exemplification of the mathematics concepts (e.g. 
reflections in the plane) while in the other (Scene A) it was more on the students’ 
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personal observations (e.g., inferring properties of a tiinction from the properties 
of its derivative functions). In this second case (Scene A) students were given a 
certain degree of responsibility in that they were able to choose the software to 
woric with. In Scene B the teacher kept complete control of the situation as it 
appeared that she was not confident about allowing students to work on their own 
and hence deemed it necessary to assume a role which might be described as 
‘prescriptive’. 

In both the scenes the use of the computer was strictly adapted to pre-fixed 
objectives in mathematics, the alternative of starting fi-om tiie opportunities 
offered by the computer to pursue mathematics objectives, was not followed. This 
explains, for example, why the activities of conjecturing and exploring were only 
partially contemplated or even not exploited. 

The two teachers conceived the computer as a tool and assigned it a secondary 
role as a mediator in the teacher-shident relationship. This attitude was 
particularly evident in Scene B, but also occurred in Scene A, in that the 
reciprocal role of the teacher and of the students was not changed. For example, 
in no case did the teacher assume a role of co-e?q)lorer, but rather remained in the 
position of a ‘knowledge keeper’. 

In the interviews the teachers pointed out the heavy constraints that the school 
^stem had on their behaviour. They particularly stressed the problem of student 
assessment and the unfavourable ratio among the number of topics present in the 
mathematics curriculum and the time allowed to develop them. This form of 
curriculum-anxiety could be one of the elements that hinders the exploitation of 
the new forms of communication that are now possible with the computer. 

The results of our work provide some indications as to possible strategies for 
use in training and re-training. In Bottino and Furinghetti (1995) we stress the 
importance of starting from the mathematical difficulties encountered by the 
students in planning for the use of educational software in the classroom. Here we 
add the need to make teachers aware of the opportunities offered to classroom 
work by the new forms of communication. 
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Abstract 

While initial teacher training has a fiill agenda, the programmes in France have a 
particular concern for the need to support teachers in their use of powerful IT 
tools in the teaching of the subjects of the curriculum. In the case of mathematics 
the concern has included both the need for the provision of opportunities for the 
acquisition of skills for personal exploration of important concepts and 
relationships as well as, and potentially even more important, the participation in 
specifically designed classroom focused ‘scenarios in use’ which attempt to 
illustrate the potential learning outcomes fi-om pupils’ engagement with specific 
software tools. 
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INTRODUCTION 

At the secondary level of teaching in France it might be questioned whether New 
Educational Technology (NET) in general, and the possibilities for using 
computers in class in particular, are exploited as much as the different equipment 
allows. Indeed there is still the problem of limited facilities in a certain number of 
establishments. However, secondary schools have at their disposal relatively up- 
to-date equipment which is often reserved exclusively for the teaching of 
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technology. In the grammar schools (lyc^es) there is almost always equipment 
used for computer aided e>q)erimentation (EXAO) in physical, natural and earth 
sciences. This is without counting the equipment used in the teaching of certain 
specialised subjects such as IT and administratioa But whilst there are several 
rooms equipped to allow the use of software in other subjects, one often finds that 
the different possibilities are considerably under-exploited. 

One might also ask whether the integrated use of NET by teachers on teaching 
practice corresponds to the expansion of what is available in educational 
establishments. In fact the teaching population reacts in very different ways: on 
the one hand there are some very enthusiastic teachers and on the other an 
enormous inertia. At this moment in time new inter&ces permit software to be 
made available which one can rapidly master at the basic handling level. In the 
past students had to learn to communicate with the computer or to use a program. 
Today the computer &dlitates learning. The problem, therefore, now rests 
entirely with the teacher. Teachers must be capable of using fully the immense 
possibilities, sometimes very newfengled, of the computer to contribute to the 
learning process in their disciplines and of using approaches which may be 
completely new. Also, the nature of learning itself can be affected. 



WHAT IS AT STAKE AT THE INTRODUCTORY LEVEL OF 
TRAINING. 

One might think that at the introductory level of training, and in particular at the 
level of lUFM (institut universitaire), there is a lot at stake with regard to the 
development of new educational technology and its effective use in the classroom. 
Several enquiries carried out in collaboration with the Department of New 
Technology and Education at the National Institute for Pedagogical Research 
(INRP) show simultaneously that more and more ftiture teachers are users of 
software-tools when they enter lUFM, that they often have a certain amount of 
training (especially in ^e scientific disciplines) and that their e^q)ectations are 
important not only at the personal level but also as regards the use of this software 
as a teaching tool integrated with their discipline. A study of the different 
curricula of die lUFMs shows that training in the use of these new tools holds a 
significant place . 

At the lUFM one also finds a great willingness to use IT on the part of the 
lecturers themselves, who rely on the students following their example: the 
assumption is that the future teachers will accordingly use the new tools which 
th^ will have used in training in the contexts in which they have used them. An 
analysis of the difficulties of integration — a stu^^ carried out into the conditions 
of transferability of scenario from training to use of FT and a study into the 
elaboration of ‘scenarios in use’ (Vivet, 1990) — suggests that this use in training 
is perhaps necessary but is certainly not sufficient on its own. 
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SOME CONDITIONS OF ACTUAL INTEGRATION 
The teacher’s rapport with IT 

The teacher in an FT environment must have a good knowledge and a hiirly good 
masteiy of IT. While teachers must also accept the fact that they will not be 
completely masters of all aspects, there are many teachers who cannot bring 
themselves to use certain software because th^r have not yet mastered all aspects 
of the situation which th^ propose to their piq)ils. These teachers have a certain 
difficulty in perceiving what their role as teacher could be, i.e., their role being 
that of bringing the necessary mathematical knowledge to the e^loitation and 
interpretation of the results obtained, with the pupils in control of the exploration 
of the proposed situation — often b^^ond what the teacher would have foreseen 
even if they had ftiU mastery of all aspects of the software. 

Mastery of an environment represents an important investment. Certain 
people hesitate to make that investment because they do not perceive a priori how 
th^ can act in a way to satisfy the opportunities and constraints of the 
environment across the wide range of programmes which they are responsible for 
putting into practice. 

Frames of reference for teachers 

To administer a learning programme, in class with or without software, the 
teacher must have a good anticipation of what can be achieved with a group of 
pupils. If the teacher’s expectations for a given learning programme are too far 
removed from what actually happens, it becomes difficult to apply the necessary 
discipline in order for this learning programme to fimctiort 

In order to be able to organise a learning programme effectively, the teacher 
who uses software in class must have some background knowledge of what can 
generally be produced. For a number of reasons (material constraints, 
programming necessities, place in the learning curve) teachers must inevitably 
adapt the situation to the real conditions in the classroom. How can they achieve 
this if they do not have enough experience of using the software in question? 

Modifications of training 

The use of software such as Cabri-giomdtre facilitates in a very concrete way the 
approach to certain aspects (of geometry) which are not accessible by other means. 
It is always surprising to learn on a screen that the image of a polygon 1^ a 
translation of a given vector does not move if the representation of the vector is 
moved without changing its direction, its length or its sense. We shall see other 
examples in the proposed scenarios which follow. 

Should these deepening explorations, which, in certain cases, can themselves 
be considered as new fields of stu^, be written into the programmes? Indeed they 
are generally implicit in the spirit of the commentaries. But teachers have some 
difficulty in integrating them into the programme, particularly in the lyc^e, and 
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may well hesitate to dedicate time to work whose priority is not explicitly 
recognised and which is not the object of specific evaluation in die course of stucfy 
and training. 

Long-term investment 

The use of Cabri-g^ometre software poses no problems with the human computer 
intei&ce. Pupils learn very quickly to pull down menus and select tools. They 
recognise quite quickly the numerous icons. On the other hand, it is only after 
working for quite a long time with the program that pupils, little by litde, become 
aware of the constraints of this (fynamic geometry. for example, a square 
should resist being moved, one must carry out a construction based on the 
characteristic properties of the square. It is therefore necessary to call on the 
corresponding tools (primitives). This implies an analysis of the situation and a 
certain antidpatiorL Such a process cannot be implemented either quickly or 
easily. It would be a pity to waste too much energy and time for implementation if 
this process was not to be used often. Thus it is necessary to show how one can 
integrate the activities of Cabri-g^omitre not meticulously but rather in the 
construction of learning sequences which are deemed to be important 



USING CABRI-GEOMETRE IN MATHEMATICS TEACHER 
TRAINING. 

An extract from the worksheets given to first year students at lUFM preparing for 
the competitive examination. Certificate of Aptitude for School Teac^g (CAPE), 
is given in figure 1. As the tasks given in figure 1 show, it is a question of the 
students using the Cabri-geomitre program to update their knowledge of 
elementary configurations: the axis and centre of symmetry of a segment, of a 
triangle, axis of symmetry of a quadrilateral, characteristics of a parallelogranL 



(5.) Some properties 



(5.1) Median 

Create a segment [AB]. Draw the median of [AB]. 

Create a random point M. Draw the segments 
[MA] and [MB]. Measure them. 

What do you notice about the measurements of 
[MA] and [MB] ^en you move the point M? 

Create a point N on the mediaiL Draw, then 
measure the segments [NA] and [NB]. What do 
you notice if you move the point N? 
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(5.2) Orthogonal symmetry 
Create a straight line (d) and a segment [AB]. 
Construct the symmetrical figures A’ and B’ 
firom A and B around (d). 

Mark a point M on [AB]. 

Construct the symmetrical figure M’ fi-om M 
around (d). 

Move the point M on [AB] and observe the 
displacement ofM’ 



A 




B' 

A- 

M' 



(5.3) Axis of symmetry — of a segment 
Create a segment [AB] and a straight line (d). 

Construct the symmetrical figure [AB*] fi'om 
[AB] around d. 

Move the straight line (d) or the segment [AB] 
in such a way that [AB] and its symmetrical 
figure coincide. Is there one or more than one 
solution? 



A 




--^f a triangle 

From a straight line (d) and a triangle 
ABC construct the symmetrical figure of 
a triangle around the straight line d. 

Try to modify the position of the straight 
line (d) so that the triangle and its 
symmetrical figure coincide. 

Can they be made to coincide if the 
shape of the triangle is changed? 



A 




(5.4) Centre of symmetry of a quadrilateral 
Create a point O and a quadrilateral ABCD. 

Construct the symmetrical figure of the quadrilateral 
ABCD around the point O. 

Try to move the point O until ABCD coincides with 
its symmetrical figure. Is this possible? 

And if you try to modify the shape of the 
quadrilat^ ABCD? 




Figure 1 Geometry worksheet 
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In moving the basic points of a given figure, the users find themselves &ced 
with a reaction of the system which can be interpreted using previous knowledge. 
This situation seems interesting to e^loit at this level bo^ause it permits an 
updating of knowledge which is not a siiiq)le ‘revision’ in the scholastic sense of 
the term, but which itself gives rise to new perspectives. 

But this type of woik has its limits. It necessitates entering into the spirit of 
the software. In addition, those students with minimal or even no experience in 
using IT can find even just using a mouse, for example, awkward and hence may 
well lose sight of the analysis of the situation (and will need to return to the tasks 
again). Those students with considerable experience of geometry are not likely to 
return to this level of activity. 



INTRODUCTION TO CABRI^EOMETRE FUNCTIONS AND THEIR 
USE IN THE CLASSROOM 

Mathematics graduates of the conq)etitive recruitment who are now doing a one 
year training course at lUFM for two thirds of their time and who have 
responsibility for teaching a class for one third of their time are given a 
presentation of Cabri-giom^tre and of the geometry which can be used with this 
software. The presentation consists of three sections: 

• Section 1: First approach and exploration of certain commands (1 hour). 

• Section 2: Appraisal of the first approach; some elements of geometry which 
can be done ii5ang Cabri-g^ometre; introduction (with the aid of an overhead 
projector) to some new fimctions, such as macro-construction (1 hour). 

• Section 2: Presentation of various uses that can be made (of the above) in 
teaching at secondary level (3 hours) — see figure 2. 

This presentation is followed an appraisal which allows for reflection and 
discussion about the teaching of geometry in secondary schools and of the use of 
Cabri-g^om^tre software with the piq)ils. 

There are appended sheets for each activity which provide the basis for an 
appraisal; trainee teacher must note their objectives, the way they expect to use the 
system in class and the way pupils are e^q>ected to use it As the activity 
progresses, each trainee must therefore pass fi‘om a situation like that of being a 
pupil in a secondary school to one of teaching mathematics, envisaging the use of 
Cabri with the pupils, necessitating therefore specific reflection and an overview 
of the actions required. 
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For each of the following activities, indicate on the appended sheets: 

• the geometric objectives that you are assigning them 

• the way it will be used in class and what you expect the pupils to do 



(3.1) In order to visualise a property 

THE ANGLES OF A TRIANGLE 
Draw a triangle ABC. Draw a line (p) parallel 
to the side BC ^hich passes through A. Mark 
the angles of the triangle and those determined 
by (p) and the sides AB and AC. Measure 
them. Move the apex of the triangle and 
observe the changes in measurement of the 
angles. 




(3.2) Setting some problems of construction 
(3.2.1) Two apexes and the centre of gravity 

Create two points A and B. Create a point G. 

Construct a triangle ABC of >^ch the centre of 
gravity is G using only the commands featured in 
the following menus: 



Menu 1 



ition 


MWBilliim Construction Diuers 


_ JJsJ 


1 


Base point 


IB m 




Segment 

StraigM line passing through 2 points 
Triangle 

Circle defined by centre and point 


II 



I 1 1 II s t r 1 1 1 til 



Point on the object 
Intersection of two objects 



Figure 2 An extract from Section 3 of the presentation of Cabri-Geometre. 



THE INTEGRATION OF IT TOOLS THROUGH DIRECTLY USABLE 
SCENARIOS IN TEACHER TRAINING 

Work on usable scenarios has been done under the umbrella of a research 
programme supported by the Rhone-Alps region and by the Institut National de 
Recherche Pedagogique (INRP) launched by the Environnement Informatique et 
Apprentissage Humain (EIAH) team of the Leibniz Laboratory at IMAG.^ An 
illustrative example of this work is the scenario for introducing the notion of 
transformation to students aged 15 — 16. 
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The idea of geometrical transfoimation occiq>ies an important place in the 
teaching of mathematics in France. It is begun at secondary school as 
transformations which operate on figures (the "configuration’ concept) but must 
be used at the grammar school (Jycie) as a more formal mathematical 
transformation, i.e., the "functional’ concept— transformation of the plane onto 
itself^ an idea very difficult for pupils to conceptualise. 

The scenario will makes explicit the ideas that: 

"... these transformations need not be presented as the transformation of a 
plane onto itself According to the case, they will appear in the actions on 
the figures or as leaving a figure unchanged” (Pupils aged 13 — 14) 

'7/1 the spirit of the school programmes, one will first make 
transformations to the figures, then one will extract the essential idea that 
a transformation associates at all points of the plane figure, with a pre- 
determined point on the plane, (Pupils aged 15 — 16) 

The transition from secondary school level with "transformation of the figures’ 
to grammar school level with "new ^plications’ is not a natural one. On the 
contrary it marks a break because the two aspects bring into play different 
concepts of the view of the plane. The "essential idea’ underlined in the 
programme implies a homogeneous concept of the plane which is absent at 
secondary school level. The evaluations at the end of the fifth form state that "the 
more mafiiematically focused aspect is not mastered by the piq>ils’. 

The Cabri-giometre program permits any transformation to be represented, 
like a black box (Charridre, 1996). This results in a particular construction 
obtained from the designation of a certain number of elements (specified in the 
on-line help) without one having to be familiar with the method of construction or 
the subsequent phenmnena which might occur. The analysis of the effects of 
changing the basic elements permits the user to reconstitute the black box which 
has been postulated. 

Thus one can work very quickly with the transformations without preserving 
the measurements, for example, the oblique symmetry for which the image of a 
circle is not usually a circle. It is even very ea^ to work on the transformation of 
a right-angled cone to illustrate the fact that a transformation does not necessarily 
preserve the alignments. 

Using a homothetic transformation one can, for example, implement the 
construction of the image of a quadrilateral. The ^homothitie ’ tool ("dilation’ on 
the TI-92) of the software permits instantaneous production of related; the user 
need only designate a number (the relationship), a point (the centre) and obviously 
the figure whose image is wanted. By observing the movement of the basic 
elements one can show, in particular, the fact that this transformation preserves 
the forms. The tool Pointer allows instantaneous transformations in all 
constructions realised in the case of displacement of the centre, in the case of 
modification of the relationship of the homothitie, this provides a range of 
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deformations of the basic figures — triangle, polygon, circle or, more smq>ly, 
segment, straight line, half line, etc. The resulting screen animation enables the 
piq>il to acquire, without a great investment, a glo^ visualisation of homoth^tie: 
its action on everyday figures and its essential properties are conjectured as a 
result of numerous attenq>ts which one can produce on the screen within a short 
spaceoftime. Qnecaneasily observe the alignment of a point, of its image and of 
the centre. Modifications to the value of the relationship oblige one to interpret 
the immediate adjustments made the system. The calculator, which is 
available within the program, permits the relationship to be determined on the 
basis of the dimensions of the given elements and those of their images. 

This approach with Cabri-giomdtre software permits work on the 
mathematical aspects of transformation. If one creates a point on a common 
figure (in this case it is ‘tied’ to the figure and cannot be displaced outside the 
figure), then by transforming its image it is possible to follow the displacements 
which result fiom moving the point in going outside the figure to which it 
belongs, for exanq>le, the image of the given figure is obtained, thanks to the 
software. This activity permits a close link to be established between the global 
aspect of a transformation applied to common figures and the point a^)ect of the 
application of the transformation of the plane onto itself within the specified 
domain (the display). 



STIMULATING THE CONSIDERATION OF SOFTWARE TOOLS: 
CALCULATORS AND THE TI-92 

Having been admitted into the optional CAPES {Certificat dAptitude du 
Professorat et de VEnseignement Secondaire) 12 hour module in theoretical 
proof, trainee teachers in their second year at lUFM have been able to familiarise 
themselves with the use of certain fimctions of the TI-92, which also possesses a 
version of Cabri //. 

Thus the work on many of the activities and current worksheets are now 
possible within this new hardware and software environment. Advantages of this 
new technology are those of portability and the potential for personal exploration 
outside the computing laboratoiy. 

In addition, the lUFM programme has begun to address a number of different 
aspects in the use of the technology by developing scenarios for the teaching of 
mathematics based on, for example: 

• the existence of two levels in the treatment of nunibers, integer arithmetic and 
decimal approximations as found in normal scientific calculators; 

• operations utilising the graphics representation of objects, e.g., a square, based 
on the functional definitions required to produce the objects; and 

• operating on vectors in an approach involving the sectioning of the plane 
using equations of straight lines. 
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Here again, the essence of the problems posed, i.e., the scenarios, are those 
which might be considered in the school mathematics classroom, and as such 
represent the real potential for the integration of the hardware and software tools 
in teaching and learning. 



Notes 

1 “Les conditions de reproductibilite et de transfert d 'innovations: le cos des 
environnements informatiques pour la formation", men^e conjointement par des membres 
de r^quipe EIAH du laboratoire Leibniz de I’lMAG, de ITUFM de Grenoble et de Lyon, 
de VIREM de Grenoble et de Lyon et soutenue par riNRP: “The conditions of 
reproducibihty and of transfer of innovations: the case for IT environments in training” 
carried out jointly by members of the EIAH team of IMAG’s Leibniz laboratory, of lUFM 
of Grenoble and of Lyon, of IREM of Grenoble and Lyon and sustained by INRP 
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Balacheff, B. Capponi and C. Laborde; researchers into IT and mathematics C. Payan and 
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Abstract 

Mathematical microworlds provide a problem-space in which teacher and pupils 
can co-construct meaning so that the imbalance between the teacher’s and pupils’ 
knowledge is used productively to provoke pupils to leap into new mathematical 
ways of knowing. A sociocultural approach to learning implies that the 
mathematics teacher is critical whether software is more closed and directed or 
more open and e^loratoiy. Furthermore, the teacher must become part of the 
sense-making i^stem involved in joint problem solving, in which all partners are 
actively constructing meanings. 
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INTRODUCTION 

Computer availability in secondary schools has changed quite substantially over 
the last 15 years. Most schools in the UK are now relatively well equipped with 
computers and although lack of access is often given as a reason for non-use this 
is very rarely the case. The majority of teachers are still unclear about how to 
incorporate the computer into their teaching and have received very little training 
in this direction. This may be because the conq)uter has tended to be viewed as an 
arteftict which will somehow replace the teacher. 

Within this paper I shall argue that the mathematics teacher is critical whether 
software is more closed and directive or more open and exploratory. This is 
because students are active constructors of knowledge whatever the teaching 
approach being used. Students strive to make sense of what is presented to them 
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and construct their own meanings which will be appropriate in the local problem 
situation but may not be appropriate in a wider situation. So, for exanq)le, 
primaiy school pupils are likely to develop knowledge such as ‘multiplication 
makes bigger’ from interacting with positive whole number multiplication 
problems. This knowledge is adequate and functional for the problems being 
solved but will no longer be appropriate within a wider domain. For all learners 
the ‘old’ knowledge will interact with new knowledge when, for example, 
learning how to multiply decimal numbers. Many pupils then develop what are 
sometimes called misconceptions but which are merely conceptions which are no 
longer functional within the new situation. Within all this complexity the teacher 
has a crucial role in provoking pupils to discuss, explain, confront and develop. 



TWO VIEWS OF LEARNING AND KNOWLEDGE 

Computer environments for learning mathematics can be characterised as being 
somewhere along a continuum which ranges from the more open microworld-type 
environments to the more closed intelligent learning environments. Computer- 
based microworlds are designed with the e?q)ectation that students will learn 
through their own constructive thinking “transcending their cognitive limitations 
and engaging in cognitive operations they would not have been capable of 
otherwise” (Pea, 1985, p.l71). These have been called cognitive tools or 
performance-oriented tools and within mathematics education include such 
software as Logo, spreadsheets and (fynamic geomeby environments. Intelligent 
learning environments incorporate sufficient artificial intelligence to make 
diagnostic, assessment and tutorial decisions for the student. Pea has called these 
environments pedagogic tools and they tend to be used to enhance the 
automatisation of particular mathematical skills which may respond to drill and 
practice. 

Both types of environment have been acconq)anied by a desire to more or less 
remove the teacher from the learning environment (Balacheff and Sutherland, 
1994). The reasons for this are two-fold, firstly there is a dominant view that 
teachers are the cause of many of students’ problems with learning and secondly 
there is a drive to save money (this is particularly the case in the Higher 
Education and Further Education sectors). The very word teacher is out of 
fashion, being associated with over-authoritative modes of delivery. Research 
which has focused on misconceptions developed by pupils as a result of more 
traditional teaching and on the rich informal methods which pupils bring to 
solving mathematics problems (in the case of algd>ra see, for example. Booth, 
1984) has influenced mathematics education policy to move towards a focus on 
individual learning. The individualised mathematics learning schemes which 
have proliferated in English primaiy and secondary schools are a tangible 
outcome of this emphasis on individual learning. Teachers are expected ‘to start 
from what the pupil brings’ and this quite laudable exhortation has led to a 
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situation where such mathematical topics as algebra and proof can hardly be 
taught, because their veiy nature implies some sort of imposition of new 
knowledge 1^ the teacher (for a discussion of this see Royal Sodety/J^C, 1997). 
Of course there are many other factors which have worked towards a de-emphasis 
of the role of the teacher and these include the relatively weak mathematical 
background of many primaiy school teachers and the difficulties in recruiting 
secondary mathematics teachers in the 80s. 

Ironically, whilst universities are rushing to embrace resource-based learning 
in computer form, the concerns about the mathematical background of our school 
leavers may have resulted from an over-emphasis on resource-based learning in 
paper form. This is because resource-based learning tends to result in less teacher 
involvement, although this does not have to be the case. Currently in England 
there are two forces which are emerging from the concern about the mathematics 
competence of school-leavers. The first of these is challenging the overly 
individualised approach to learning in schools and is calling for more whole class 
teaching, advocating what is being called a continental interactive s^^le of 
teaching (for example the Gatsby Primaiy Mathematics Project). Observations of 
the mathematics classrooms in countries such as Switzerland, Hungary and Japan 
have revealed an approach to teaching in which the teacher works wiffi the whole 
class with an expectation that all pupils move forward together. Individuals are 
often asked to present their ideas to the class and these are then discussed by the 
whole group. One of the main characteristics of this interactive approach is the 
ongoing dialogue between the teacher and pupils and also a collective sharing of 
knowledge. 

The second emerging force is a push for intelligent learning environments 
such as Successmaker. Countries such as Mexico, England and Australia are 
viewed as being potential targets for a global market, which very often derives 
from the USA. The rhetoric surrounding intelligent learning environments is 
often an exaggerated version of individualised learning in which one-to-one 
tutoring is considered to be the most effective form of teaching. These systems 
appear to be gaining hold because of the current anxiety about standards in 
mathematics education. Th^^ may actually fulfil an important function but the 
heavy marketing by computer manufricturers, keen to sell both netivoiked software 
and hardware, make them an unattractive implication of the globalisation of the 
market. Furthermore th^ may be supporting pupils to learn because th^ place 
enq)hasis on aspects of mathematics which text books and assessment schemes 
have tended to de-emphasise over the last 10 years. They involve a focus on the 
individual but with veiy little space for dialogue between teacher and pupil. 

Of these two recent innovations the former derives from a more socMy shared 
view of learning and the latter from an individualised view of learning with the 
computer taking on the role of the individual tutor. 
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THEORISING TEACHING AND LEARNING 

In my own research I have become increasingly influenced by what is called a 
sociocultural approach to learning. Central to this approach is the idea that 
mental functioning in an individual has its origins in social life. This position 
stresses the crucial role which communication through language and other 
semiotic systems plays in learning. Also crucial is the idea that human action is 
mediated by 'technical’ and 'cognitive tools’. These tools are social in that they 
are the product of sociocultural history and are always used first as a means of 
influencing others and only later as a means of influencing oneself (Vygotsky, 
1978). 

Whatever the teaching approach used, students are active constructors of 
knowledge (Brousseau, 1997), that is they strive to make sense of the social and 
physical environment in which they are placed and they bring to a learning 
situation a histoiy of previous experiences which also influences learning. 
Brousseau’s theory has drawn attention to the fact that 

"if learning stems from the interaction of the learner with his or her 
environment then the charaaeristics of that environment will make a 
difference to what is learned. The hmdamental task of the teacher, to 
ensure that pupils engage in the problem to be solved with the appropriate 
mathematical meanings, depends on a negotiation which can be viewed as 
a transfer of responsibility from the teacher to the students. This is what 
Brousseau calls the 'devolution of the problem’ . Interactions with students 
will initially be focused towards this end. If this devolution does not take 
place then students’ making sense may involve trying to work out what it is 
the teacher is intending to teach, as opposed to engaging with the 
mathematical knowledge which is at stake” (Sutherland and Balacheff, 
1997). 



BRIDGING THE GAP BETWEEN PUPILS’ CONSTRUCTIONS AND 
SOCIAL KNOWLEDGE 

My research has always been concerned with designing learning situations which 
incorporate the use of computer-based microworlds such as Logo, spreadsheets or 
dynamic geometiy environments (e.g., see Hoyles and Sutherland, 1989; Suther- 
land and Rojano, 1993). These environments offer enormous potential for 
students to engage with and learn mathematical ideas which th^ might otherwise 
find difficult. Mathematical expertise involves making connections within a 
^em of mathematical ideas and developing an understanding of what Noss et 
al (1997) have called the virtual reality of mathematics. Traditional teaching 
methods allowed pupils to view this virtual reality without supporting them in 
engaging with it. Pupil-centred approaches to learning deal with the engagement 
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issue by situating mathematics within accessible and 'everyday’ situations but 
rarely allow pupils access to the virtual reality of mathematics. Computer- 
microworlds allow both action and e>q>ression (or what Brousseau has called 
'situations for action’ and 'situations for formulation’). This is potentially an 
improvement on other forms of e>q>eriential learning because computer fee(fi)ack 
supports successful mathematical action and associated expression. Interacting 
with computer-based microworlds inevitably involves interacting with a formal 
system which is not dissimilar to the formal mathematical system but which is not 
the same as the formal mathematical system. Symbolic screen-objects (for 
exanq>le spreadsheet cell or Cabri-drawing) are somewhere in between tangible 
mathematical objects (for example number or mechanism) and abstract 
mathematical objects (for example 'x’ or geometrical figure). In this sense the 
phenomenology of the screen provides a middle-way into learning mathematics. 
(Sutherland and Balacheff, in press). 

Sutherland and Balacheff (1997) set out the didactical complexity of 
computational environments for learning mathematics explaining why the teacher 
needs to understand what has been passing between student, computer and the 
computer-based activity. We emphasise the role of the teacher and discuss the 
ever-present risk that 'teaching’ will divest pupils of the responsibility for their 
own learning. 

When we consider the case of learning algebra, for example, there are two 
main reasons why the teacher has to play an important yet delicate role. The first 
is the language aspect of algd>ra, which cannot be learned through interactions 
with a problem alone. The second is that algebraic methods are qualitatively 
different from arithmetic methods and do not flow spontaneously fi-om them. The 
situation is complex because the language of algebra is inextricably linked to the 
algd>raic method. In our analysis of pupils learning algd)ta-related ideas with 
Logo and spreadsheets we have found that the teacher often has to intervene with 
suggestions which are at-odds with the pupil’s current way of approaching the 
problem. This is because moving from an arithmetic to an algebraic approach 
requires a radical shift of attention. However our analysis of teacher/pupil 
interactions suggests that if we are successful with the devolution of the problem, 
then these interventions take place within a shared problem solving space in 
which the teacher is not likely to divest the pupil of the responsibility for solving 
the problem. 

The Logo Maths project (Hoyles and Sutherland, 1989) was a three year 
longitudinal study of pupils learning Logo within their normal mathematics 
classroom (in this classroom pupils were working on an individualised learning 
scheme called SMILE). Pupils worked in pairs at the computer and the 
researchers acted as teachers who both observed the pupils’ work (which was also 
video recorded) and intervened when it was judged to be appropriate. As teachers 
we wanted pupils to become independent learners who made decisions 
themselves, working on substantial and motivating Logo projects. This was the 
case with notions associated with variable. We waited for about a year for pupils 
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to choose projects within which it would be natural to introduce the idea of 
variable and hardly ever happened because pupils did not already have this 
theoretical idea available to them. For all the pupils who learned to confidently 
use the idea of variable there was always a period of relatively intensive dialogue 
in which the teacher and pupil(s) worked together. There is no doubt that within 
these interventions the teacher was imposing ideas which were at-odds with the 
pupils’ ideas, but in the case of learning about variable in Logo there appeared to 
be no other way forward. 

Within this project we used two forms of teacher intervention which were 
directed at teaching pupils the idea of variables. One was the design of activities 
to provoke the use of variable. The other was dialogue between teacher and pupils 
to 'push’ them into using the idea of variable. One such designed activity was the 
‘Variable Letter Task’ (Sutherland, 1993). For most of the pupils this task-based 
intervention was at-odds with their spontaneous approach and was reacted to by 
comments of the form “How can you do that if you don’t know the number”. Post 
hoc analysis suggests that what we were doing here was effectively saying “don’t 
ask why until you have used the idea”. Once pupils had experienced the power of 
using a variable we offered discussion and e^lanation. In fact it was virtually 
impossible to adequately answer ‘why’ questions when first introducing pupils to 
using variables. Explanation ‘before doing’ becomes rationalisation about an idea 
which is b^ond experience, a rationalisation which can get in the way of 
experience. 

Sally and Janet were one of the case study pairs we followed for three years. 
They were high attaining pupils within the normal mathematics class and were 
able to work independently and creatively. Looking back over every instance 
when the notion of variable was introduced to these pupils it is clear that the 
teacher intervention was always at-odds with the pupils’ way of solving a 
problem. However, analysing Sally and Janet’s development over a three year 
period indicates that relatively directive and intrusive interventions became 
incorpomted into their way of working and were ultimately taken up 
spontaneously by them. Any analysis of isolated teacher interventions within this 
longitudinal negotiation of meaning between pupils and teacher could suggest that 
the teacher was insensitive to the pupils’ problem solving approaches. For 
example when Sally and Janet were working on the design of a flower the 
following exchange took place: 

Teacher Will you later think about how you can make that into a bigger flower 

... using a variable input ... ? 

Sally We gotta think about making a flower first ... let alone making it 
bigger or smaller. 

Despite this comment the pair did produce a general flower procedure the end 
of the session. 
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As discussed previously, if these interventioiis come when pupils are alreacfy 
engaged in solving a problem, they are not likely to take the responsibility for 
solving the problem away from the piq)ils. With less confident pupils there is 
more of a risk that teacher intervention will change the balance of responsibility. 
This is why we intervened less with the lower attaining pupils. However this 
resulted in these lower attaining pupils learning less about variable (Sutherland, 
1993) and provides further evidence that it is teaching which provokes learning 
about variables in Logo. In a subsequent project in which low attaining pupils 
were expected to learn algebra-related ideas through work with spreadsheets we 
found that we had to firstly provoke the students to take responsibility for solving 
the spreadsheet problems for themselves and we did this by initially not answering 
their questions about how to solve a problem. Instead, we responded hy 
encouraging them to work out strategies for themselves. When these less 
confident pupils had learned that we expected them to become engaged in the 
problems, we were then able to enter into joint problem solving in which we 
provoked them to use spreadsheet-algebra approaches as opposed to arithmetic 
approaches. 

The type of intervention which is necessary to provoke a spreadsheet-algebra 
approach is illustrated by the exchange between the teacher and a 10-year-old 
student who was solving the following problem: 

100 chocolates were distributed between three groups of childrerL The 
second group received four times as many chocolates as the first group. 
The third group received 10 chocolates more than the second group. How 
many chocolates did the first, the second and the third group receive 
(Sutherland and Rojano, 1993). 

Ernesto The point is that ... there is a difficulty there ... because ... 

Teacher Why? 

Ernesto Here, first of all you have to find out this value (he refers to the 
amount of chocolates in the first group, which is an unknown) and 
then multiply it by 10. 

Teacher Although we don Y know this value, we can suppose that it is I, or 
that it is 2, or 3 and then build up a formula for the second group in 
any cell you choose. 

When faced with this type of problem many students spontaneously used an 
arithmetic approach in which they used the spreadsheet to calculate the total 
number of chocolates divided by the number of parts. We wanted the students to 
use a spreadsheet-algebra approach in which they use a spreadsheet cell to 
represent the unknown number of chocolates. 

In the Logo Maths Project what piq)ils learned about variable was dependent 
on the extent to which the teacher intervened during a particular pair’s work. In a 
subsequent project we worked with whole classes of pupils in a conq>uter room. 
More of these pupils learned to confidently use variable than had been the case in 
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the Logo project and within a shorter time period (Sutherland, 1993). This may 
have been partly because of a more refined set of activities designed to provoke the 
use of variable, but it may also be because whole class woik can create a learning 
culture which can support more effective learning than is the case with 
individualised work. Within the computer room we were moving towards an 
interactive whole class approach and this was effective for learning Logo-maths 
and spreadsheet-maths. But we still did not adequately tackle the issue of 
teaching pupils to make links between the computer-based world and other 
mathematical worlds. We expected pupils to make these links spontaneously. 
Some pupils did, but not the majority. 

What had been missing from much of the above computer-based work was an 
interactive and coUective institutionalisation phase of learning, in which the 
teacher draws on the pupils’ computer-based work and emphasises the links to 
socially accepted mathematical knowledge. This institutionalisation phase has 
always been an important part of lessons which I have observed in France when 
Cabri-g^mtoe is being used to teach geometry and trigonometry (e.g., see 
C!apponi and Sutherland, 1992). Essential elements of this work usually consist of 
"situations for action’ (computer work with Cabri), "situations for formulation’ 
(computer work and discussion in groups of the (3abri work) and "situation for 
institutionalisation’ (presentation of the groups’ work orchestrated by the teacher 
to draw out and emphasise relevant mathematical ideas). This way of working is 
similar to the whole class interactive teaching discussed earlier. 



CONCLUDING REMARKS 

A sociocultural approach to learning places an emphasis on students’ individual 
and group actions with cognitive tools. These tools range fi^om mathematical sign 
systems to computer-based mediational means. Pupils have to learn to use these 
culturally constructed tools in order to enter the virtual world of mathematics. 
Computer-based microworlds offer a powerfiil way into the virtual world of 
mathematics but it is the teacher who h^ to provide the support for pupils if they 
are to le^ into this world. 

The teacher becomes part of the sense-making ^stem involved in joint 
problem solving, in which all partners are actively constructing meanings. In the 
case of the teacher this active construction will involve thinking about how pupils 
learn, thinking about pupils’ informal knowledge, thinldtig about mathematics 
and thinking about the computer-based microworld. In order to do this the 
teacher enters into a dialogue with pupils which is based on communication in 
natural language and other mathematic^ and computer-based sign systems. The 
computer is a new technological tool which can support the teacher in working 
together with pupils, engaging in dialogue about what the pupils know in order to 
communicate the possibilities of new knowledge. Intelligent learning 
environments provide the teacher with information about assessment scores and 




Rosamund Sutherland: Teachers, technology and mathematical learning 159 



levels of attainment but are not designed to provoke joint problem solving. 
Microworlds can be used to provide a joint problem-space in which teacher and 
pupils co-construct meaning and in which the imbalance between the teacher’s 
and pi^)ils’ knowledge is used productively to provoke the pupils ‘to leap’ into 
new mathematical ways of knowing. 

The dialogue between teacher and pupil is an essential element of this 
productive knowledge construction. Dialogue is central to the one-one T61^-Cabri 
scenario described by Balacheff in this volume (see Chapter 14), in which the 
teacher interacts at a distance with the pupil. But if the social dynamic of 
interactive whole class work (with pupils present or possibly at a distance) is also 
an important element of effective and efficient learning then this will have to be 
planned for in our visions of learning at a distance with electronic technologies. 
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Abstract 

New criteria in England and Wales require that all newly qualified teachers must 
be able to demonstrate a working knowledge of information technology to a 
certain standard. The first part of this paper illustrates an innovative ^proach 
taken by one institution while the second part provides more details of the FT 
component for mathematics. 
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Tor all courses, those to be awarded Qualified Teacher Status must, when 
assessed, demonstrate that they have a working knowledge of information 
technology (FT) to a standard equivalent to Level 8 in the National 
Curriculum for pupils, and understand the contribution that FF makes to 
their specialist subject(s).’ (EtfEE, 1997, pp7,8) 

The standard equivalent to Level 8 is as follows: 'Pupils select the appropriate FF 
fiicilities for specific tasks, taking into account ease of use and suitability for 
purpose. They design and implement systems for others to use. They design 
successful means of capturing and, if necessary, preparing information for 
computer processing. When assembling devices that respond to data from 
sensors, th^r describe how feedback might improve the performance of the 
system. Th^ discuss in an informed way, the social, economic, ethical and moral 
issues raised by FT.’ (DfEE, 1995, p.7) 

In addition, it is a common requirement for all National Curriculum subjects, 
except Physical Education, that 'Pupils should be given opportunities, where 
appropriate, to develop and apply their information technology capability in their 
stu<fy of the subject’ (SCAA, 1996, p.6) 

Hence all intending teachers must have the necessary generic and subject 
based skills and understanding to be able to enter the profession. 
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Course design 

The approach of this course is built on principles of enculturisation, 
acclimtisation, integration, differentiation, teamwork, confidence and 
assessment. 

Enculturalisation IT is embedded into the culture of the course; an audit of FT 
experience is undertaken before the course starts; course members are made aware 
of the importance of FT for all teachers and, where knowledge is limited, advised 
to begin acquiring skills; special compulsory subject specific FT courses run 
throughout the period of training; there are several graded experiences arranged 
with school pupils; access to Polities is provided both in the training institution 
and teaching placement schools; and finaUy, the institution has part-financed 
special arrangements so that all course members have access to e-mail and the 
Internet while on their school placements. 

Acclimatisation There is an initial early positive experience of FT use with 
primary age pupils; this is followed by requiring all course members to try out and 
evaluate a subject related FF activity with a small group of piq)ils during an early 
part of a school experience. Finally, group and class activities follow. 

Integration Although part of the delivery of FT is arranged in a specialist subject 
specific FF course, it is integrated into the pedagogical subject specie course. 

Differentiated provision It is recognised there will be considerable differences in 
pre-course FT experiences. Activities take this into account so that those who 
already have the necessary personal skills are able to build and advance their own 
sldlls. 

Teamwork Groups are encouraged to learn together, this is further re-inforced by 
the requirement to produce collective "products’ for use by pupils and future 
course members. 

Confidence building Peer group support is encouraged and expected; positive 
experiences are shared so that all are involved as teachers and learners. 

Assessment The FT element is formally assessed. Some parts, such as word- 
processing and e-mail skills, are indirectly assessed, since all course members 
have to communicate with tutors in specific ways and all assignments have to be 
word-processed and spell-checked. The assessment of other knowledge and skills 
involves specific tasks, for example to design and produce a poster with the aim of 
generating interest in something of a subject specific nature, so that it includes at 
least one picture and a text extract downloaded fiom the Internet. 

Course Pattern and Staffing 

The subject specific FF course is arranged in two sections: the first section 
provides the major part of the instructional element of the course, initial school 
experiences with primary and secondary age pupils and assessment of knowledge 
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and skills; the secx>nd section provides time for further instruction and discussion 
of knowledge and skills, opportunities to practise activities in schools and 
preparation and delivery of a group<based task. 

The course is presented jointly 1^ general FT e^rienced tutors working 
alongside subject specialists and IT specialist pre-service teachers. Course 
materials include generic and subject specific guidance and support. 

The IT in Mathematics Course 

Even in mathematics some course members start with limited FT experiences. 
Some units are designated A (Advanced), some B (Basic) the rest are intended for 
all. Course members will decide where to enter each of the units, which are given 
below in order: 

Section 1 

Primaiy School Activity; Introduction to the Internet; Introduction to Logo (A) or 
Word-processing (B); E-mail 1 (a game based on sending messages to each 
other); E-mail 2 (more advanced features); Introduction to Spreadsheets; 
Secondary School Activity 1; Word-processing and Presentation Skills 1 (A and 
B); Assessment 1. 

Section 2 

Dynamic (jeometiy 1: Cabri (A) or Logo (B); Word-processing and Presentation 
Skills 2 (A and B); options (consideration of symbolic manipulators, CD-ROMs, 
presentation managers and hypertext languages); Assessment 2. 

Assessment 1 

1. Design and produce a poster with the aim of generating interest in something 
mathematical. It should include at least one picture and a text extract 
downloaded from the Internet. 

2. Choose or invent a suitable optimisation problem and produce a prototype 
solution by spreadsheet. Design your solution method so as to be as simple as 
possible to understand (aim for something a beginning pupil could construct 
for themselves, not necessarily for the briefest or most condensed approach). 

3. Design an "interactive worksheet’ in Excel. Tiy this out with two or three 
pupils during your early school e?q)erience and evaluate. 

Assessment 2 

4. (This is to be done in groups.) Prepare and deliver a presentation on ONE of 
the following, which should draw both on your reading and e?q)erience and on 
specific examples of work you have prepared and used with children: 

the potential of FT for developing children’s understanding in either 
number, algd)ra, shape and space, data handling or probability 

C!opies of software and teaching resources developed should be made available 
in an immediately usable form for your audience. 
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IT elements in the Mathematics Pedagogy Course 
Other work would also be undertaken in this course as part of the normal work on 
the use of a graph processor, such as Omnigraph, and a spreadsheet to introduce a 
topic. Work would also follow on the use of graphic calc^tors. 
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Abstract 

Teacher development has existed for a long time and in history there are excellent 
examples of teachers who have continuously sought deeper knowledge and wider 
perspectives through their own stiufy and participation in a community of 
colleagues. On the other hand Teacher Development (TD)’ as a concept has 
come up more recently and is in fact interwoven with the rise and rapid growth of 
n in education. One can say that TD in this respect is both a result of IT and a 
pre-requisite for a quality in the use of IT in education. 

Keywords 

Open learning, teacher education, self-assessment, transfer, attitudes, 
collaborative learning. 



Background 

The road of IT when it comes to mathematics teaching is paved with fashions; the 
fashion of programming, of CAL, of user software like spreadsheets, of electronic 
communication and now the fashion of browsing the wd> to name some. Fashions 
are good in some ways. They offer the scene to new people who have not been in 
the arena and can thus seize the opportunity to jump in and contribute, often with 
unforeseen insight But fashions are not good in every sense. When th^ 
disappear they do that sometimes abruptly and leave no space for the parts of it 
that were of quality and are worth preserving. They are dismissed because there 
exist no fiume for measuring the long-time appropriateness or to ensure the 
lasting influence. 

The wave of FT has left none of the schools I know untouched. Hardware and 
software have been on the agenda and practical problems of placing the 
equipment have been solved in the best way for different circumstances. But IT, 
as influencing the subjects and giving an integrated basis for the subjects, 
generally is still outside the reach of too many teachers. And it will continue to be 
so if focus is not changed. The focus has been on the new perspectives, on IT 
itself, on particular pieces of software, or a good know-how in limited areas. But 
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the focus has not been on the content, method and basis for teaching which were 
the dominating factors before the information age. These ‘default values’ have to 
move under the microscope again if threads from ‘what was’ to ‘what is’ are to be 
found by each and every teacher. 

Our times are indeed both demanding and exciting for teachers. In fact there 
are hopes that now teaching may truly become and be respected as a profession. 
But surely there are many blocks on the road. The background of mathematics 
teachers has rarely been an integrated one: ‘The pervasive lack of genuine co- 
operation between [professors of education and academic mathematicians] hirther 
weakens the professional status of mathematics teachers’ (Noddings, 1992, 
p.l98). Or the demands made on them when electronic means overtake: ‘How 
can they be sure that what is to be learned is indeed learned? For what can they 
be held accountable? ... Where will they find satis&ctoiy alternative to the security 
of the text? If not direct leadership in the classroom, then wherein lies their 
expertise?’ (Black and Atkin, 1996, p.l21). With the growth of mathematics 
education as a field of research we have the basis to deal with these problems and 
hopefully change the situation gradually. 

The changing roles of learners and teachers 

One of the important features that comes \sp veiy clearly through the research in 
mathematics education is support for a stronger focus on the nature of the learner 
and the learner’s past and present experiences: ‘Each person has at any given time 
a private reality, a private realm of the meaningful. To teach someone is to 
extend this reality, to enlarge it’ (Shenitzer, 1981, p.95). Some teachers have 
paid attention to this aspect of teaching and learning, but usually intuitively and 
without any substantial arguments supported research and theory. The 
situation here has also changed, not only for pupils, but also for teachers and TD: 
‘What teachers internalise from their teacher education experiences is a function 
of their experiential world, not that of the teacher educator’ (CoonQ^, 1994, p.lO). 
With the powerful media of modem times and breaking down of the school walls, 
it is extremely important to take these ideas into consideration and work 
accordingly. 

Many problems turn up which people, at large, were not aware of, thinking of 
them as simple facts, and some of these problems are veiy intriguing; ‘Over the 
past 20 years there has been a continuing dialogue in mathematics education 
which is attempting to make clearer the ‘vague concept’ of mathematical 
understanding.’ (Kieren, 1994, p.213). And to another problem, one can take the 
seemingly most simple ofOspring of the information age, the calculator, which in 
the mind of a large group of teachers, parents and politicians causes a threat to 
mental arithmetic and should therefore abolished. But very few of these people 
seem to have the historical span and insight to remember that there has always 
been another threat to mental arithmetic: ‘Mental arithmetic is the original way of 
calculating. Man calculated mentally long before the invention of numerals. It is 
tragically observed that as the result of the teaching of arithmetic, people 
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frequently cannot even calculate with low numbers without having pencil and 
paper at hand’ (Finnbogason, 1903, p.93) 

Ways are clearly needed to confront frequently unspoken attitudes and 
opinions. This must be done with care and in a naturally constructive 
environment. And because of the powerful influence of IT everywhere in the 
society it is important that this is not done in 'layers’ as has been the traditional 
way of teaching, i.e., pupils as a group, preservice students as a group, teachers as 
a group, teacher educators and other academics as one or many groups. Instead 
mixed groups, of an appropriate woiidng size, cutting through the layers are much 
better suited to deal with the problem at hand, where each former group has 
valuable e?q)erience and knowledge to contribute, but much of which is of little 
worth if dealt with in isolation. The changing roles of learners and teachers, the 
changes of what is an important repertoire for teachers and their sharing of 
responsibility with other academics are just a few things worth mentioning in this 
respect.^ Teacher Development does not have to wait until after graduating — ^it 
can start long before as an evolution from Learner Development. 

Note 

1 During the last 10 years several examples of ‘cutting through the layers’ in the 
way described in this paper have been carried out as part of teacher development 
in Iceland. Further information on these activities is available from the author. 
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Abstract 

It is commonplace in mathematics to present proving in a hierarchy of levels in 
which the empirical precedes the deductive. This paper questions the assunqition 
that this is a matter of development of the latter from the former and presents an 
alternative sequence where the seeds of proving are sown in a conq>uter-based 
construction process which requires an explicit description of relevant properties 
and relationships. 



Keywords 

Curriculum policies, geometry, tools, proof 



INTRODUCTION 

It is coimnonplace in mathematics to present proving in a hierarchy of levels in 
which the empirical precedes the deductive. Clearly students need to be able to 
distinguish empirical verification and pragmatic proof from deductive and 
conceptual proof (Balacheff, 1988) but the question remains as to how best might 
this be done. Is it a matter of development of the latter from the former or can 
links be forged between the two at every stage of schooling and throughout 
mathematical activity? 

Our rationale' is that we need to design new learning contexts which require 
the use of clearly formulated statements and definitions and agreed procedures of 
deduction but which also allow opportunities for their connection with empirical 
justification and the conviction this engenders. Previous work points to what 
might be the constituent components of such contexts: ease of transition between 
an enactive or visual form of proof and a sequence of deductions (Tall, 1995); 
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emphasis on e?q>lanatoiy proofs which ^illustrate as well as dispel doubt” (Hanna, 
1995); use of generic proofe where woik is done on a particular example chosen 
so as to be "typical of the whole class of examples and hence the proof is 
generalisable” (Tall, 1979). Yet in order for such situations to be effective in the 
classroom, the first step must be to tailor them so as to fit into a specific 
curriculum context — ^in this case that of the UK National Curriculum. 



THE NATIONAL CURRICULUM IN ENGLAND AND WALES 

In UK schools, considerable attention has been paid to the process of proving (see. 
Mason et al, 1982) and a sequenced process approach is now set out in 
Attainment Target 1 (ATI) of the National Curriculum, titled Using and 
Applying Mathematics. This places enq)hasis on investigating and conjecturing 
with empirical checks rather to the neglect of justification within any sort of 
deductive finmewoik. Yet, despite these changes, the picture of students’ 
appreciation of the nature of proof remains dis^pointing. Some recent research 
by Coe & Ruthven (1994) into the proof practices of students who have followed 
tMs curriculum, suggests, rather unexpectedly, that nothing appears to have 
changed and students remain locked in a world of empirical validation. Even 
more surprisingly, given the enq)hasis on process in the curriculum reforms, the 
researchers also report that students show little attempt to explain why rules or 
patterns occur, or to locate them within a wider mathematical system. Clearly, 
the shift to a process-oriented perspective is an understandable attempt to move 
away firom the meaningless routines that characterised what was largely 
geometrical proof in an earlier period. But in tiying to remedy one problem, 
others may have emerged and there is a pervasive belief, amongst influential 
groiq>s in the UK, that students’ understanding of the notion of proving and proof 
in mathematics has deteriorated (see, for example, London Mathematical Society, 
1995). 

This argument is difficult to sustain in the absence of systematic evidence. 
Having followed the new curriculum, what do students judge to be the nature of 
mathematical proof? What do they see as its purposes? Do they see proving as 
verifying cases or as convincing and eiq)laining? Do ihssy forge connections 
between the different functions of proof or do these functions remain fiagmented 
and isolated from each other? What are their teachers’ views? Although we have 
a National Curriculum, are there variations in how it is delivered and experienced 
and if so why and what are the implications for student learning? 

Our ongoing research^ has gone some way to answer these questions. Its 
results from a nation-wide survey (Hoyles, 1997) confirm some problems, yet 
point to where and how inq)rovements might be made. Even in the highly- 
selected group of high-attaining Year 10 students (age about 15 years) responding 
to our sarvey throughout England and Wales, the majority use narrative or 
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empirical rather than formal argument, in line with previous research where 
students followed a more traditional curriculum. 

But our results also suggest that de^ite their lack of e^rience with formal 
proo( the students have developed considerable expcrtisG in conjecturing, arguing 
and explaining in ‘eveiyday’ language. Additionally, in contrast to previous 
studies, we have found that most students are aware of the limitations of 
enq)irically-rooted arguments and recognise that a general, analytic justification is 
required: they simply do not know how to construct it These gains must not be 
saoificed in the pursuit of injecting more rigour and suggest that there is a need 
to introduce more formal mathematical justification, provided that care is taken 
to connect it with informal argumentation. 



INTRODUCING THE COMPUTER 

Our assumption is that ‘the computer’ can offer just such a new context and can 
help to build bridges between the enq)irical and the deductive. This assertion 
must be treated with caution— we cannot assume that the introduction of the 
computer will bring about change — ^at least, not change for the better. To date, 
work with computers in mathematics education has largely been concerned with 
construction and the potential of software to aid the transition from particular to 
general cases — specific instances can be easily varied direct manipulation or 
text-based commands and the results ‘seen’ on the computer screen (see, for 
example, Laborde and Laborde, 1995). Yet, even if students develop a sense of 
how certain ‘inputs’ lead to certain results, there remains the question of how to 
develop a ‘need for proof and to point to a way to explain or even to prove as part 
o^ rather than added on to, this constructive process. Unless we address this 
issue, there is a danger of limiting the mathematical work of the majority to even 
more convincing empirical argument— for example, using poweifiil c^mamic 
geometry tools sinq)ly to measure, spot patterns, generate cases, and provide data. 

There is an alternative which we are in the process of investigating 
which sets out through computer interaction to motivate an explicit 
characterisation of a mathematical activity— its mathematical heart (or hearts) — 
by which students have to attend to the relationships they are setting up and which 
provides a rationale for their necessity. The seeds of learning to prove can 
therefore be sown in a construction process which requires an explicit description 
of properties and relationships — the ‘givens’ at the start of a proof or the 
mathematical model of the situation. The key insight is that parts of this model 
are built into the fibric of the computer medium— the tools we choose to 
provide — thus shaping the types of actions that are possible: they do not only exist 
in the mind of the learner. The level of what can be thought about, talked about, 
is notched up a rung or two and abstractions made which are situated within the 
existing model, expressed through ‘statements’ (mouse clicks, pieces of programs, 
etc.) which are already expressions of mathematical abstractions (for an 
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elaboration of these theoretical ideas, see Noss and Hoyles, 1996). These objects 
and relationships can be acted on, visualised, and, although they mig;ht appear to 
be concrete and particular, they embed the seeds of a general case and a d^uctive 
framework. 

Thus the scenario we envisage is one where students construct the objects for 
themselves on the computer, conjecture about the relationships between them, and 
check the truth of their conjecture with the tools available. This hopefully leads 
them to be able to justify their conjectures by reflection on their constructions and 
the computer feedback. This sequence is not undertaken in a linear &shion but 
one which is spiral and iterative^. It is in this way, we suggest that constructing 
and proving can be brought together in ways simply not possible without an 
appropriate technology. 



PEDAGOGICAL APPROACH 

Clearly the activities around the computer and the way a teacher fosters movement 
to and fro from formal to informal, rigorous to intuitive, are both crucial. Formal 
proof then becomes sinq)fy one facet of a proving culture, revitalised 1^ the 
‘e?q)erimental realism’ of the computer work (Balacheff and Kaput, 1996). 

We have devised activities in both algebra and geometry which try to conform 
to these criteria. Our activities were developed after analysing students’ responses 
to the paper and pencil survey and reviewing school textbooks and examination 
papers. The activities in each domain were designed for 15-year-old students of 
above average mathematical attaimnent and were planned to span three sessions 
supplemented with homework. The sessions conq)rise computer-integrated 
activities with students working in pairs and whole group discussion. In the 
following sections, I provide a bri^ description of some of the geometry activities 
which incorporate the use of a (fynamic geometry ^stem, Cabri Geometry. 
Following this section, I report some student and teacher responses. 



SOME ILLUSTRATIVE GEOMETRY ACTIVITIES 

In the first of the three geometry sessions, we try to foster the notion that proof 
must be general. Students become familiar with a range of Cabri tools 
experimenting with the standard construction items (parallel lines, perpendicular 
lines, symmetrical points, midpoints etc.) as well as with the new tools. Compass 
and Angle Carry, which we have added to the menu"^. In the activities 
themselves, the students are fi:ee to choose any computer tools that th^ feel would 
be useful — ^and clearly their choices sh^ their conjectures and subsequent 
problem solving strategies. 

The basis of the first activify is an exploration of the conditions of congruency 
of triangles. Students in the UK curriculum are expected to "understand the 
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congruence of simple shapes’, ‘be able to recognise congruent shapes at Level 4’ 
(average performance of 11 year old children) but are only expected to use these 
conclusions for solving problems if they are of ‘exceptional performance’. 
Similarly, in ATI, it is not until students reach the heights of exceptional 
performance that th^ are expected to use mathematical language and symbols 
effectively in presenting a convincing reasoned argument So we expected our 
to be challenging. 

Once the students are comfortable with this small set of Cabri tools, they are 
introduced, as a group, to the topic of congruent triangles: figures with 
corresponding angles and line segments of exactly the same size. Tlie triangle 
shown in Figure 1 is on the computer for each student pair, with the measures of 
all side lengths and angles marked. 




Figure 1 The original triangle. 

The foUowing question is then posed: 

“How much information is required to construct a triangle that is 
congruent to the one given? Find as many minimum sets as you 
can. 

A poster, as illustrated in Table 1 overleaf, showing several combinations of the 
given information (e.g., SIDE-ANGLE-SIDE, SIDE-SIDE-SIDE) is pinned up on 
the wall and reproduced in A4 so each student pair can record their own work. 

The students in pairs are asked to consider the condition SIDE-ANGLE-SIDE 
and test if these three constraints are sufficient to ensure congruence — ^i.e., that 
the triangle they construct will always be congruent to the original triangle even if 
the specific measures of the original triangle are changed. Thereafter, they can 
choose any of the other sets of conditions — to predict whether the information is 
sufficient to ensure congruency and record this on their sheet; verify and check 
their prediction on the computer testing whether the construction under the 
given conditions “messes iq>” (see Healy, et al, 1994) after dragging points on the 
constructed triangle or on the original triangle. Finally, the students are 
encouraged to justify their conclusions about which sets of measures are sufficient 
to ensure congruency and which are not sufficient, exploiting the insights gained 
fi*om the construction tasks and their checking procedures. 
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Table 1 E?q)loiing congnient triangles. 
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The session ends drawing everyone together to compare results from the 
individual record sheets and coming to some groiq> conclusions which are entered 
on the poster-sized table. The homework consolidates and allows reflection on the 
ideas met in the session using a standard textbook format. One example 
homewoik task is shown in Figure 2. 



AC is a horizontal line; 
BD is a vertical line. 

Use congruent triangles to 
e^lain why AB = BD 




Figure! A homework exercise after the first session. 



The second session sets out to support the writing of formal proofs by building on 
the actions, conjectures and explanations engendered earlier. Formal proof is 
introduced by discussing a selection of student proofs, carefully chosen fix)m those 
written previously in answer to the homework questions. These include: an 
example where a condition that looks true visually but is not true in general is 
used in the proof, a circular argument where what has to be proved is used in the 
proof, and a narrative proof which is ambiguous. These examples are used to 
motivate the use of a precise formal language for proofs the careful separation of 
the givens from what has been proved and the need for a logical chain of 
deductions and reasons. 

To introduce the construction activities for the session, a new poster is 
presented showing several quadrilaterals — parallelogram, rectangle, rhombus and 
square — ^where again, the students have their own copy to complete. The groiq) as 
a whole agree the defining properties of these quadrilaterals, then, at the 
computers, they are shown the tool Check Property — ^how Cabri can check if 
something which looks true is generally true and if not can provide a counter- 
example. They then construct different quadrilaterals, each time checking if their 
constructed figure satisfies the negotiated list of defining properties using Check 
Property and finally trying to write a justification. 

The final session aims to provoke students so they ask the questions, why? and 
how? for themselves. At the computers, the students are introduced to the Soft 
Locus and Angle Bisector tools before being presented with the following 
challenge: 

Can you construct a quadrilateral in which the angle bisectors of two 

adjacent angles cross at right angles? What are its properties? 
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This task is no means trivial. All the students and most teachers who have 
tried it have no immediate intuition as to the characteristics of the required 
quadrilateral. They can only work experimentally to help them to 'see’ its 
shape — ^after which th^ can try to prove it Having conq)leted this task, th^r are 
presented with what we anticipated would be a simple extension, a construction 
which is clearly inqx)ssible if account is taken of the construction just conq)leted 
and the necessary relationships specified. 

Can you construct a triangle with the same condition (i.e., with two 

adjacent angle bisectors perpendicular)? 

We were interested to see if the students needed to construct the sinq>ler figure, 
the triangle, or could th^ simply coimect this triangle activity with the condition 
they had proved must apply for the quadrilateral. 



REFLECTIONS 

Here I will present a range of interesting observations based on our pilot work. 
Working Experimentally 

In the first session, to explore the congruence condition S AS most of the students 
worked experimentally, in fiict testing all possible cases. Th^ used con^ss to 
create two concurrent circles, set up two line segments joining the centre O to 
each of the circumferences, measured the angle between them and then moved the 
point on one of the circles, say X, until they obtained the matching angle of 39^ 
(see figure 3) . 

They easily tested empirically that the only two triangles they could create 
were congruent to the original— Ity measuring all the sides and angles and tty 
testing that the congruence held when dragging the original triangle. In fact, one 
is a reflection of the other. After all this work, they were also able to come up 
with very convincing explanations as to why the three measures were sufficient 
because basically th^ had tested all cases tty moving their point on the iimer 
circle to every possible positioiL 

Seeing the counter-example 

Using angle carry proved to be particularly usefiil when it came to test out 
the SIDE-SIDE-ANGLE set of conditions (the third in Table 1). Students could 
set up the two circles with radius 3.2 and 6.5 with con^ss and then carry the 
angle of 27^ to vertex X on the outer circle. As can be seen in Figure 4, itisea^ 
to spot the two points of intersection of this line with the iimer circle and thus 
identify the counter-example — a triangle which satisfies the conditions, but is not 
congruent to the original. 
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As an addendum, it is illuminating to rq)ort how teachers have reacted to our 
activities. We have used these congruency tasks to great effect with teachers — 
most of whom have never thought about why the congruency constraints ‘work’ or 
indeed the exact conditions that are necessary. With teachers, we have gone 
further than described above. After setting up the situation illustrated, th^r can 
immediately see that th^ will only have one triangle — so congruence will be 
guaranteed— if the line firom X is a tangent to the inner circle. Th^ can try to 
makft this happen by manipulating the original triangle to make the line ‘look’ as 
if it is touching. Watching how the two triangles come together, trying to explain 
what is going on and much to their surprise reinventing the RHS^ condition has 
caused considerable pleasure and insight 

All the teachers with whom we have worked have conjectured that the fourth 
set of conditions in Table 1 is not sufficient to guarantee congruency — that is SSA 
where the side opposite the given angle is the longest of the three^. Their 
e?q)erimental work on the computer soon convinced them that this was not true 
and indeed why not— again, by trying all possibilities but also by r^ecting upon 
the intersection of the angle carry with the circles. 

Connecting construction and proof 

Turning to the last activity, again almost all the students woiked experimentally: 
that is, set up the vertices for the quadrilateral. A, B, C, and D, constructed the 
angle bisectors at A and B and then moved say D to try to satisfy the conditions of 
the problem. After finding one position of D that made the bisectors 
perpendicular, they could explore other possibilities to help them to move fi’om 
this specific solution to other solutions and thus to specify the characteristics of 
the general case. One way to do this to leave a trail of basic points at the 
‘successful’ positions D as illustrated in Figure 5. Another way (usually following 
the first) is to use soft locus as shown in Figure 6. 




Figure 5 Perpendicular angle bisectors for a quadrilateral— plotting some points. 
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Figure 6 The soft locus. 

We anticipated that these strategies would help the students see that the sides 
AD and B C must be parallel and once making this observation they would be able 
to construct the quadrilateral which satisfies the given conditions, reflect on all its 
properties and fiien prove that it must be a trapezium. All these steps, we 
surmise, were only remotely possible after the experimental work, with the visual 
object there in fi*ont of them. 

Disconnections 

But after all this struggle, what was even more fascinating to us was that the 
students did not see that the necessity for the parallel lines following the condition 
of perpendicularity of the angle bisectors — ^a necessity th^ had ‘felt’ and 
proved — ^meant that the construction of the triangle in the last challenge was 
impossible. They all began to try to construct it, only then realising that it could 
not be done. Then they quickly understood what was going on and laughed — ^“of 
course it is impossible!” 

Why is there still this disconnection? Is it to do with ownership of the ‘proofs’ 
about quadrilaterals? Or the student views of proof? Or about the didactic 
contract which indicated somehow such a triangle existed? Or more generally 
does it relate to the continuing fragmentation of knowledge even in the &ce of all 
our efforts are towards making connections? Exactly the same phenomenon was 
noted in our parallel set of algd>ra activities and this is certainly something we 
will investigate fiulher in the next few months. 
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CONCLUSION 

So what have students learned and what is new? Certainly, students made 
considerable progress as measured their responses to our written proof 
questionnaire administered at the beginning and end of the sessions. Th^ 
progressed in the w^qr they wrote, e^lained and recognised proofs. We can also 
vouch for the enthusiasm of the students and teachers. There are no vestiges of 
the dull alienation of formal proofs and students positively enjoyed sorting out 
their givens, arguing, trying to explain and write their proofs. They enjoyed 
learning the game of proving and felt part of it 

Some commentators m^ question whether the presence of the computer was 
necessary to achieve even these limited ends. Without doubt it was — to make 
construction methods e^lidt, to allow reflection on properties, to check things 
out and obtain immediate feedback but most crucially to foster a conjecturing, 
e?q)erimental atmosphere that the teacher could e?q)loit to introduce formal proof 
in ways which matched rather than supplemented student constructions. For 
exanq)le, proof 1^ exhaustion (that SAS guaranteed congruency) is not possible 
without technology and, although we know it is not actually exhaustive, it is 
convincing and certainly helps the students to coimect constructions to the 
proving process. 

There are still surprises. For exanq)le, the girl who said after writing her 
formal proof “Don’t we have to write all that stuff?” — surely a reflection of the 
influence of our curriculum where esssy reports of processes are e?q)ected after 
'doing investigations’. There is clearly food for thought in that not one student 
immediately recognised the inqx>ssibility of our final construction. But our 
success is that our students seemed to have glimpsed the power of the proving 
process, the aesthetic of a formal proof and have begun to cormect it to their own 
constructive endeavours. We believe that with more such activities integrated 
throughout the curriculum, real and long term progress in this difficult area might 
be made. 



Notes 

1 The woik reported in this paper was carried out with Lulu Healy. I wish to 
acknowledge her central contribution as well as the influence of our 
collaborations with Richard Noss. 

2 Justifying and Proving in School Mathematics, Funded 1^ the Economic and 
Social Research Council (Grant No. R000236178, Hoyles and Healy 1994). 

3 The analysis undertaken in Noss and Hoyles 1996 underpins this key concern: 
to develop a more conscious appreciation of mathematical abstracting as a 
process which builds \spon l^ers of intuitions and meanings rather than 
replaces them. 

4 Compass enables students Ho cany’ a length 1^ modelling the use of a 
conq>ass to produce a circular locus. 
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5 RHS means right angle, hypotenuse, side. 

6 I have not found a single text book in the UK that mentions this condition for 
congruency — ^although I understand that this set of measures is taught in other 
countries. 
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Abstract 

Diagrams play an inqwrtant role in geometry teaching. An analysis of tasks and 
students’ behaviour in solving problems in two different environments, paper-and> 
pencil or computer, indicated diat the dynamic nature of the software changes the 
relationship between diagrams and the theoretical aspects of the subject Learning 
geometry seems to involve not only learning how to use theoretical statements in 
deductive reasoning, but also learning to recognise visually relevant spatial- 
graphical invariants attached to geometrical invariants. Observations of students 
revealed that this was not easy for them — amoving between the spatial and the 
theoretical d omains was not spontaneous and th^r tended to consider each domain 
independently. 



Keywords 

Geometry, software, direct manipulation, problem solving, case studies. 



THE DISTINCTION BETWEEN SPATIAL AND THEORETICAL 
PROPERTIES 

Physical space and geometry as a set of theories are two separate domains: space 
is considered here as part of reality while geometry partly models space and also 
develops its own questions and answers. 

Diagrams in two-dimensional geometry play an ambiguous role: on the one 
hand, they refer to theoretical objects while on the other, they offer graphical- 
spatial properties which can give rise to a student’s perceptual activity. This 
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ambiguous role of diagrams is conq)letely implicit in traditional geometry 
teaching where it is assumed that it is possible simply to abstract the properties of 
the theoretical object represented the diagram so theoretical properties are 
assimilated into graphical ones. One of the consequences of this assumption is 
that students often conclude that it is possible to construct a geometrical diagram 
using only visual cues, or to deduce a property empirically by checking the 
diagram. When students are asked a teacher to construct a diagram, the 
teacher expects them to work at the level of geometry using theoretical 
knowledge, whereas students very often stay at a graphical level and try only to 
satisfy the visual constraints. 

In these circumstances, rather than helping students, diagrams become an 
obstacle to geometrical thinking in the sense that ihsy allow students to avoid 
reasoning in theoretical terms (Fishbein, 1990, Mariotti, 1995, Salin and 
Berthelot, 1994, Duval, 1995). This leads to the question of the difference 
between what we call spatial-graphical and theoretical properties in geometry. 

Some spatial-graphical properties of the diagram are incidental to the 
geometrical problem while others are necessary. Fmther, spatial-graphical 
properties necessarily follow from others: e.g., there is a necessary link between 
the parallelism of sides of a quadrilateral and the fact that its diagonals intersect 
in their midpoint. In theory, geometry does not consider the slope of the sides of 
the quadrilateral as relevant but does consider as relevant the identity of the slopes 
of those sides. 

The teaching of geometry deals with these necessary links between spatial- 
graphical properties, but one can understand the nature of these links if and only 
if one also can understand that some other links are merely incidental. Necessity 
makes sense in opposition to contingence. Geometry may appear useful if it 
allows one to pr^ct, to produce or to e^lain spatial-graphical properties of 
diagrams because of these necessary links, but it first requires an awareness of the 
distinction between such properties and those that are theoretical. 



MOVES BETWEEN THE THEORETICAL AND THE SPATIAL 
GRAPHICAL DOMAINS 

We start from the distinction between the domain of geometrical objects and 
relations (denoted by T, referring to theoretical) and that of spatial-graphical 
entities (denoted 1^ SG) exemplified diagrams on paper, on a computer screen 
or by movement produced by a linkage point of a machine. This distinction is 
very close to that of conceptual/figural, made by Fishbein (1993) and Mariotti 
(1995, 100 — 104). T denotes the ftieoretical referents in a geometrical theory, it 
refers to theoretical objects, relations and operations on these objects as well as to 
judgements about them that can be e^qpressed in various languages; SG denotes 
the graphical entities on which it is possible to perform physical actions, and 
about which it is possible to express ideas, interpretations, opinions, judgements. 
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School problems require the use of both domains and several moves between 
them. We think that this interplay between T and SG is an essential part of the 
meaning of geometry (a claim also made by Mariotti (op. cit)). We al^ consider 
that this back and forth process between T and SG takes place even for experts in 
school geometry, e.g. teachers. Figure 1 illustrates the activity of the problem 
solver according to this view in the case of a problem, which starts and ends in the 
T domaitL After recognising a known configuration on the diagram the solver 
interprets it in theoretical terms and may deduce a geometrical property 1^ means 
of theoretical considerations (theorem or definition). The solver may come back to 
the diagram with this gained information and go fiirther in the analysis of the 
diagram ... 

Theoretical (T) T question answer 




Spatial-graphical (SG) SG question result 

Figure 1 



DIAGRAMS IN COMPUTER BASED ENVIRONMENTS 

Spatial-graphical and geometrical aspects are very much interrelated in the new 
kind of diagrams provided hy geometry microworlds because their behaviour is 
controlled by theory. In dynamic geometry microworlds, such as Cabri-g6om^tre 
(Laborde and Straesser, 1990) or Geometer Sketchpad (Jackiw, 1993), diagrams 
result firom sequences of primitives expressed in geometrical terms chosen by the 
user. When an element of such a diagram is dragged 1^ the mouse, the diagram 
is modified while all the geometric relations used in its construction are preserved. 
These artificial realities can be compared to entities of the real world. It is as if 
they react to the manipulations of the user by following the laws of geometry, just 
like material objects react by following the laws of physics. A crucial feature of 
these realities is their quasi-independence of the user once they have been created. 
When the user drags one element of the diagram, it is modified according to the 
geometry of its constructions rather than the wishes of the user. This is not the 
case in paper and pend! diagrams which can be slightly distorted by the students 
in order to meet their expectations. 

Computers diagrams are also external objects whose behaviour and feedback 
requires interpretation by the students. Geometry is one means, among others, of 
interpreting this behaviour (Balacheff and Sutherland, 1994). Visualisation plays 
a critical role in this process. As Dreyfiis (1993) claims, computer-based 
environments promote visually exploratory behaviours and as such may have a 
considerable influence on both research in mathematics and in mathematics 
education. It can be easily assumed that these geometry microworlds favour a 
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Stronger link between spatial-graphical and geometrical aspects since spatial 
invariants in the moving diagrams almost certainly represent geometrical 
invariants. We will attempt to identify in the following section the extent to 
which this closer link might affect students’ solutions. 



INTERRELATIONS BETWEEN DIAGRAMS AND GEOMETRY IN 
STUDENTS’ SOLVING PROCESSES 

Our aim was to study the moves between T and SG empirically, by giving students 
geometiy tasks and analysing their veibalisations and actions. This approach is 
close to that of Bartolini Bussi (1991, n-100) who distinguished two fypes of 
moves in the solution process of students involved in a geometrical task based on 
linkages: experimental moves and logical moves. An e^rimental move is based 
on visual tactile e^riment while a logical move involves the production of a 
statement deduced from accepted statements. Because we aim to focus on the 
links between diagrams and theory, our method of coding the activity of the 
students considers, in addition, the moves between what Bussi would call 
e^rimental level and logical level. 

Method of investigation 

To investigate these interrelations, we observed students woiking in pairs on a 
joint task in geometiy with C!abri-geometre and in a paper and pencil 
environment Their verbal exchanges allowed the researcher to woik on the 
externalising of their approaches and ideas. Tasks fix>m various categories (e.g. 
construction tasks, proof tasks) were used. Students were audio-taped and their 
veibal exchanges transcribed; all their actions on the computer (dragging an 
element of the diagram, use of a menu item, fyping on the keyboard, click of the 
mouse) were also recorded by the facility called ‘journal of session’. 

Once a protocol comprising the transcription of the students’ verbalisations 
and actions and the screen diagrams had been made, it was segmented into units 
each of which were ascribed to one of the following three categories: referring to 
spatial-graphical realities, SG; referring to geometrical objects and relation, T; 
establishing a link between T and SG. 

All the work on protocols produced evidence of several phenomena which 
could well have remained invisible without it Some of these phenomena, relating 
to the paper and pencil and computer enviroiunents, were: 

• the meaning of the task for each student; without this systematic analysis, we 
would not have discovered that the task intended to deal with geometiy was 
conceived as a spatial-gr^hical task in some work phases or even in the work 
throughout the whole task. 

• some contract effects affecting the meaning of the task which may differ from 
one enviroiunent to another one; and 
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• the inq) 0 ] 1 ance of the influence of the software environment not only on the 
solving processes but also on the nature of the task itself 

TWO ILLUSTRATIVE PROBLEMS 

The students’ problem solving processes are illustrated here through the analysis 
of the protocols of their work on two problems, see figure 2 and figure 3, in each 
of the two environments (pencil and p^r or computer). Note that a pair of 
students woiked on both problems in only one environment. In the case of pencil 
and paper, the students had a straight edge (ruler) and a set square and a compass 
available to them. 

PI Let [AB] be a segment, d the perpendicular bisector of [AB], O a point of 
the bisector. Draw the rectangle with centre O and two vertices A and B. 

1. Explain how you constructed 
the rectangle (in paper and 
pencil environment). 

2. Save your solution (in C^ri A 

environment). 

3. Justify your construction (in 

both environments). Figure 2 Problem 1. 

P2 Let d and d' be two intersecting straight lines and P a point which does not 
belong to any of those lines. Construct two points A and B such that A 
belongs to d, B belongs to d' and P is the midpoint of [AB]. 

1. Explain how you 
constructed A and B (in paper 
and pencil environment). 

2. Save your solution (in C!abri 
environment). 

3. Justify your construction. 

The two problems have been chosen to be investigated jointly because they are 
both construction problems and as such require working on a diagram using 
theoretical means. This kind of problem seemed to be especially adequate for an 
investigation on moves between diagram and theoiy. But both problems strongly 
differ in the availabilify of the spatial gr^hical solution. In problem 1, students 
predict very easily by eye the approximate spatial position of the rectangle. The 
only problem is to find the construction process based on a allowed use of 
instruments in a paper and pencil environment or on (Dabri primitives in a Cabri 
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environment In problem 2, students are not able to predict the spatial position of 
A and B meeting the problem conditions. Problem 1 should be immediately a 
problem of T domain for the students while problem 2 as it is stated could be a 
spatial problem as well as a theoretical problem. 

The difference between the two problems can also be expressed in other terms 
by means of a metaphor of the duality between arithmetic and algebra: problem 1 
could be qualified as of arithmetical nature while problem 2 as of algebraic nature. 
There are no variable objects involved in the system of relations to be found in 
problem 1: the rectangle may be directly determined from points A, B and O just 
as the solution of an arithmetical problem evolves from the numbers given in the 
statement. In problem 2, there are three variable objects, d' and P, and two 
variable points A and B, with the solutions to be determined using the following 
system of relationships: 

Abelongsto^/ 

P is the midpoint of A and B 

B belongs to d 

One possible solution, based on a strategy of relaxing a constraint, is to vary A on 
d and to consider the locus of points A' such that P is midpoint of A and A'. It is a 
straight line, with the image of d through the point symmetiy with centre P. Point 
B is the intersecting point of this line and of d'. This solution process is similar to 
using substitution in finding the solution for an algebraic linear system with two 
unknowns. 

Note that problem 2 may be turned into an arithmetical problem very close to 
problem 1 if it would have been stated as such: Let d and d' be two straight lines 
intersecting into O and a point P. Construct the parallelogram AOBC with centre 
P so that A belongs to d and B to d'. It is the kind of solution which may be found 
if a rough sketch of the solution is drawn and if the figure is analysed (the old 
well-known process of analysis and synthesis). 

Meaning of the task 

A construction task given 1^ the teacher as a T problem is not necessarily viewed 
as such by the students as mentioned at the beginning of this paper. Students 
could see the solving process of a construction problem as consisting of two 
successive and separate phases: in the first phase they have to find the spatial 
answer, in a second phase because of the classroom context (didactical contract) 
ihey have to find a justification in theoretical terms for the spatial answer. Theoiy 
is not used as providing the means for solving, but rather is required in order to 
meet the expectations of the teacher. Actually this was reinforc^ in problems 1 
and 2 by the sequence of questions 1 or 2 (construction process) and 3 
(justification). Nevertheless in question 1 of problem 1 it was e?q)ected that 
students would perform actions of drawing using the theoretical properties of 
the rectangle, which should be foniliar to them. So we did not expect a 
separation of spatial level and theoretical level in this question. 
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Actually we did not observe any real work at the T level for this question. The 
most common construction strategy in both environments was to construct the 
sides of the rectangle — two perpendicular lines to the segment [AB] at points A 
and B and then the fourth side as perpendicular to line d through a point equi- 
distant from the line segment and the new perpendicular (see figure 4 overleaf). 

During this drawing phase, very little Imowledge about the rectangle was 
made e^lidt, th^ drew perpendiculars and the fourth side without actually 
referring to any particular properties of the rectangle. They expressed actions like 
""draw a perpendicular line"", or ""make a perpendicular line"". The only 
mathematical words used were: perpendicular, parallel and equal distance. One 
can assume that these geometrical properties were completely embedded in their 
discourse about actions since the control they had on their production was purely 
of visual nature. Some students in their trials rejected constructions saying: ""it 
does not look a rectangle"". 

In the construction task, the students 
were attracted 1^ the shape (the sides) of 
the rectangle and not by the vertices. So 
th^ very seldom used the diagonals, and 
only after obtaining the rectangle by its 
edge using perpendiculars did some of the 
students extend segments AO and BO 
the same length in order to obtain the two 
other vertices of the rectangle, even 
though this was the more economic 
strategy in terms of number of operations 
to perform (especially in Cabri-geom6tre). 

However, during the phase of justification, because the problem statement 
mentioned that O is the centre of the rectangle to draw, almost all the students 
justified their construction by referring to the theorem of the intersecting point of 
the diagonals of a parallelogram. The justification at the T level did not really 
account for the drawing process. They were seeking a proof to satisfy the request 
for a justification: justifying in the culture of a mathematics class means proving 
by using geometrical reasons. The theorem of the midpoint of the diagonals 
seemed to them appropriate, in particular because it is the theorem about 
quadrilaterals in the teaching at this level of schooling. 

In problem 2, all students tried first to obtain a spatial solution. But their 
behaviours differed very much in both environments. In the paper and pencil 
environment, they obtained a spatial answer by trial and error or just by eye and 
were satisfied, while in Cabri each of their spatial solutions (often obtained 
dragging) was disqualified when they checked whether the solution was preserved 
under the drag mode. So all students spent a long time without finding a solution. 
Note that the paper and pencil students produced a justification which only 
described their drawing process by eye. The observations of problem 2 in both 





190 Information and communications technologies in school mathematics 



environments showed very little woik at the T level and almost no moves between 
SG and T. 

Some effects linked to the didactical content 

The break between finding the spatial solution and the theoretical justification was 
clearly made e^licit in the verbal exchanges of some pairs solving problem 1. 

Marie is expressing to Hugues : “we must justify by theorems we know” 

Hugues replying : “theoitme de Pythagore, de Thal^” 

or Florence : “we’ll explain by means of logic” 

Sofien and Pauline after having drawn the rectangle and starting to reflect 
about the way of justifying had also an interesting dialogue. 

Pauline reading the statement : “Justify your construction” 

Sofien : “One makes the three perpendiculars to make the right angles” 

Pauline : “No it is not this. As in a triangle ... in a rectangle the diagonals 
intersect in their midpoint ...” 

Finding theoretical reasons is clearly seen as distinct from the construction 
problem (as it appears when Pauline rejected the description of Sofien). In the 
action of the students as well as in their discourse, it had no intrinsic necessify but 
was supposed to meet expectations of the teacher. It must follow some rules, i.e., 
the recourse to taught theorems. The theoretical nature is also expressed by the 
students’ use of sentences such as “comme nous savons que ...” (as we know that 
...) revealing that theory is linked to knowledge while construction is on the side 
of action. 

Another strong contract effect occurred for both problems in the woric of some 
students in the paper and pencil environment who found that th^ must use a 
compass in a construction problem. Surely the teacher was expecting something 
else than the use of only a straight edge and a set square. 

The software envirorunent breaks this noble status of compass inherited from 
the Euclidean tradition, placing in a democratic way, all geometric primitives at 
the same rank. We did not observe this search for the use of a circle for students 
working in the Cabri environment. But nevertheless we still observed the gap 
between the construction process and the theoretical reasons given in the 
justification phase. 

Richness and complexity of the software 

As indicated previously, feedback available on Cabri was ofren used by students, 
leading them to reject numerous ideas or trials, whereas in the paper and pencil 
environment students were quickly satisfied by what they thought to be a solution. 
C)abri is more demanding at geometrical level than paper and pencil. But the 
dynamic possibilities of Cabri while widening the scope of e^loration may also 
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have introduced a new complexity in the problem due to the possible variations of 
the given elements of the problem. 

Problem 2 is representative of the kind of problems mixing given and variable 
elements. Students tried to obtain a spatial solution for A and B in considering 
any point A on d, wsy point B on d' and trying to superimpose lines AP and BP. 
But when stating that P was not the midpoint of [AB], they also moved P until 
obtaining it coinciding with the midpoint of [AB]. After obtaining this fragile 
solution th^^ could not go further; every element was independent from others in 
this drawing. It was not possible to establish a relation between elements. The 
behaviours of the students was similar to that of begiimers in algebra. Being 
confronted to a word problem, they denote every element of the statement by a 
letter without expressing algd>raic relations between them. Hugues felt this way 
about the variability of the points and said: "^ve must find a trick in order to move 
simultaneously the two points” but never succeeded. The possibility of dragging 
introduced indeed two elements of complexity: 

• it required distinguishing between the possibility of varying P which was given 
(as a way of checking the robustness of the construction of A and B) and the 
variation of A on J (which had to be used in order to find the locus of the other 
endpoint of [AB]); 

• it allowed A and B to vary independently and prevented students from 
considering a relation between A and B. 

Overcoming the complexity requires without any doubt the intervention of the 
teacher. The didactical problem is that the teacher must intervene without 
substantially changing the task for the students, i.e. the Topaze effect (Brousseau, 
1992). 

A small experiment should be mentioned here. After students spent one hour 
on problem 2 without finding a correct solution, two pairs, one woiking with 
paper and pencil, the other one with Cabri, were given the hint that th^ should 
use a geometrical transformation. Paper and pencil students did not change their 
solution, whereas Cabri students decided to use point symmetry which th^ could 
read in the menus. This was the starting point of a long but successful process. 
Instead of looking for a spatial solution by moving, A and B independently, they 
constructed B as image of A in a point symmetry around P. They asked for the 
locus of B when A was moving on d. They recognised a straight line parallel to d 
and from that in a rather awkward process they found a spatial solution. 
Analysing the spatial solution in geometrical terms, they extracted a geometrical 
construction as shown in figure 5 (opposite). 

At this point, th^ had no geometrical reason for this construction, they simply 
stated that it worked and was resistant to the drag mode. When searching for a 
justification, after some experiments on the drawing, they recognised the 
configuration of mit^ints in a triangle and understood the geometrical rationale 
for their pragmatic construction. This rather long description reveals how tedious 
the way to geometry was for the students and that the interplay between SG and T 
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levels took place only after they had found a spatial solution: it occurred first 
when they extracted a geometrical construction from their drawing and second 
when they were searching for a geometrical justification of their pragmatic 
construction. 



Draw a line parallel to 
d' and passing trough P. 
It intersects dinS. 

Construct A as the 
symmetrical point of O 
around S. Construct B 
as the symmetrical 
point of A. 




What also must be stressed, is the necessity for students to experience this first 
phase at the SG level before coming to the T level. The geometrical problem 
makes sense for the students only after they could manipulate at the spatial level 
and perform several spatial experiments. From this point of view, the software 
environment differs substantially from the paper and pencil environment in which 
the spatial activity is inhibiting and clum^ (cost of drawing operation, difficulty 
of erasing, absence of dragging, etc.) and feedback is rather poor. 



CONCLUSION 

Analysing the tasks and the students’ behaviours in terms of the existence of two 
domains of objects, the spatial-graphical domain and the geometrical/theoretical 
one, indicated that their coexistence was both a source of difficulties and 
ambiguities as well as a source with the potential for enriching students’ 
e?q)eriences. Learning geometry seems to involve not only learning how to use 
theoretical statements in deductive reasoning but also learning to recognise 
visually relevant spatial-graphical invariants attached to geometrical invariants. 
Observation of students revealed that this was not easy for them: moving between 
the spatial and the theoretical domains was not spontaneous and they tended to 
consider each domain independently. Contrasting the work of students in the 
paper and pencil environment and in the Cabri environment leads to several 
claims: 

• the weakness of feedback offered in the paper and pencil environment inhibits 
students’ movement between the graphical and theoretical domains; 
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• while the software environment is more demanding, it offers a greater 
complexity, and may be a source of difficulties for the students; it also provides 
for making the links between the two domains. 

Our more general claim would be that Cabri does not hide the complexity of the 
situation as the paper and pencil environment does. If the students overcome this 
complexity, they probably learn more. However, th^ do not automatically 
overcome this complexity. The didactical problem is one of educating the role of 
the teacher in helping students cope with this complexity through interventions 
which facilitate die movement between the spatial-graphical and theoretical 
domains. 
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Abstract 

In this paper we discuss and demonstrate the nature of computational learning 
environments which support and encourage learners’ constructions in a way 
which is compatible with constructivist learning theory. We highlight the process 
of learning successive refinement as a way for the human mind to cope with 
complexity, and the essential role the computer can play in this process. Three 
examples of constructivist envirorunents (ISETL, Dynamic Geometry and Logo), 
are used to describe the dynamics of how the computer can facilitate the process of 
successive refinement, as well as to delineate issues of classroom culture, 
assessment and time. 



Keywords 
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INTRODUCTION 

There is a lot of talk about constructivism these days (e.g., von Glaserfeld, 1991; 
Tobin, 1993). There is less talk about how to go about actually constructing 
constructivist learning envirorunents (Pirie and Kieren, 1992) and considerably 
less talk about constructing such conq)utational learning envirorunents. Our 
intended contribution will be on this last issue. 

Constructivism has fallen out of &shion in many circles. One almost feels a 
need to apologise before publicly endorsing constructivist principles. But just as 
having been a fad didn’t make it right (or good), being out of ^hion doesn’t 
make it wrong (or bad). In &ct, constructivism is neither right nor wrong: tike all 
complex tools, it all depends on how it is used. In our presentation, therefore, we 
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would like to describe and analyse some ways of using computers to implement 
constructivist principles in the classroom. We will discuss the implementation of 
these methods, their strengths and their weaknesses. In addition, we will use the 
specific examples discussed as a basis for making some theoretical observations 
and distinctions. 



LEARNING BY SUCCESSIVE REFINEMENT 

A central tenet of the constructivist approach is that learners construct new 
knowledge by rearranging and refining their existing knowledge. It follows that 
new knowledge is constructed gradually. The construction is done in steps, each 
elaborating on preceding ones, though there may of course be retreats and blind 
alleys. We will refer to this process as learning by successive refinement It is 
closely related to the Piagetian mechanisms of assimilation and accommodation, 
and has also been discussed extensively Lakatos (1976) and Papert (1980). 
The term itself is borrowed from computer science, where it refers to a 
methodology for the gradual elaboration of con^lex programs (Dijkstra, 1972). 
What is common to all these sources is the realisation that successive refinement 
is an especially effective w^ for the human mind, with its particular strengths 
and limitations, to deal with complexity. Here are some more recent quotes: 

“Constructivism ... characterises the process of learning as the gradual 
recrafting of existing knowledge that, despite many intermediate 
difficulties, is eventually successfiil.” (Smith et al., 1993, p.l23). 

“The goal of instruction should be not to exchange misconceptions for 
expert concepts but to provide the e^riential basis for complex and 
gradual processes of conceptual change.” {ibid, p. 154). 

The standard model of dealing with complexity advocates deconqx)sing a topic 
into a linear sequence of tiny 'atoms,’ then proceeding along the sequence, 
mastering the atoms one piece at a time. The model of successive refinement 
offers a viable alternative for dealing with complexity. One starts with a 
simplified version of the concept or phenomenon under study, and refines it 
successively to include more and more details, subtleties and precision. Through 
the entire process, the learner constantly deals with the whole picture, though it 
may be vague or imprecise in the intermediate stages (Leron, 1994). 

In what follows we elaborate on the mechanism of learning a complex topic Ity 
successive refinement, with special emphasis on the central role the computer can 
play in this process. Our discussion is based on several kinds of constructivist 
computational environments. These enviromnents consist of objects and 
operations that can be performed on them, as well as means for constructing new 
objects and operations. In addition, each environment siq>plies some 'language’ 
for conducting the interaction between the learner and the machine. This can be a 
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formal programming language (as in ISETL or Logo) or it can be an iconic 
language using menu commands and mouse clicks and drags (as in Dynamic 
Geometry enviromnents). 

Examples 

The above ideas, especially learning by successive refinement and the role of the 
computer in facilitating it, are illustrated by two extended examples. Space 
limitations allow us only a brief outline here. In both examples, students are 
facing a task of constructing a mathematical object, where the meaning of 
‘constructing’ is determined by the software tools available. In both examples, 
students start with some initial intuitive familiarity with the object to be 
constructed, which gives them the resources for starting off with their first 
versions of the construction. Then the conq)utational enviromnent enables them 
to manipulate the resulting object and see if it behaves according to their 
expectations. If not, they can scrutinise their construction and modify it to better 
fit their expectations. Eventually, after several steps of successive refinement, 
they reach an export version of the construction, one which withstands all their 
tests and is therefore declared (by the students themselves!) to be satisfactory. 

In the first example, two students are working on the task of constructing a 
definition for prime numbers. This takes the form of a Boolean function is _prime 
in ISETL (Interactive SET Language), which tests whether a given number is 
prime. The students have some previous experience in programming in ISETL 
and a rudimentary knowledge of prime numbers and divisibility (for example, 
thq^ know that 7 is prime but 6 is not because “it can be ^ored”). Programming 
this function requires the students to construct a formal definition, consisting of 
quantifiers, logical expressions and mathematical relations such as divisibilify. 
The product of their construction is a function in ISETL, which may then be 
applied to some inputs to see if it works properly. Their final product might look 
something like the following code: 

is_prime := func(n); 

return 

not exists i 1 i in {2..n-l} | i divides n; 

end; 

and their tests might look like: 

is_prime(7); 

true; 

is_prime(6); 

false; 

Note the similarity of this code to standard mathematical notation. As a result, 
learning mathematics via programming in ISETL requires very little 
programming ‘overhead’. 
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Our second example^ concerns a geometrical construction task in a 'dynamic 
geometry environment’ (such as Cabri, Sketchpad or SuperSupposer), In 
particular, we look at young students’ attempts to draw a square using a mixture 
ofvisual and analytical means of construction. Thus, angles may be made to look 
like right angles and sides may be made to look like they have the same length, or 
these relationships can be formally constructed, using the construction tools 
supplied by the software. The squares thus constructed may all look the same, but 
when one of the vertices is dragged by the student, only those relationships that 
were formally defined are preserved. For example, if the only explicit 
construction is that side CD is parallel to (the opposite) side AB, and all the rest is 
done by sight, the student has actually constructed a trapezium which happened to 
look like a square. Dragging the various vertices by the mouse shows clearly to 
the student what has really been defined: the dragging preserves only the 
parallelism of AB and CD and destroys all other relationship, thus showing those 
other relationships to be just apparent in the original construction. This gives the 
students a poweiftil feed-back mechanism to reveal what is a square and what only 
looks like a square, thus enabling them to reach a precise construction by 
successive refinement. Simultaneously with the computer construction, students 
may observe connections between mathematical concepts and relationships 
between geometrical objects. For example, they may observe that in such 
environments it is easier to construct a trapezium than a square. This observation 
may lead the student to the conclusion that fewer assumptions are required for a 
figure to be a trapezium than to be a square. Such analysis may lead to mental 
constructions of relevant mathematical knowledge, such as that squares are a 
subfamily of trapeziums. 



CONSTRUCTIVIST COMPUTATIONAL ENVIRONMENTS 

We now ask, by way of reflecting on the above examples, what is it that makes 
some computational environments particularly conducive to learning by 
successive refinement. This will highlight the characteristics of constructivist 
computational environments in contrast to other computational environments on 
the one hand, and to non-computational learning environments on the other. 

The theoretical background for our discussion is what Papert (1980) called 
Piagetian learning, which incorporates Piaget’s learning theory of young children 
interacting with their natural environments, as well as Papert’s own extension of 
the theory to include interactions within suitable conq)utational enviromnents 
(called microworlds). Our use of the term microworld (henceforth abbreviated 
MW) includes the social and pedagogical environment as well as the hardware 
and software, but not necessarily the 'learning without teaching’ component of 
Papert’s characterisation of Piagetian learning. We will have more to say in the 
next section on the teacher’s role in such MWs. 
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Very briefly, Piagetian learning works as follows. Children come to know the 
environment by acting on it and by noticing the ‘feedback’ coming from the 
(physical or computational) constraints which are built into the environment 
Based on these experiences they construct theories, mental models and 
explanations which help them make sense of the enviromnent and predict its 
behaviour in relation to their future actions. In cases where the behaviour of the 
enviromnent is observably different from their predictions, the children are moved 
to adjust their theories and explanations to account for the new experience. This 
acting-theorising-predicting-testing-refining cycle, which may repeat many times, 
is the basic mechanism for learning by successive refinement. 

From the above theoretical model we can derive three essential characteristics 
of MWs, which are necessary for this kind of learning process to occur. Piaget’s 
studies have shown that these properties are present by default in natural 
environments, but in designing computational environments they have to be 
purposefully built into the environment. We will see that the MWs in our 
examples all share these properties. 

• The MW, like natural environments, embodies through its built-in constraints 
certain knowledge elements. These are accessible to the learner via the objects 
of the computational environments and the operations that can be performed 
on them. 

• The MW enables learners to construct new objects and shows them the results 
of their constructions. The fundamental assumption behind the use of the MW 
as a constructivist learning environment is that while learners are intensely 
engaged in computational constructions for a non-trivial length of time, some 
parallel mental constructions are hardly avoidable. 

• The MW enables operations on the constructed object to be performed by 
learners, through which they can compare the results of their construction with 
their initial expectations. This comparison may create the disequilibrium 
which serves as both the engine and the guiding mechanism for the next round 
of successive refinement. 

We now examine how these requirements are met by the MWs mentioned in our 
examples. 

In the ISETL example, the built-in functions and operations of the language, 
as well as its syntax, are veiy nearly those of standard mathematics (sets, 
functions, quantifiers and the usual operations on them). Our example shows how 
the learners construct by successive refinement a new object, the function 
is _prime, while at the same time refining their understanding of prime numbers 
and their ability to express mathematical ideas in formal language. The operation 
available on the constructed object is in this case the substitution of various 
numbers (such as 6 or 7) to see whether the function properly tests for primality in 
known cases. 
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In the Dynamic Geometiy example, the MW embodies objects and operations 
of Euclidean geometiy. The learners construct a new object, a square, while at the 
same time refining their understanding of squares, the relations holding between 
their parts, and their relations to other fiimilies of quadrilaterals such as 
parallelograms and trapeziums. The operation available on the constructed object 
in this case is mouse dragging, to see what it is that highlights those properties 
which have been mathematically defined. 

''Feedback given the computer must be interpreted: an elaborate 
interpretation of the drag mode and of its effects is c^tainly constructed by 
the students through a long process made of interactions with various 
problem situations on the computer.” (Laborde, 1986, pl34). 

We look briefly at one more example, the construction of a graphical object (say a 
house) by programming with the Logo turtle. What is the operation on the 
constructed object in this case which enables learners to test it against their 
expectations and refine the construction if necessary? We suggest that in this case 
it is not a computational operation (in most versions of Logo, the resulting picture 
is not a computational object that cannot be operated iqx)n), but a mental one: it is 
the conq)arison of the graphical image on the screen with the child’s own mental 
image of the picture as he or she intended it to look like (Leron, 1986). 

We elaborate a bit more on the specific part played by the computer and on its 
unique contribution to the constructivist process of learning by successive 
refinement This contribution comes firom the tangible and manipul^le feedback 
given by the computer to the learner’s input (the first two MW properties in the 
list given above). This feedback, can be a veiy powerful learning mechanism. In 
many mathematical activities it can achieve results that are hard to imagine 
without the computer. This is largely due to two specific capabilities of the 
computer. First, its ability to translate between representations, as in digital to 
analog conversion in turtle programming (Leron, 1986), or its ability to make 
formal mathe matical e;q>ressions executable as in ISETL. Secondly, the 
consistent and non-judgmental nature of the feedback (Sfard and Leron, 1996). 
This is quite different from a feedback given by a human teacher, no matter how 
skilful. The conq>uter’s feedback doesn’t judge or direct, it only shows learners 
the outcome of their constructions. In other words, it shows the consequence not 
the value (or correctness) of their work. 



IMPLEMENTATION NOTES 
Is this discovery learning? 

Piagetian learning, i.e., the kind of learning by successive refinement in a MW 
that we have been describing, is different in important ways from discoveiy 
learning, because learners are not set out to 'discover’ anything in particular. The 
purpose of the activity is to create an e>q>erientiai basis for the later stages. For 
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this puipose, it matters little whether the learner has actually discovered the 
intended knowledge, or only e^rienced the situation in a w^ that created an 
initial femiliarity. When ‘answers’ start coming in (from classmates or the 
teacher) th^^ are likely to be rendered meaningful because of this initial 
experience. 

Is this Socratic learning? 

Piagetian learning is also different from learning 1^ a Socratic dialogue. Here we 
differ from Arcavi and Shoenfeld (1992) who use a form of Socratic dialogue as 
their interpretation of constructivist learning. While it is clear that humans are 
far superior to computers in giving students empathy, emotional siqqx>rt and 
getting them unstuck when necessary, we claim that computational MWs are 
superior as feedback mechanism for the process of successive refinement As 
noted above, the advantage of conq)utational feedback lies exactly in its formal 
(i.e., non-human) interpretation of learners input, exhibiting in a consistent and 
neutral way the consequences of their constructions. It is our belief (and 
experience) that much of the problematic reported Arcavi and Schoenfeld is 
alleviated when learners do not depend on a teacher for direct and regular 
interpretation of the their actions. 

The social aspect 

Papert (1980) said that “children learn best doing and then reflecting on what 
they did”. While computers enable a wide range of doing, it is the social context 
that enables most of the reflecting. Learners reflect as they talk about their 
activities, first in their teams during the activities, and then when the various 
insights are shared in the ‘plenary’ classroom discussion. 

What activities? 

Since we are interested in encouraging students’ constructions, and not chiefly the 
finding of correct answers (these will gradually emerge as the process unfolds), it 
follows that the activities should be centred around open-ended problems, which 
allow exploring, conjecturing and testing on many levels and in many directions. 
The ‘didactic contract’ is for variety and richness of conjectures, explanations and 
insights rather than for getting ‘the right answer’. In as much as it is desirable to 
also exhibit some standard mathematics (definitions, procedures, theorems, 
proofs), it is possible to let this emerge out of the activities and the discussion 
which follows. Successful activities are both engaging and mathematically rich. 
The creation of such activities, as well as encouraging and maintaining an 
atmosphere of openness and curiosity in the classroom, are the most demanding 
and at the same time the most rewarding parts of the teacher’s role. 
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SOME DIFFICULTIES 

We conclude listing briefly some of the difficulties entailed in general by 

teaching towards understanding and concq)tual develc^ment, and in particular, 

by the kind of teaching advocated in this paper, 

• Classroom culture: First and foremost is the difficulty of adopting a different 
view of the teacher’s role in such an environment The teacher is no more the 
conv^or of knowledge but rather a creator of oi^rtunity for action and 
reflection by the learners. This requires more flexibility and self confidence 
than conventional teaching. 

• Assessment issues: If knowledge is constructed gradually over a long period, 
how do we evaluate partial knowledge in intermediate stages? Can we find 
ways of assessment that will show students’ achievements in intermediate 
stages, rather than their deficiencies? 

• Time: Learning via interaction in a MW is a lengthy process. A teacher 
cannot simply plan to ‘cover’ a certain amount of ‘material’ in a given amount 
of time. One must adopt an alternative view that knowledge and 
understanding emerge gradually over time and learn to value the process itself 
and the partial knowledge exhibited in intermediate stages. 

Note 

1 This example is taken from joint work with Paul Goldenburg, Educational 

Development Centre, Newton, Massachusets, USA. 
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Abstract 

The Cognitive Acceleration in Mathematics Education (CAME) project aims to 
contribute to teachers’ professional development by basing practice on research 
and theory. Three major sources are drawn upon: Research on levels of 
achievement in mathematical topics; Piagetian and neo-Piagetian theories on 
levels of thinking (formal reasoning); and Vygotskian pi^chology and social 
constructivism. These sources have been integrated to provide a theoretical 
foundation for teacher intervention and pupil-pupil interaction aimed at 
increasing intellectual development. E3q)loratory FT enviromnents provide 
particularly suitable contexts for illuminating the approach. Findings indicate the 
potential for substantial long-term impact on pupils’ achievements. 

Keywords 

Classroom practice, cognition, collaborative learning, (social) constructivism. 



BACKGROUND DEVELOPMENTS, 1977-1997 

A concern for theory and implications of developments in psychology to undeipin 
classroom practice has been present in each of the earlier lb IP WG 3.1 worldng 
conferences on informatics and school mathematics in Bulgaria: 1977 in Varna, 
and 1987 in Sofia. In Varna, Kilpatrick (1978), in addressing the importance of 
theory and new developments indicated that: 

“ a new wave of cognitive theory was building ... reforms proposed (on the 
new theories) were justified on the basis of principles derived ... but who 
can say what tomorrow may bring?” (p.93). 
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In Sofia, Jensen and Nissen (1987) put forward a model for school learning with a 
focus on teachers and the interactions of teaching and learning processes in the 
classroom: 

'"Our focus has been to try to stipulate categories for description of the 
individual potential for acquisition, which - in the pedagogical progression 
- interacts with the teacher’s expression of knowledge” (p 73). 

The concern for the learner has evolved and grown, and as such represented one 
of the main themes in an MP conference, in Gmunden, Austria in 1993. While 
this conference did not focus on school subjects, mathematics provided one of the 
contexts for the p^r 1^ De Corte (1993) in which he went b^rond the individual, 
pupil and/or teacher, to a consideration of the broader learning environment and 
issues which needed to be addressed: 

‘"... the trend for future inquiry and development at the intersection of 
artificial intelligence, cognitive science, educational technology, and 
learning and instruction ... we are only at the beginning of what may 
become a new era in educational conq)uting ... the further elaboration and 
testing of research-based principles for the design of poweifiil computer- 
supported learning environments ... (including a consideration of, e.g.) the 
balance between discovery and e^loration, on the one hand, and guidance 
and mediation, on the other, that can account for the power and efficacy of 
these environments” (p 45). 

It is noted here that the extracts above illustrate an interesting trend in terms of 
how one might now consider inq>lications of research and theoiy for the teaching 
and learning of school mathematics. The shift fix>m a focus on die child’s mental 
structures, with minimal reference to teaching and/or the classroom environment, 
to more attention given to the individual, child and teacher, in the school context 
and ultimately the learning environment, including aspects of mediation, reflect 
both what we have learned and synthesised firom research along with an 
acknowledgement of the complexity of the phenomena we would hope to analyse 
and inform, namely classroom practice. However, this base, including both 'old’ 
and 'new’ theoretical perspectives, i.e., it is not merely a case that new theories 
provide the answers, but rather we would suggest that there is much to be gained 
through an integration of both the 'new’ and 'old’, now places us in a unique 
position to address the issue of 'the utilisation of research and theoiy to underpin 
an approach to classroom practice for school mathematics’. 
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PIAGET, VYGOTSKY AND SOCIAL CONSTRUCTIVISM 
Piaget 

Piagedan research remained foremost in its contribution to our understanding of 
cognitive development of children. Many aspects of the Piagetian theory and 
research conducted in clinical trials over a period of 30 years have been 
questioned. Apart from the confrising terminology, that created and still creates 
many problems of communication amongst researchers and teachers, there have 
been considerable arguments about the ‘age and stage’ issue. The ages suggested 
for the development of cognitive capad^ quoted from the selected sample of 
children studied 1^ Piaget and his co-workers were found unrealistically low in 
large scale studies, and showing a great range of variation (e.g. see Sh^er et al, 
1976). 

The issues of d&calage, raised the original researchers themselves, were 
used to detract from the theory. But the fact of development with age of cognitive 
ability of individual children, however varied they are in their genetic inheritance 
and in the richness of their iq)bringing, remained difficult to disprove or ignore. 
It remained the basis for neo-Piagetian research (e.g. see Demetriou et al^ 1992) 
and in the case of pedagogy it underpinned the work of the Cognitive Acceleration 
through Science Education (CASE) projects which demonstrated considerable 
success in raising levels of achievement in later adolescence attributable to 
intervention in early adolescence (piq>ils aged 11-13) planned specifically with the 
type of cognitive conflicts Piaget suggested as the mechanism for development of 
higher mental functions (Adey et al, 1994). 

Piagetian p^chology entphasises individual maturation through direct 
experiences in handling concepts, and regards language and communications as 
secondary and derivative. Use of language is seen useM to the individual only if 
the words and symbols coimect with concepts already assimilated and operational 
within the mental structures. Thus words and symbols makes it possible to anchor 
and automatise concepts, paving the way for their incorporation in yet higher 
order thinking. The Piagetian clinical experiments were designed to infer 
thinking processes primarily from actions and solutions to problems children can 
be observed accessing directly, rather than inference indirectly from their 
communication in prose of their response to texts in, for example, the areas of 
history or literature. Although Piaget did not address issues of learning and 
teaching, the message for pedagogy is primarily to attend to the readiness fru:tor, 
and to the design of cognitive challenges in learning situations appropriate for the 
individuals. 

Vygotsky and social constructivism 

Vygotskian pi^chology enq>hasises the frict that the individual interacts with the 
outside world primarily in social settings, that the e^riences of a growing child 
are largely mediated 1^ adults and the peer groxxp. These social settings. 
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embodied in the language and culture within the immediate surrounds of the 
learning situation are the main influences that frame the meanings of events and 
elements of reality in the individual mind. Vygotsli^ (1985) argued: 

'"Any hmction in the child’s cultural development spears twice, or on two 
planes. First it appears on the social plane, and then on the psychological 
plane. First it appears between people as an interpersonal category, and 
then within the child as an intra p^chological category.” [And] 
^...instruction is good only when it proceeds ahead of development, when it 
awakens and rouses to life those functions that are in the process of 
maturing or in the zone of proximal development” (p 165). 

But the application of these ideas to teaching is no easy matter. 

In remediating work for adolescents developed over some 15 years Feuerstein 
(1980) found that it was necessary to develop further Vygotsky’s concept of 
mediation. In effect, while the successful performance 'between people’ 
('interpersonal category’) provides the opportunity for each adolescent to witness, 
internalise and make their own, as a step in development ('intrapersonal 
category’), this development will more usually be accomplished as a result of the 
inputs from one of the child’s peers. The teacher is too ^ away from where the 
adolescent is to know successfully what to offer, and the adolescent may not easily 
accept the modelling from this adult even if good. Thus the teacher mediation has 
to be indirect. That is, the teacher needs to manage the phases of a lesson in such 
a way that the proportion of opportunities each pupil gets to receive mediation - 
that is, good ideas, often newly-minted and delivered in language and symbolic 
action which may be only just a^ead of where another piq>il presently is - from his 
or her peers is increased by a large fsictor, perhaps tenfold. The pupils are 
mediating each other, but the teacher stage-manages the whole process. 

Constructivism has come to represent a major philosophical/psychological 
position in the discourse of mathematics education, from the early 1980’s (and the 
writings of von Glaserfeld) to the 1990 JRME monograph Constructivist Views on 
the Teaching and Learning of Mathematics. More recently a number of papers 
have been published in Educational Studies in Mathematics (ESM), with those 
from two issues in 1994 reprinted in a book edited by Cobb (1994). The book 
includes a paper by Voigt which is of particular relevance to the present paper. 
Voigt addresses the inq)ortance of 'negotiation’ and the notion that the teaching- 
learning process be considered as a social interaction. He takes the construct of 
'ambiguity’ as an essential characteristic of the teaching-learning situation as this 
in turn leads to 'negotiation’; we would suggest further that the idea of 
‘ambiguity’ could be made e3q>licit, i,e., invoked through intervention, to become 
'cognitive conflict’, leading to interaction/negotiation. 

Voigt focuses on interaction and the "chance of mediating the foci on the 
subject and on culture” (p 187). In subsequent discussion he notes the importance 
of tile pupils’ contributions to classroom discourse, the 'mathematical theme’, and 
that pupils* thinking and the mathematical theme develop reflexively - the pupil’s 
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learning contributes to the evolution of the theme which contributes to the pupil’s 
learning. This in turn raises an additional issue, that is that 

‘‘in the mathematics classroom pupil’s do not only learn mathematics, they 
also learn to negotiate mathematical meanings with an expert, the teacher 
(underline ours)” (p 191). 

We would suggest here that this in fact does not go fax enough, but rather linking 
the work of Feuerstein with social constructivism, another important aspect of this 
negotiation is that of pupil-pupil or pupil(s)-computer interaction/negotiation and 
collaboration, i.e., pupils learning through negotiation with their peers. 

Piaget and Vygotsky in tandem 

Piagetian psychology and Vygotskian p^chology (and social constructivism) are 
often described as conflicting or contrasting. Our position is that we see them in 
fact complementing each other. At any given moment in time the individual child 
is capable of carrying out only mental activity that can be reasonably expected 
according to the Piagetian model of cognitive developmental stages. At the same 
time the process of learning, i.e., assimilation (of new e^riences into one’s own 
mental structures) and accommodation (of the mental structures to significantly 
novel experiences) is framed by the mediating role of the teacher and the 
classroom interaction with peers described by Vygotsky and Feuerstein. Vygotsky 
(1978) speaks of deliberately promoting the ‘zone of proximal development’: 

“We propose that an essential feature of learning is that it creates the zone 
of proximal development; that is, learning awakens a variety of internal 
developmental processes that are able to operate only when the child is 
interacting with people in his environment and in co-operation with his 
peers. Once these processes are internalised, they become part of the 
child’s independent developmental achievement” (p 90). 

The ‘internal developmental processes’ that are to be awakened belong to the 
individual, so, effectively, the zone of proximal development implies rather than 
denies the Piagetian cognitive stages. It supplies the mechanism for the 
development which Piaget and collaborators describe and Piaget himself 
acknowledges (Piaget, 1962, 13-14). 



CAME THINKING MATHS™ LESSONS 

Initial work of the Cognitive Acceleration in Mathematics Education (CAME) 
research included a feasibility study with pupils aged 11-13. The focus was on 
the development and trailing of exemplary lessons with attention given to 
observing pupils engaged in the lesson tasks. The design and conduct of the 
lessons embodied an attempt at a itynthesis of Piagetian psychology, with its 
emphasis on appropriate cognitive challenges and the critical inq>ortance of 
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relating piq)ils performance of this age range to a model of the level of thinking 
required the task as related to the present level of thinking of the piq>il; and 
Vygotskian p^chology and social constructivism, with their emphasis on social 
interactions and the role of language. The ^thesis also took into account the 
considerable research in mathematics education, especially on difficulties 
e^rienced pupils in the learning of k^ topics (e.g., see Johnson, 1989). 

The integrative ^roach to Piagetian and Vygotskian psychology’s was 
reflected in a number of features identifiable in the CAME lessons. The class 
needs first to be challenged to define and agree amongst themselves the nature of 
the task in front of them (concrete preparation). The task itself needs to be 
structured according to pi^chological principles and also to be true to the school 
subject matter in which it is contextualised (mathematical formalisation). Each 
intervention lesson has an individual or small-group session of work on task 
where pupils know the essential thing is to test the ideas and strategies they are 
using (construction and cognitive conflict) and share their ideas with their peers 
(the Vygotskian/social constructivism perspective). This is because th^ know 
th^r will be invariably be asked to contribute, after work-on-task, to a whole-class 
discussion when, as ^ as possible, everything of note which has occurred 
anywhere in class is shared (further construction). Finally, as a last short episode 
when new powers are active in their minds the pupils are asked to find good 
descriptive names (words or phrases) for the new ideas which they can share 
(metacognition), and to recall or invent other contexts for their use (bridging). 
The nature of these lessons can be considered to be analogous to ^teaching an 
investigation’ (or teaching for the solution of a problem’), as contrasted with the 
usual situation of ‘letting the piq)ils get on with it’. However, as indicated above, 
the main aim is to increase intellectual development and to ‘move’ pupils 
towards/into formal reasoning (Piagetian age-stage). 

Computing environments - the ^added ingredient’ 

Attention is drawn here to three other chapters in this book which provide 
computing environment exemplars of aspects of the CAME approach: 

• Leron: ‘applied constructivism; successive refinement in the approach to a 

computer based problem task’; 

• Hoyles: ‘proving, including pupils contrasting and conq>aring approaches’; 

• Sutherland: ‘conoputer feedback and teacher mediation’. 

While these authors may not be e^licit in their attention to the full range of 
constructs described above, the notions o^ for exanple, cognitive conflict, 
construction and metacognition are themselves embedded in the social 
interactions described, both pupil-pipil and pupil(s)-machine (Leron, Hoyles), 
and in the importance ascribed to teacher intervention/mediation (Sutherland). 

The theoretical foundation proposed in CAME both draws ipon woik 
presented in earlier ib'lP conferences and extends this to include new constructs. 
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This in turn provides further insights and e^lanations for the efficacy of powerful 
conq)uting environments. 



TEACHERS’ ADOPTION OF THE APPROACH 

The CAME approach places two major demands on the experience and expertise 
of teachers. The first of these is linked to the Piagetian aspect. Here the teachers’ 
knowledge of the strengths and weaknesses of their piq>ils along with an 
awareness of (cognitive) developmental levels - the experiential and theoretical 
perspectives - is paramount as this provides the basis for the matching of 
classroom activities to the processing capabilities of pupils. 

The second component in the approach is that of teacher intervention or 
mediation to promote pupil-pupil interaction and piq)ils mediating each other. 
The demand here in terms of expertise in the classroom management skills 
required to facilitate the approach has been found to be particularly acute in the 
early stages of implementation. Professional development in this area takes time. 
However, this development has also been found to be considerably enhanced 
through the application of aspects of the same theory which underpins piq>il 
activity in a TM lesson - teachers interacting with other teachers in the sharing of 
well defined, explicit, experiences. 

We contend the approach caimot be readily assimilated fi*om written materials 
and guidance. At least three critical steps are identified for this ^roach to be 
adopted by teachers. Firstly teachers need to be convinced there is a problem of 
under-achievement at the higher school. Teachers need to be convinced that this 
under-achievement is primarily due to inadequate challenge in the lower school. 
They need to be convinced of the crucial importance of early adolescence growth 
spurt, whether as biological fact with cognitive implications, or at least as an 
empirical conclusion allied to the potential of benefiting from teaching if 
problems are addressed early. 

Secondly the teachers need to recognise the subtle difference between the 
agenda of ffie Thinking Maths lessons and the normal agenda for good teaching 
in the same topic. Instead, say, of planning a lesson around one major learning 
point hopefully to be achieved all, the teacher has to look at the underlying 
agenda in a developmental way, in which there may be, for the same agenda, 
many different levels of realisation of achievement, each one of which is valid for 
particular pupils. We have found that the difficulty here can be addressed 
cumulatively over time, with fiequent (time-tabled) discussions amongst 
colleagues focused on specific lessons observed. There are two aspects to this stq> 
relevant to the interactions amongst colleagues: one is that the same lesson may 
well need to be adjusted to suit specific classes according to their abilities, the 
other is that classroom interactions are dependent on a teacher’s own style. Hence 
there is more to teachers’ discussions about lessons than matching experience 
with written agenda and specimen interactions. They need to disentangle the 
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invariant features of successful cognitive intervention in a given lesson from its 
sur&ce features tbat are variable for different classes and different teachers. 

Thirdly, teachers, having made the distinction of the agenda, and having 
gained ownership of lessons in terms of adapting them to their own classes and 
s^les, will approach the rest of the maths curriculum with a fresh perspective. 
Strands of fruitful thinking and activity that have been identified, but not followed 
up in TM lessons, are developed later, i.e., the topic approached with an emphasis 
on thinking rather than on procedures and notation, more time given to focused 
classroom talk and piq)ils listening to each other, and to addressing 
misconceptions. 

There is a parallel between the mode of work of a pupil in a TM lesson and a 
teacher’s own professional development Both start firom an activity with much 
structured help and preparation, both then make sense of it through dealing with 
cognitive challenges, and both end reflecting on their methods and concepts, 
attempting to use them in other situations. The end-product is the 
in^lementation of an approach embodying theory-based teaching with the goal 
being that of enhanced learning - piqiils operating at a level consistent with their 
own realisable cognitive potential. 



REFERENCES 

AdQ^, P., and Shayer, M. (1994). Really Raising Standards. London: Routledge. 

Cobb, P. (ed.) (1994) Learning Mathematics: Constructivist and Interactionist 
Theories of Mathematical Development. Dordrecht, The Netherlands: Kluwer 
Academic Publishers. [A collection of papers reprinted from Educational 
Studies in Mathematics, 26 (2 — ^3).] 

De Corte, E. (1993). P^chological aspects of changes in learning supported by 
informatics. In D. Johnson and B. Samw^ (eds.^ Informatics and Changes 
in Learning. Amsterdam: IFIP, Elsevier Science (North-Holland), 37 — 47. 

Demetriou, A., Shayer, M. and Efldides A. (eds.) (1992). Neo-Piagetian theories 
of cognitive development. London: Routledge. 

Feuerstein, R, Rand, Y., Hoffinan, M., and Miller, M. (1980). Instrumental 
Enrichment: an intervention programme for cognitive modifiability. 
Baltimore: University^ Park Press. 

Jensen, J. and Nissen, T. (1987). Learning and leamability: a frame of reference 
for pedagogic argumentation. In D. Johnson and F. Lovis (eds.^ Informatics 
and the Teaching of Mathematics. Amsterdam: IFIP, Elsevier Science (North- 
Holland), 67—73. 

Johnson, D.C. (ed.) (1989). Children's Mathematical Frameworks 8-13: A study 
of Classroom Teaching. Windsor: NFER-NELSON (Re-printed, Nottingham 
University: Shell Centre for Mathematical Education). 




Adhcani, Johnson & Shayer: Cognitive development and classroom interaction 213 



Kilpatrick, J. (1978). Theories of learning and their inq)lications for teaching 
informatics and mathematics. In D. Johnson and D. Tinsley (eds.) 
Mathematics and Informatics in Secondary Schools. Amsterdam: IFlP, North- 
Holland, 93-100. 

Piaget, J. (1962). Comments on Vygotsky *s critical remarks concerning The 
Language and Thought of the Child and Judgement and Reasoning in the 
Child. Boston: MTT Press. 

Shayer, M., Kuchemann, D. and Wylam, H. (1976). The distribution of Piagetian 
stages of thinking in British middle and secondary school children. British 
Journal of Educational Psychology, 46, 164—173. 

Vygotsky, L.S. (1978). Mind and Society. Cambridge, Mass.: Harvard University 
Press. 

Vygotslgr, quoted in J. Wertsch (ed.) (1985). Culture, Communication and 
Cognition: Vygotskian perspectives. Cambridge: Cambridge University Press. 



Mimdher Adhami is a Research Fellow in Mathematics Education at King's 
College London. He works in the CAME project, investigating issues involved in 
the professional development of teachers in relation to pedagogic innovation — 
with special consideration given to the teaching approach of cognitive s timulatio n 
enq)loyed in special lessons for 11-13 year olds. His e^rience includes 
conq)uter modelling, being Head of mathematics and computing in London 
conq)rehensive schools, curriculum development in the Graded Assessment in 
Mathematics (GAIM) project, government school inspections, and serving as an 
examination subject officer at the University of London Examination and 
Assessment Council. 

David Johnson took up the post of Shell Professor of Mathematics Education in 
the University of London in 1978, following 17 years at the University of 
Minnesota (US). His teaching experience and research activity spans all levels 
from primaiy through university and he has been involved in school com put in g 
since 1963; activities which utilised hardware starting with mainframes in the 
early days, through time-share and leading on to today’s micros and powerful new 
technologies, software and supporting equipment He has been a member of 
WG3. 1 (and contributor to the working group publications) since its early days. 

Michael Shayer is Professor of Applied Psychology, School of Education, King’s 
College London. In the 1970s he was responsible for conducting a massive surv^ 
(14,000 children between 10 and 16 years of age) in Britain, using three Piagetian 
tests, which showed that only 30% of the population achieved even early formal 
operations by the age of 16. After replicating the intervention work of Reuven 
Feuerstein, he initiated the context-delivered style of intervention in the CASE 
(Cognitive Acceleration through Science Education) projects in the 80s. He is a 
member of the CAME team working to do the same within mathematics. 




25 Preparing for the computer age at 
an early age 



Harriet Fell 

College of Computer Science, Northeastern University 
Boston, Massachusetts, USA 



Abstract 

In developing a secondaiy-school mathematics curriculum, it is important to 
consider the kinds of e^riences children should have to help underpin the 
development of the more abstract notions they are likely to encounter in later 
years of schooling. Many sophisticated ideas from modem mathematics and 
computer science are accessible to children and adults with veiy little 
mathe matical background. The ideas are made more accessible by e^riential 
projects with links to such topics as finite state automata, firactals, gr^h theory 
and cryptography. Scientists and mathematicians can bring their knowledge to 
the schools though clubs and demonstrations which will eventually infiltrate the 
classroom. 
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BEFORE SECONDARY EDUCATION 

In developing a secondary school mathematics curriculum, it is important for us to 
consider the kinds of e^qxisure children may or should have before they reach high 
school. We must start early ifwe are to en^le students to reach the high of levels 
mathematical sophistication they will need to survive in and contribute to our 
increasingly technological society. I present here a series of projects that invite 
students to stady mathematics with their heads and hands. The goal of these 
projects is to get young students involved in discovering and discussing 
mathematics. The projects allow students to study many examples, formulate 
conjectures, find counter-examples, and sometimes find inq)ossibilities. In some 
cases the projects have direct applications to technology, in others technology 
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helps in presenting or e^loring a mathematical idea, yet others are just to foster 
independent mathematical thought, with or without technology. 

From Math Club to Classroom 

We cannot expect elementary school teachers to keep up, on their own, with the 
rapid scientific advances in today’s world. Parents with training in math and 
science can partake in their own children’s education and contribute to their 
school’s programs by nmning science, math, and computer clubs within their 
children’s schools. The examples, presented in this paper, are from an elementary 
school math club that I ran for two years. Yes, that means the children involved 
were bright kids firom a privileged neighbourhood, kids who alreadty knew that 
thQT liked math. It is my hope that projects, like those I describe here, can be 
integrated into ordinary classrooms. Our projects did not stop at our Monday 
morning math club. Enthused children showed their woik to classroom teachers 
and many of our projects were adopted and adapted for classroom use. Several 
teachers started making appearances at our meetings. 

Math Oub to Home 

Several parents came to help out at our club, some regularly and others 
occasionally. The youngest children (6 years old) were e?q)ected to bring a parent 
along. The students often elaborated on their work at home and brought the 
results in to share. Three years have passed since my youngest child finished 
elementaiy school, the club is still alive, run by parents who helped out when I 
was there. The projects I contributed are about to be reused with a new group of 
students. 



SAMPLE PROJECTS 

Some of these projects started in college computer science classes and were then 
presented to six- to twelve-year-old children at my local elementary school math 
club. Other materials were designed for the math club but could easily serve as 
projects for high school groups. 

Modelling clay mathematics - spatial perception 

It may seem that this project h^ little to do with technology but actually it is a 
result of thoughts on computer-aided machining. Modelling clay is a great 
material for exploring surfaces and solids. We first used clay to stu^ ways of 
describing 3-dimensional objects in 2-dimensions. Though there is wonderful 
software available for visualising three-dimensional objects, I think it is important 
for children to have the experience of visualising and manipulating three- 
dimensional objects in three-space to fully understand the two-dimensional 
projections they see. 
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Students were asked to build 
convex solids given the top, side, and 
front views (see figure 1). Every child 
quiddy made a sphere for the first 
problem and a cube for the second. 

Could th^ find any other solutions? 

... Yes. This means that the three 
projections do not supply enough 
information for a computer to direct a 
machine to construct the object, even 
with the convexity condition. 

Many came up with a short 
cylinder for the third set of 
projections. The fourth problem 
stumped them all but they kept trying 
and were able to see and discuss why 
their models didn’t solve the problem. 

The (only?) solution is a solid that 
commonly appears as a calculus 
volume problem, the intersection of 
two cylinders. I showed them one, 
made of brass, that 1 machined when I 
was in postgraduate school. 

The fifth problem has no solution and even young students could articulate 
why it couldn’t be done. 

In a second exercise, we built elaborate terrains from contour maps. Finally, 
the contour maps were replaced with series of level curves of a surfrce, the result 
being a Klein bottle, imbedded in three-space. 




For each row, make a solid with no holes 
or dents that has the front, side and top 
views shown. 

Figure 1 Front, side and top views 



Point, line, square, cube, tesseract - spatial perception, discrete mathematics 
This is another project that doesn’t directly relate to computers but as the students 
carry out the combinatorial analysis of the objects they build, they are getting a 
taste of enq)irical analysis, deduction, and induction that play a part in discrete 
mathematics. 

Using small Styrofoam balls for the vertices (I realised later that gumdrops are 
cheaper and work better) and wires for edges, students build a line, square, cube, 
and projection of a tesseract. This is really a stucfy in counting, finding patterns, 
and e^ressing the results by formula. As they build each object, the students 
record the number of vertices, edges, frees, volumes it contains. They realise that 
they join two squares to form a cube and two cubes to form a tesseract. They see 
that the number of vertices keeps doubling. Several saw that a cube came from 
two squares plus four new edges, one for each vertex in a square; a tesseract came 
from two ci^ plus eight new edges, one for each vertex in a cube and thus 
predicted the number of vertices and edges in a 5-dimensional hypercube. 




218 Information and communications technologies in school mathematics 



Finite state automata - symbolic manipulation systems 

Automata theory and formal languages provide a way of thinking mathematically 
about computers and are deeply related to specific fields of computer science, e.g. 
lexical an^ysis in compilers. Though these subjects are commonly taught to 
upper level computer science majors, many aspects of them are accessible with no 
special mathematical background (Papadimitriou, 1981). They offer an excellent 
opportunity for mathematical description, discussion, and informal proof 

In our study of finite-state automata, children acted out the machine. Each 
actor played a state. A simple costume showed the state’s name and whether it 
was an accepting state. Each state actor had a script telling them what to do 
(where to pass the tape) for each alphabet symbol (see figure 2). An input string 
was written out on adding machine tape and placed in a paper coffee cup with a 
slit in the lid. The cup was handed to ^e start state who read the first symbol and 
handed the cup to the appropriate state actor who read the next symbol and so on. 
When the tape ran out, the string was deemed good if the last state was accepting 
and bad otherwise. The good strings were taped on one side of the blackboard, 
the bad ones opposite. The audience had standard schematics of the automaton 
and together with the actors tried to describe the pattern of the accepted strings. 
Everybody wanted a chance to be an actor. Eveiyone participated in proposing 
descriptions of the accepted language, and coming up with counter examples of 
proofs that the description was correct. 




Figure 2 A Machine that accepts 200; Alphabet = {50, 100, 250}. The 150 state 
(Tova, on the right) is reading the tape. 

The children are wearing signs that tell their states. In this case, you can see the 
‘5’ and ‘10’ states. The girl on the right is holding a coffee cup with a tape and 
reading her script that tells what to do dq>ending on what she reads. She is either 
the ‘15’ or ‘20’ state and the boy, second from the left, is the other. Off the right 
side of the picture, is another child/state, the accepting state ‘20’. Any amount 
greater that 20 is also accepted. 
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After three weeks of play-acting we switched to: ‘Tiy to design automata to 
do the jobs described below.” 

Ml alphabet = { m, n, o } accepts only the string mom. 

M2 alphabet = {a, b} accq)ts any string that doesn’t end with bb. 

M3 alphabet = {a, b} accepts any string of length greater than 4. 

M4 alphabet = {0, 1} accepts any string that has 000 in it. 

About a quarter of my thirty six- to twelve-year-olds were able to solve these 
problems (e.g., see figure 3) — ^not all of my senior computer science majors are 
able to do this. The other students still loved the exercise. They all made 
reasonable starts at the problems and then found counterexamples of mishandled 
strings for each other’s designs. 




Fractals - geometry, discrete mathematics, direct manipulation 
Fractals, popularised by Benoit Mandelbrot in the mid 70s, now play an important 
role in modelling natural phenomena and in generating realistic computer 
graphics (Mandelbrot, 1977). Today’s school-age children have grown up with 
the finctal terrains of science fiction movies, many are aware of the Mandelbrot 
set. They are anxious to learn more about these marvels. We did several 
exercises involving fractals some with drawing or building, others with counting. 

Building fractal trees 

This is an introduction to how fiuctals can generate plant-like structures. In 
addition to paper and pencils, students were given small coloured stickers, a 
penny, and a clear plastic ‘tree tool’. With a few pictures and a minimum of 
instruction, they set off to create trees. The stickers are for leaves or flowers at the 
ends of the branches. 
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Figure 4 A Tree 




The instructions: Place the tree tool at the tip of a branch so the dark line lines up 
with the branch. Add two new branches drawing along the edges of the tree 
tool (see figures 4 and 5). There are different ways to make a fractal tree. Tiy 
some of these: 

1. Always use the right (90^ angle and the same length for the branches. 

2. Always use the right (90°) angle but make the branches get shorter the farther 
out you go. 

3. Tiy the same things, always using the 30° angle (see figure 6a). 

4. Each time you are about to add two branches, toss a coin. Use 90° if it came 
up heads and 30° for tails (see figure 6b). 

5. Find a way to use coin tosses to decide on the lengths of branches. 

With dice and a vast supply of 1/4” thidc squares of varying sizes, students were 
able to build fractal terrains, not as convincing as those of Lucas Films, but they 
got the point In both these exercises, students experienced the way in which 
randomness can perturb a deterministic algorithm to generate variety in nature. 




Figure 6 Student trees. 
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Students met Sierpinski’s Triangle by drawing many levels on a triangular grid 
and then rediscovered Sierpinsld’s Triangle in Pascal’s Triangle. Th^ also drew 
many levels of snowflake curves. While drawing, they counted edges or triangles 
and deduced formulas to tell how many occurred at each level. This exercise like 
the counting of edges and vertices while building a tesseract is great preparation 
for the combinatorial analysis they will need if they ever have to analyze 
algorithms. It is also a clear introduction to recursion. 



Graph theory— algorithms 

It is ea^ to e?q)lain the problems of finding the shortest or cheapest path, or 
minimal spanning tree in a graph to someone with no mathematical background 
beyond simple arithmetic. It is also very easy for children to understand that these 
are relevant problems to scheduling airlines or even to routing packets on a 
computer networic. Graphs are easy to visualise, draw, and talk ^dx)ut. Children 
can propose algorithms and tiy carrying out each other’s proposals. They don’t 
necessarily come up with perfect algorithms but it is the act of proposing a 
method, and stating it clearly enough so that someone else is able to perform it 
that is important 

A program we have our computer science freshmen write in Algorithms Data 
Structures n draws graphs and animates several standard graph algorithms. 
Printouts of the drawing provide a large source of sample graphs for elementary 
school children to e?^riment with (e.g., see figure 7). They can, eventually, 
watch an animation and try to deduce the algorithm being executed. 




Figure 7 Sample graphs for cheapest path and minimal spanning tree searches. 



Cryptography— statistics 

Se^et codes have always appealed to children, and encryption is crucial to the 
success of c ommunic ation technology. In this project, children create a histogram 
of occurrences of characters in a passage and match their result to a bar chart 
showing the probability of letters in common English. From the match they 
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deduce the Caesar shift necessaiy to decode their personal messages. They gain a 
sense of how a probability distribution and an exact count can be close to each 
other but not exactly the same. This is another project that came fi-om my 
freshman computer science class. The college students had to write programs to 
draw the histogram, the children did it by hand. 




Figures Frequency graphs. 



Encrypted Message: 

ulcly ohkdl zlluz vthuf mpylm splg vunyl nhallc vuvul zwvaa olfins pjrlk 
apyvb noaol ayllz puzdh ytzao l^h dslkv uaoln yhzza olibz olzhu kaolv 
spcla yburz aolfk ypmal kpuzd hytzv clyvb yolhk zhuks huklk vuaol ybnzs 
prli^ Uult ilyzn spaal ypunz aylht zvmao Itmsl dvbav clyao lihfz dpysp 
unvcl yaold halyh ukaol uypno avujb laolw vywvp zlzhw wlhyl k 

Decrypted message: 

never had we seen so many fireflies congregated on one spot they flicked 
throu ghthe trees inswa rmsth eycra wledo ntheg rasst hebus hesan dtheo 
livet runks th^rd rifle dinsw armso verou rhead sandl anded onthe rugsl 
ikegr eenem bersg litte rings tream softh emfle wouto verth d>ays wirli 
ngove rthew atera ndthe nrigh toncu ethep orpoi ses^q) peare d 

Figure 9 Breaking a secret code. 

Game of Life - algorithm, simulation 

The Game of Life is an example of cellular automata that has entertained 
mathematicians and computer scientists since it was invented hy John Horton 
Conway in 1970. The game is a simulation of living cells evolving according to 
simple rules. Simple rules, however, can lead to a veiy complex structure. In 
addition to just following the rules for life and death, students get to design 
creatures that will live, die, move, grow, go through planned changes, or just do 
things they never imagine d 
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Though the rules for going from one generation to the next are simple to 
describe, they are not trivial to follow as you must not confrise the new generation 
with the last. We used Xs on a grid to represent the last generation and bright 
pink squares for the new generation. Then we copied the new generation as Xs 
onto a new grid. We also used a lovely interactive computer program of the game 
designed by Richard Rasala (Internet) for yet another computer science exercise. 



OTHER TOPICS 

There were many other equally sophisticated topics we worked on: plotting 
frmctions of one variable — Clines, parabolas, circles, the Serpentine Curve, and the 
Witch of Agnesi (Hodgman, 1959) — ^affine hmctions of two variables (finding the 
image of the unit square with the letter P written in it); binary numbers; infinite 
series (Cohen, 1991); n (Beckmann, 1971); LOGO; Mdbius Strips; Fibonacci 
Numbers and the Golden Ratio — ^including sunflowers and pineapples 
(Thompson, 1992) — ^Patterns in Numbers (Bums, 1982); and Sound. 



OBSERVATIONS AND CONCLUSION 

Our math club was a success, 20 to 30 children, three to six parents, and two or 
three teachers showed up early Monday morning just to do math. The math club 
projects filtered into the classroom. More girls ^owed up than boys — that may 
not be a measure of success but it does say that there was something in my 
methods that appealed to girls. A twelve-year-old student wrote that Math Club, 

''... has altered first thing Monday, traditionally a dreaded time, into a 
meeting with a cheerful atmosphere and compelling exercises that are 
actually fun to do. It has changed the image of Math in mind from boring, 
photo-copied sheets full of tedious numbers and operation signs into 
exciting projects such as calculating how to efficiently put board-walks 
across a city or how to make an authentic tree out of fractals or to make a 
3-D mountain range that could possibly be a setting for a Science Fiction 
movie. ... It has shown me that there are NO limits to mathematics; they 
can stretch as fiir as the mind will allow.” (Adrienne Newberg, 1993). 

There are many topics in mathematics and computer science that are accessible 
without much background. They inspire mathematical exploration, description, 
discussion, conjecture, and proof. They allow children to get an early start at the 
abstract thought that is necessary for higher mathematics and computer science. 

Clubs run by parent-scientists fit into any level of elementary or secondary 
school. They can bolster the work of teachers and without interfering with 
classroom curriculum can help introduce ideas from the forefront of technology. 
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FUTURE WORK 

The Internet now makes it possible to spread these ideas. We should create 
depositories to make project materials available to parents or teachers. Such a site 
should, however, be backed up by people willing to answer questions. That still 
leaves the issue of such a site not being universally accessible, but though there 
may be a gap now, I believe that gap will continue to narrow and we must plan on 
computer technology becoming at least as accessible as books are now. 
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Abstract 

Analyses of classroom observations of an episode in a special electronic 
mathematics class in the Danish Upper Secondary School (pupils aged 16-19) — 
all pupils have their own PC and two pupils are working with the law of sines — 
indicates how the pupils create personal meaning through their use of the 
Geometer 's Sketchpad Program (GSP). The degree of openness of tlie task and 
the challenging dialogue conducted with the teacher are seen to be decisive within 
the activity, but not without considerable demand on the teacher in terms of the 
teacher’s knowledge and ability in supporting the pupils’ in their acquisition of 
the desired outcomes. 



Keywords 

Classroom practice, learner centred learning, trigonometry. 



Construction of episodes as a method for analysing computer-based 
learning 

The research method 1 have utilised in my investigation of the significance of 
computers for teaching and learning mathematics may be characterised as didactic 
analysis of construed episodes of mathematics teaching (Blomhoj, 1997). My 
observations of mathematics teaching in the electronic classes, in this case pupils 
using the Geometer's Sketchpad Program (GSP), where 1 have had the role of 
'participant observer’, have provided inspiration for constructing a series of 
teaching episodes where the use of computers plays a decisive role in pupil 
activity. 

An episode: the law of sines saturated with personal meaning 

A secondary school class (16-17 year-olds) are working with trigonometry using 
the laws of sines and cosines. Before this episode the piq)ils have worked with the 
definitions and their application for calculating right-angled triangles. The 
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teacher has presented the pupils with the laws of sines in the previous lesson and 
the pupils are asked to work in twos with the following task: 

Make a sketch in GSP with a triangle, ABC. Measure the sides and the 
angles. Calculate the length of a on the basis of b and the angles and B. 
Move point v4 around in a circle with the centre in C and radius b. Prove 
that the sin.4 / sinB relation is constant in all triangles thus produced. 




After approximately five minutes, two pupils have constructed a sketch which 
can be used to draw triangles with two constant sides (see figure 1). The pupils 
have made a formula in their sketch which calculates the desired relation and use 
the mouse to make points revolve quickly aroimd the circle. 

The pupils’ dialogue was as follows (PI is handling the mouse): 

PI : Cool! It looks good and it *s right! The relation is 1.38 the whole way round. 
P2: OK, but we are supposed to prove it. 

PI : Look at this. Even though the triangle is almost completely flat, it *s still 
right. 

(A is placed so that the angle C is almost 180®). 

P2: Try over on the other side. 

PI: What*s sin(18(f)? Isn Y it 0? (PI places^ so that the angle is almost 180®). 
P2: Yes, sin(O) is too. 

P 1 : But angle B is not exactly 0. 

P2: It*s still strange that the relation is constant even though there *s almost no 
triangle. 

The teacher has observed that the pupils have used their sketch to investigate 
sin>4 / sinB for different placing of A and comes over to the pupils to see how 
their work is progressing. Here the notion that the relation is always 1.38, 
regardless of where A is placed, is used for the prompt fi*om the teacher to see if 
they can produce a proof utilising references to earlier teaching and the work that 
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they have done. In addressing this challenge, the first pupil then maiks the line 
segments and the point C and clicks on perpendicular in the construction 
menu. GSP then dmws the line containing the height of c in the triangle. PI then 
revolves the points around the circle while P2 studies the proof on the bladdx)ard 
from the previous lesson: 

PI: If we call the height h 
(meaning the height 
through C, see figure 2) we 
can use what *s on the 
blackboard, (P2 writes 
down the formula from the 
board on paper while PI 
watches.) 

P2: Try calculating a/b on the 
screen, (PI marks the 
sides a and b in the triangle 
and clicks on length in 
the Measure menu, lengths 
of a and b appear, then PI 
makes the formula alb 
using the Calculator menu 
in GSP and the formula 
appears (see figure 2).) 

Figure 2 Shows the sketch the pupils made in connection with their proof. 

P2: Look thaUs right: 1,38, (PI moves points! in the circle.] a and b have the 
same length the whole time; therefore alb is constant and that's the same 
as sin^ / sinB , We \e proved it! 

The pupils then call the teacher and e^lain how their approach uses that 
which appears on the board. The point is made that a^ is constant, hence 
sinv4/sinB must also be constant and the teacher then engages in a dialogue 
which requires further pupil elaboration. 

Analysing the episode 

While the pupils are experimenting with the placement of point A on the GSP 
figure, they notice in particular the ‘flat’ triangles that appear in the two extreme 
situations where angles A and C, respectively, are close to 180°. They wonder 
intuitively at the fiict that the relation sin^ / sini? can be constant under such 
extreme conditions and they may even be close to being able to formulate this 
wonder mathematically: How can a fraction where both numerator and 
denominator come close to 0 be constant? In this way the pupils’ motivation 
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changes in character. Now they actually wonder about it and they are concerned 
about finding a clarification. 

What is characteristic in this episode is that it is the pupil’s work with GSP 
that enables them to take up the teacher’s challenge to make a proof. By working 
with GSP the pupils have created a personal meaning in their activity that is 
sufficiently in line with the intentions of the teacher. This in turn enables the 
teacher to engage in dialogue with the piq)ils, both siq)porting and challenging 
their work. 

It is obvious that the use of GSP also fimctions as a filter when the teacher 
tries to discover what the pupils are doing and the learning of each individual 
pupil. A central question in this connection is the extent to which the pupils learn 
to interpret their GSP sketches as geometrical figures that establish certain 
relations between given geometrical objects and allow other relations to be fi^ 
(Laborde, 1993). However, here it was quite clear that through utilising the 
possibilities for manipulation the pupils became aware of the decisive geometrical 
features of the figures they drew on the screen. It is, however, less clear whether 
the pupils actually experienced the fact that they had proved a consequence of the 
law of sines or if they were aware that the assertion followed as a simple algebraic 
consequence of the law of sines. In subsequent teaching, the teacher would need to 
try to clarify such questions — ^which, naturally, also arise in non-computer based 
teaching. 

It is by now generally accepted in research on the didactics of mathematics 
that the creation of personal meaning in the teaching process is a decisive 
precondition for acquiring higher level mathematical understanding (e.g., see 
Steinbring , 1989). 
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Abstract 

Understanding the different roles of letters as variables, parameters and unknowns 
in algebraic expressions and relations is hard for stu^nts both when building 
formulae and when interpreting them; nevertheless it is crucial, since these two 
activities are the base of algd)raic modelling. The parallel use of several software 
environments and the creation of links between the representations can highlight 
different aspects of these concepts and lead to both a better understanding and an 
increased ability to apply them in different situations. 

Key words 

Algd)ra, problem solving, software. 



Introduction 

Though letters in an algebraic expression always take the place of numbers, the 
context for the expression determines the level of meaning (Bloedy- Vinner, 1994). 
Several words are used to indicate the roles of letters — constant, variable, 
parameter, unknown — each with a precise meaning. Distinguishing these roles is 
usually hard for students, both when building formulae and when interpreting 
them, since it requires not only abstraction capabilities, but also different 
abstractions depending on the role of the letter. These differences are usually not 
sufficiently emphasised in school in the early use of letters, in textbooks and by 
teachers, since more attention is usually paid to manipulation skills than to 
modelling capabilities, and manipulations are independent of the role of the letter. 
Moreover, unwritten rules are often implicitly applied, such as the use x, z and 
other letters at the end of the alphabet for variables and unknowns, and a, h, c, k 
and near-by letters for parameters and constants. Such conventions, which are not 
based on any mathematical reason, can be a source of conftision, since students 
tend to attribute the same role to objects represented by the group (thus confusing 
variables and unknowns or constants and parameters), and if a different letter is 
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used for the ‘unknown' can even fail to recognise an equation th^ have already 
solved 

On the other hand, a correct use of letters is crucial in the algd>raic modelling 
process. Hence we need to face the issue of how letters should be suitably 
introduced. In order to prevent students from building misconceptions, we 
suggest that the use of letters should be associated with their meanings from the 
beginning, that is, th^ should be used to nominalise quantities in problem 
solving, rather than to represent numbers means of different symbols. Our 
research, which has involved the analysis of several experiences on the 
introduction of algd)ia in schools, has shown that the use of a range of software 
enviroiunents can ease the learning of basic algd)raic concepts. In particular, 
among the software usually available in school conq)uter labs, the spreadsheet has 
particular potential for clarifying and demonstrating an initial ^proach to 
understanding the role of letters in relations, and programming can be useful to 
for reinforcing this understanding. The use of graphical software can also 
contribute to ‘building up' an understanding of the different meanings. Each of 
these environments allows a different representation and use of the concepts under 
consideration. However, unless they are correctly and strongly linked, different 
representations are not sufficient in themselves for producing a flexible use of 
learned concepts (see, for example, Dreyfus, 1991). We suggest here that the 
parallel use of several software environments, in working on the same problem, 
with attention given to making links between representations and leading students 
to switch flexibly between them, provides a powerftil means for introducmg the 
different meaning of letters. In the following section we present a simple example 
to illustrate how the parallel use of various, widely available, computer-based 
representations can be implemented for promoting a ‘meanings-based’ 
introduction to the role of letters in algd^ra. 

Parallel use of software environments in algebra — an example 

Let us consider a problem situation concerning the relation between the interest 
rate {R\ the deposit period (N), the capital initially invested (C) and the final 
capital (K). In this context several problems can be posed, where the entities K, R, 
N, and C play different roles. From the wide range of possible problems let us 
consider the following in which C and R play the role of parameters, N the 
independent variable and K the dependent variable: 

A man deposits 1000 dollars n the bank; he gets an interest of 4% a year; 

how much money does he have after any number of years? 

Using a spreadsheet, the teacher can guide her students in building a table 
which contains the number of years in the first column and the corresponding 
capital's value in the second, writing formulas for their computation (see fig. 1). 
By observing the table's regularities, the teacher is able to guide her students in: 

• Abstracting the concept of variable (Dettori, in press) — though the 

spreadsheet does not explicitly use algd)raic variables but only references to 
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cells, two variables (K and N), are conceptually present in the two columns 
and can be deduced observing the identical structure of formulas for each of 
the columns. 

• Understanding the concept of pctrameter, which is like a second-order 
variable, differentiating a problem from the others in a class of problems with 
the same structure, with its value changing from problem to problem, but 
behaving as a constant within a given one. A generalisation of the table can 
be discussed by changing the initial capital or the interest rate. The distinction 
between absolute and relative references underlines the distinction between 
parameters and variables. 

• Understanding the conceptual notions of independent and dependent 
variables — variable corresponding to column A is independent, while that 
corresponding to column B depends in some way on that in A; this 
dependence can be guessed in the table, though it is not e?q)licit in functional 
terms. The concept of frmctional dependence can be deepened by substituting 
the formulas of column B one into the other, or can be faced again later on by 
solving a different problem where the dependence is explicit in the formulas 
used to build the table. 
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INPUT "initial capital"; C 
INPUT "interest rate"; R 
N:=0 
K:=C 

INPUT "one year more?"; answer 
WHILE answer o no DO 
N:=N+1 
K:=K+K*R 
PRINT "After", N, 

" years, your capital is", K 
INPUT "one year more?"; answer 
END 



Figure 1 Figure 2 

In a programming envirorunent, this problem can be solved in several different 
ways. Using the e^rience from constructing and analysing the spreadsheet table, 
the teacher can now guide her students in developing a program such as that 
given in figure 2 (in pseudo-Pascal), reinforcing the abstract concepts previously 
introduced — ^in particular, as concerns the variables, the instructions to update the 
number for the year and the amount of capital represent a generalisation of the 
formulas used in the table. The fact that these e?q)ressions summarise the 
formulas written in the spreadsheet (column by column) highlights the generality 
of the variables involved; and, at the same time, the fact that each expression 
actually corresponds to many formulas aids in demonstrating how variables work. 
In terms of parameters, the use of absolute notation in the spreadsheet 
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differentiates them from variables, but can lead to confusion with constants. 
However, this distinction is instead underlined in the program, since to mak e the 
program general, th^ need to be input 1^ the user. 

Through a reformulation of the assignment as ^Compute how many years it 
takes for the capital to reach a g^en amount*, the same problem situation can 
now used to introduce the concept of unknown. The answer can be constructed 
based on the above table or on the output of the program, simply by looking for a 
value of N such that the given condition on K is satisfied. Here the teacher should 
point out that now the values in the first column must be regarded as trials made 
to find the requested solution. This different way of regarding N highlights the 
difference between unknown and variable. Since table and program are 
equivalent under this respect, it is advisable to use only one of them and to 
conq>lement it with a graphical representation, possibly automatically drawn. The 
link to stress in considering the t^le and graph is that of the possibility of reading 
the graph starting from the x axis (N as variable) or from the y axis (N as 
unknown), which corresponds to reading the table starting from column A or from 
column B. 

Conclusion 

As proposed in the introduction, and illustrated with the example, the parallel 
use of several software environments and the creation of lin^ between the 
representations produced their use, can be used to highlight different aspects of 
attract concepts. This in turn leading to a better understanding of the concepts 
and an increa^ ability to use them in different situations. 
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Abstract 

Given an opportunity to use technology to model difficult mathematical problem 
situations, prospective teachers at the University of Gothenburg reacted by 
welcoming realistic work done in project teams or 1^ complaining about having to 
take responsibility for their own learning. Their criticisms of problems as unclear 
or too open seemed to reflect their discomfort at having to argue for a best 
solution rather than finding a unique one. The changes in instruction resulted in 
a transformation of authority in which results from technology were not 
questioned, suggesting that issues of responsibility and authority need to be made 
explicit in instruction. 



Keywords 
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Introduction 

Questions concerning the roles of teacher and student when using new technology 
in the mathematics classroom are relevant to the education of mathematics 
teachers, since th^ are entitled to the same sort of teaching in university 
mathematics that we expect when ihsy teach schoolchildren. In a technology- 
enhanced course at the University of Gothenburg, prospective teachers were to 
become active learners, taking fiiU responsibility for their own learning. The 40 
students were in their second year of mathematical studies, preparing to become 
teachers of mathematics and natural science for Grades 4 to 9. All had taken 
courses in linear algebra, number theory, real analysis. Euclidean geometry. 
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probability, and statistics. None had apparently had any collaborative e^rience 
in solving ‘hard’ problems or in using mathematical literature to support their 
arguments. 

The mathematical content of the course was designed to give the students 
insight into how they could solve extended mathematical problems using 
mathematical modeling, a good background in mathematics, and technology. The 
software used was mainly The Geometer *s Sketchpad QLey Curriculum Press, 
1995), PC Logo, Excel (Microsoft, 1995), CurveExpert (Hyams, 1996), and 
WinStat (Parris, 1996). Theoretical views of mathematical didactics and of 
mathematical modeling in education were discussed in literature seminars and 
during course work. 

Most of the students had little or no previous experience with the software, so 
they were encouraged to work in pairs or larger groups. Their written 
assignments and final examination, however, were expected to be their own. The 
two instructors’ fears that the students might submit duplicate solutions proved 
unfounded; the majoiily put their own characteristic thinking into their solutions. 

The students worked in a computer lab with all the software described above 
and with access to the Internet Their reports consisted partly of paper documents 
and partly of conq)uter files on a diidL Th^ could communicate with the 
instructors fi-om home by electronic mail and fax. 

Student problem solving 

The Geometer *s Sketchpad, Excel, and graphing calculators were introduced 
through an exan^)le or by solving a specific problem. Only about 15 students 
owned or could borrow a graphing calculator, so the instructors made another 25 
calculators available on loart As the instructors introduced graphing calculators, 
they also discussed data analysis, regression analysis, and curve fitting. Those 
stu^nts who wanted to do curve fitting on a home computer could download 
shareware such as CurveExpert and WinStat firom the departmental server. This 
software was not introduced in class; instead, the responsibility for installation 
and practice was entirely in the students’ hands. 

As well as literature-seminar discussions of the purpose and value of 
computers and graphing calculators in mathematics instruction, the students had 
homework assignments and a take-home final examination. The assignments 
served partly as instructional material (see Assignment 1) and partly as 
preparation for the final examination (see Problem 2). These illustrate the types 
of tasks used in the course. 



Assignment 1 

Let i?(l) = 1 and k ^ 1, keN. 



Let i?(k + l) = l+ 



R(k) 



and investigate what happens to R(k = 1) when k->co. 



Provide relevant argumentation to support your findings 
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Problem 2 

A scientist is interested in analyzing the cooling 
qualities in a new material she is developing and 
needs a mathematical model to describe this 
phenomenon. Therefore she boils water in a bowl 
made of the material and allows the water to cool 
while she continuously measures the temperature of 
the water. Her results are shown in the table. The 
temperature in the room was a constant 68 °F. 

(a) Use spreadsheet software to illustrate these 
data points in a suitable diagram. Translate the 
temperature values to degrees Celsius. 

(b) Analyse the appearance of the diagram in (a) 
and tiy to find a mathematical model, e.g., a 
hinction, that describes the cooling of the material 
both during the measured time and afterward. 

(c) Use the standard deviation to measure the error 
between your model fimction and the data points 
Write a report and describe for the scientist what 
kind of model she should use. E?q)lain why your 
model is 'the best’. 

The examination 

The final examination, distributed on a Monday and due the following Friday, 
consisted of three problems. The students were assessed on their performance in 
the literature seminars (their oral and written performance), on the homework 
assignments, and on the final exam. The grade scale was Excellent, Pass, or Fail. 

The students’ reactions during the course and on the course evaluation form 
varied considerably. Some students were very positive about studying and 
working in project teams: ''The first course in mathematics I have taken that 
resembled how you work outside school ... Others resisted working together, 
learning fi-om each other, and being responsible for their own learning: "It is not 
fair that I should he forced to discuss with my classmates and ask them for advice 
...”. Many students were ine^rienced in communicating mathematics: "I don*t 
want to be assessed on my writing skills in mathematics, only on how I do the 
mathematics. . Most had apparently never been assessed in terms of how they 
argued for ‘the best solution’ (or something close) to a mathematical problem. 
The problems of being responsible for one’s own learning have been discussed by, 
for example, Ekholm (1997) and Povey (1995). 

The students criticized some tasks as ‘unclear’. The unspoken assumption 
seemed to be that problems should lead to a definite ‘number’. The strongest 
critiques involved Problem 2 on the final exam, which was criticized for being too 
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'open’, allowing too many strategies, and so on. Only one of the 40 students 
recalled Newton’s law of cooling, although it is commonly used in the Swedish 
gymnasium to illustrate a decreasing e>qx)nential hmction. 

A major result of the changed instruction was the transformation of authority 
that took place after the first few weeks. The students became rather uncritical of 
the results they got from the computer or graphing calculator. In Problem 2, for 
example, some attempted to find the best value of r (the correlation coefficient) 
instead of discussing what kind of relation there might be. They simply allowed 
CurveExpert to generate suitable curve-fitting models, picked the one with the 
highest value of r, and gave it as the answer. When spea^g of data points, other 
students confused the limits of Excel and the mathematical concept of limit: 
we only had a version of Excel with more data points, then we would have been 
able to give a more accurate answer** (see Assigiunent 1). Moreover, many 
students seemed to have replaced the deductive reasoning used in Euclidean 
geometry by animation and testing hypotheses in geometric construction tasks 
with The Geometer *s Sketchpad. 

When one changes teaching and assessment in this way, one is likely to get 
strong reactions to both. The changes may provoke a discussion of different 
learning and teaching perspectives, a discussion that should take place in all 
university courses in mathematics taken by prospective teachers (Romberg, 1993). 
The awareness of one’s own perspective on mathematics, teaching, and learning 
may therdty become clearer or at least more visible for both students and teachers. 
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Abstract 

Information technology has opened up many new issues that must be confronted 
by societies, communities, schools, teachers and students. An international survey 
in 1992 of students in 12 countries found evidence of widespread student 
disregard of ethical standards related to two of these human-technology issues. 
Specifically, a large share of the students in many countries supported 
unauthorised software copying and computer-aided privacy violation. Various 
strategies are needed for addressing such human and social issues in the 
classroom. 
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INTRODUCTION 

The question addressed is what are the human and social issues raised by the 
introduction of computer technology in schools, with special attention given to the 
case of mathematics, and what relevant actions might be taken by educators to 
deal with the challenge. Before considering the educational relevance of human 
issues of information technology, it may be helpful to review what are generally 
considered to be the issues. Below are a list of themes and illustrative questions 
representing the key issues that have been discussed in the literature over the past 
three decades. This list of themes relies extensively upon a discussion 1^ Rob 
Kling (1966). The list begins with broader societal or institutional issues and 
narrows down to those more of concern to individual lifestyles. 
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The issues 

Democratisation: Does infonnation technology (TT) result in threats to democracy 
because of large information systems that lend themselves to centralised control? 
To what extent does IT provide new opportunities to access government 
information and otherwise strengthen democratic processes? 

Productivity and the economy: Does IT really contribute to the economy across 
the board? Does the productivity gain of new information technologies justify 
their cost? 

Employment: How does conq)uterisation impact different occupations? Is it 
creating an economy with fewer jobs overall? 

Quality of the worlq>lace: Does computerisation tend to degrade or upgrade or 
enhance the worlq)lace? Can FT inq)rove the flexibilify of work schedules and 
locations? 

Societal class divisions: Does IT increase wealth differentiation and does it more 
sharply divide the haves and have nots? Does it foster an underclass and/or a tier 
of low level jobs from which it is difficult to move? Does a lack of either 
technological literacy or information literacy magnify social divisions? 

Quality of information: To what extent does the availability of technical 
publications via the Web contribute to or detract from high-quality scholarship 
and the advancement of knowledge? How should students be taught to evaluate 
information in such environments? 

Human risk: How safe are information systems, particularly those which control 
risk, e.g., air traffic control and radiation treatment syslsimsi Should designers of 
such systems be licensed? How can human safety be preserved when large 
software systems cannot be proven to be free of bugs? How much do conq>uterised 
weapons increase the risk of nuclear war and other major disasters? Does the 
public underestimate the safety of electronic wartiue? 

Health: What is the magnitude of health risk posed 1^ particular computerised 
systems to different social groups? To what extent are end-users threatened 
low-level radiation, noise, repetitive strain injuries, and eyestrain? What aspects 
of equipment or workplaces need to be regulated? 

Technological literacy: What kinds of knowledge and skills are needed by all 
students in societies with large-scale conqniterised information systems? How can 
educational systems keep iq) with the delivery of these skills when the technology 
changes so rapidly? 

Education: Can and does FT significantly inq>rove instructional opportunities 1^ 
either ^cilitating the construction of interesting, structured tutorials; or opening 
up more and better unstructured learning activities like simulations and Internet- 
based searches and retrievals? Are tiiere other benefits or drawbacks fi-om 
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bringing computers into the schools? Overall, to what extent does ‘edutainment’ 
facilitate or detract from learning? 

Equity in education: In many countries a major share of education in using FT 
occurs in the home. Can disparity in informatics skills across socio-economic 
groups be contained? Are inequities for disadvantaged racial or ethic groiq)s such 
as immigrants resolvable? Why do women tend to leave school technology tracks 
(advanced degree programs in informatics) the fiuther they get into them? Even 
though there have been msasy gender equity programs in schools, why do women 
predominate in data entry jobs or profession roles like librarians, whereas men 
prevail in jobs that specify requirements or otherwise control information 
^sterns? In educational ^ems where informatics is optional, students enter 
mathematics courses with very unequal knowledge and skill in computing. To 
what extent does the lack of IT e?q)erience create unfair disadvantage in learning, 
particularly when conqniter-based exercises are assigned? What base of FT 
knowledge and skill should students be e>q)ected to have for different levels of 
mathematics instruction? 

Freedom: To what extent should individuals have ffeedom of e:?q)ression on-line? 
When is it necessary to censor materials transmitted by individuals over local or 
global networks? To what extent should owners of conq>uter systems have legal 
protection from curious programmers that enjoy entering new systems and 
Toddng around’ with or without damage to software and with or without theft of 
information? Should certain groiq>s like terrorists and convicted criminals be 
aUowed to communicate electronically without police monitoring? 

Intellectual property: To what extent should property laws be extended to 
intellectual products in electronic form? To what extent should students be 
encouraged to place information products like software in the public domain or as 
shareware rather than release them as copyrighted or patented products at a fee? 
How serious is it to overiook different types of violations of software ccq^ghts, 
ranging from making a copy for a Mend to pirating software? 

Privacy: To what extent should a citizen’s (or an enq)loyee’s) e-mail and 
personal files be protected from access or monitoring by others? Are there good 
technological solutions like encryption that help to protect the privacy of personal 
information? Slnmld electronic monitoring of convicted offenders, e.g., lx>me 
detention, be encouraged? 

Of course, these are not all of the relevant human or social issues produced 
information technologies. However, these themes and their exemplary questions 
rq>resent a set of major issues that ^)pear to be enduring and important questions 
to address. Next some data are presented fix)m a large international stucfy that 
illuminate how students in many countries are thinking about the last two issues 
above, intellectual property and privacy. 
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STUDENT ATTITUDES ON PRIVACY AND PROPERTY 

In 1992 the International Association for the Evaluation of Educational 
Achievement (lEA) Computers in Education Stucfy surveyed schools in twelve 
countries, but only ten included questions on ethics: Austria, Bulgaria, Germany, 
Greece, India, Japan, Latvia, Nedierlands, Slovenia, and the United States. Each 
countiy surveyed a scientifically selected, representative sample of schools and 
students within schools. Within each school, survQrs were completed a 
principal, computer co-ordinator, and a randomly selected classroom of students 
along with its teacher. All surv^ questionnaires were translated into the national 
language of each countiy, then another translator back-translated the survey 
questions into the English language so that the consistency of the translation 
could be double checked. Over 69,000 students in grades 5, 8, and 11 (ages 10, 
13 and 16) in 2,500 schools were tested during 1992 (Pelgrum, Reinen and 
Plomp, 1993). Students were given two ethical scenarios and were asked to agree 
or disagree with an aspect of the scenario. The first scenario deals with the 
intellectual property issue of illegal software copying. 

Scenario 1: John buys a new computer game that runs on his fiimily’s computer 
as well as those at his school. Even though the dinette was "copy protected’ and 
the label warned not to try to copy it, he discovered that he could copy it using a 
special copy program. John liked the game program and made copies for each of 
three of his friends. One of John’s teachers overheard them talking about these 
copies and told them it was wrong to make such unauthorised copies. John 
replied that ""We alw^ make copies. If my fiiends buy a game, they give me a 
copy, and I’m expected to do the same for them. Besides, no one has ever 
checked up on us.” The student was asked ""Do you agree or disagree with JohnT’ 

The second scenario addresses issues of privacy and confidentiality. 

Scenario 2: Nancy notices that her history instructor also buys books fi^om the 
same store. Upon Nancy’s request, the store cleik gives Nancy a computer listing 
of all the books her teacher had bought When the history instructor finds out, she 
gets very angry and storms to the bookstore saying, ""You should not give the 
names of the books I buy to aiQlxxly. Nobo^ has the right to know what books 1 
am reading.” The student was asked ""Do you agree or disagree with Nancy’s 
teacher?” 

In each case the students were given the response categories: ‘strongly disagree,’ 
"slightly disagree,’ "slightly agree,’ and "strongly agree.’ It is possible to infer 
fi-om the student responses to these scenarios the degree to which they tolerate 
illegal software copying and the extent to which they siq>port a claim to personal 
dataprivacy. It is important to keep in mind that most c^es of ethical computing 
define the behaviour in each of these scenarios as unethical. 
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Within countiy by grade subgroups, between 15% and 67% of the students 
expressed tolerance of unauthorised software copying and 22% to 64% caressed 
tolerance of computer-aided privacy violation. On the average across all countries 
about 35% of the students tolerated the privacy invasion and about 50% of the 
students tolerated the illegal copying of software. The mere magnitude, as well as 
the range, of tolerance for these behaviours is of concern. 

• Only three of the nations involved in the lEA study (Austria, Japan, and the 
USA) surveyed students at both the 8th and the 11th grade levels. In all three 
countries the 11th grade students gave more tolerant responses to software copy 
violation than the 8th grade students. But the 11th grade students were less 
tolerant of privacy violation than the 8th grade students. 

• Variations across countries were not as large as might be expected. One 
exception was India where a large majority of students e^q>ressed tolerance of 
privacy violations. Another comparative finding tends to contradict national 
stereotypes. Specifically, students in Japan tended to be less likely, not more 
likely, than in the USA and Western Europe to tolerate illegal software copying. 
In 1992 Japan had not yet introduced their new informatics curriculum, so the 
exposure of students to IT was behind that of the USA and Western European 
countries. Perhaps this yielded less pressure upon Japanese students to violate 
software copying norms. 

• Students in the United States were analysed separately to determine whether or 
not greater knowledge of, and e^rience with, computers resulted in more 
ethically oriented opinions. It was found that the more American students took 
computer-related coursework, the more likely th^r were to tolerate con^uter-aided 
privacy violation. This occurred despite the fact the higher the students’ computer 
literacy, the less tolerant th^ were of such violation. So, it appears that the 
negative effect may be due not to students’ knowledge and skill, but to classroom 
learning. 

• This pattern did not appear with tolerance of software violations, however. In 
all cases the acceptance of illegal software copying was greater in the 11th grade 
compared to the 8th grade. Two contradictory forces appear to be operating. One 
is the traditional curriculum in which the typical introductory informatics course 
gives students greater awareness of the ethical implications of software copying. 
The other major socialisation force might be called the ‘hidden curriculum’ where 
students increasingly feel pressure fi’om peers to engage in illegal software 
copying, coupled wi^ a greater appreciation of the personal benefits of doing so. 

• The IE A data show that a large share of contemporary youth tend to support 
unethical conduct involving computer technology, that involves violation of 
personal privacy and software copyright Privaqr and intellectual property are two 
of the most important ethical and social issues &cing science and technology 
today. These two issues are significant not only because they are controversial 
and have economic impact, but because a gap exists between ethically-relevant 
social norms and common practice. 
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• The Guidelines of the ACM Code of Ethics specifies an obligation to protect 
personal data about individuals ^om unauthorised access or accidental disclosure 
to in^propriate individuals” (Anderson, 1992; Anderson, Johnson, Gotteibam, 
and Perrolle, 1993; Anderson, 1994). The ACM Code also states that 
organisational leaders have obligations to verify that systems are designed and 
implemented to protect personal privacy. In this scenario the bookstore should 
have had policies and procedures that protected the identify of its customers. 
Accordingly, neither the store cleik nor Nancy should have accessed the personal 
data on the teacher. Nonetheless, unauthorised access and use of private data 
occurs in the United States with some degree of fi:equency. However, in a number 
of other countries such access is legal and not be considered unethical by their 
citizens. 

• National and local laws, as well as the cultural norms, with respect to 
information vary greatly across national systems. This is particularly true for 
privacy and intellectual property. While cultural differences abound, the global 
information economy increasingjiy depends upon respect for intellectual property 
and common norms for information privacy across all nations participating. In 
most industrialised countries there are laws prohibiting violations of sofiware 
licenses and copyright ownership. All major associations of IT professionals 
define these violations as unethical (Anderson 1992, 1994). In this context, the 
IE A attitude data provide the basis for serious concern about what, how, and 
where our students are learning their conceptions of appropriate decision making 
about social issues pertaining to IT. 



INSTRUCTIONAL STRATEGIES 

How should the mathematics teacher address these many, complex issues? 
Consider some alternative strategies for addressing these issues in the classroom. 

Talcing responsibility: It may seem irrelevant to the mathematics teacher to 
address so^ issues, but if they are not addressed in the classroom, how will 
students learn about them? If the school does not have an informatics teacher that 
addresses these issues, then the technology-using mathematics teacher has a 
special obligation to help students understand the issues and how th^ are relevant 
to using n at school and home. Not all the issues have to be discussed with 
students, but it is inqierative that at least some issues such as privacy and 
intellectual properfy are addressed. Otherwise, not only are the students not 
prepared for the technology world outside of school, but th^ might also put their 
own school computers or networks at great risk by damaging files, finudulent 
manipulation of school records, and so forth. 
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Rules and norms: Students have been known to conduct a widening variety of 
costly damage to information systems including 

• cracking (breaking) into systems without authorisation; 

• copying commercial, copyrighted software; 

• crashing (shutting down) computer systems without authorisation; 

• tampering with data, e.g., grades; 

• using another’s algorithm without acknowledgement of source (or modifying 
without ‘informing’). 

While some educators have lauded such actions because they result in useful 
information regarding system vulnerability, damages from these actions have 
resulted in huge financial loss. Such actions clearly violate principles within most 
professional standards of Mr or ethical IT-related conduct. Students need to 
know the ethical and legal implications of such actions. It is most appropriate, 
and potentially effective, for a school system to abstract it’s own rules and 
standards regarding actions with technology. These policies should be clearly 
posted and can serve as a basis for classroom discussions about appropriate and 
inappropriate behaviour. In the case of mathematics and computer science this 
becomes particularly important in terms of students’ experience and expertise 
relative to the bullet points above. 

Preparing teachers: When an instructor chooses to have students work with 
computer technology, they have an obligation to ensure that their students are 
informed about the legal and ethical boundaries around acceptance of technology- 
related actions. This means the teachers have to first be educated in these issues 
and appropriate actions. Suppose a teacher becomes aware of students 
participating in potentially illegd or unethical conduct, what should the teacher’s 
response be and how should the school train the teacher to deal with these 
situations? This is not an easy situation to deal with and one that is too often 
neglected. 

Curriculum: One strategy is to have a course or course unit within the informatics 
curriculum addressing social and ethical issues. But some argue that it is more 
effective to infuse content on these issues into any or all courses using information 
technology. While the debate continues, the ImpactCS project has developed 
finmeworks for teaching social and ethical issues within either curricular 
approach. Information about the reports and products of this project can be 
obtained from the Internet^ . 

Artz (1996) recently proposed another useful paradigm for analysing and teaching 
human and social issues. He describes how an instructor can use a ‘Quality of 
Life’ principle to help students learn how to make ethical IT decisions. Thanks to 
computer ‘viruses,’ network crashes, and other emerging costly technological 
risks, awareness of the need for personal (and ethical) responsibility in the context 
of information technology has grown rapidly. Never-the-less, normative 
standards and ethical codes of conduct on such issues as intellectual property and 
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personal privacy continue to be ignored and violations are rampant across the 
globe. 

SUMMARY 

Information technology has opened up many issues that must be confronted 
societies, communities, schools, teachers and students. The lEA Computers in 
Education surv^ found evidence of widespread student disregard of two of these 
general human or social (and ethical) issues. Specifically, a large share of the 
students in many countries accepted unauthorised software copying and computer- 
aided privacy violation. 

Effort should continue to be invested to inq>rove understanding of the issues, 
where students and teachers stand on them, and how th^ might most effectively 
be addressed in the curriculum and in the classroom, with particular attention 
given to school mathematics and computer science courses. Existing approaches 
and materials for teaching about these issues should be collected, reviewed and 
evaluated. The challenge will be to develop agendas for research, curriculum 
development, as well as teaching. 
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Abstract 

‘Edutainment’ software may or may not be appropriate for secondaiy school 
mathematics classrooms. Educators should check the epistemological 
assumptions on which the software is based, as well as the mathematical topics, 
the pedagogical style and the cultural biases of the software for a goodness of fit 
with their own goals and objectives. Each of these issues also has implications for 
equity. Should all students work with the same software products or should 
different political, social and economic goals be realized for different students? 
Educators from the industrialized nations as well as those from developing 
countries will find competing views on these issues create challenges in setting 
policies for mathematics instruction. 

Keywords 

Basic skills, culture, curriculum policies, developing countries, edutainment, 
equity, implications. 



INTRODUCTION 

Computers are standard equipment in schools worldwide so the sales potential for 
educational software has attracted the attention of a wide range of publishers, 
some of whom have only recently entered the educational markeq)lace. The 
software products these newcomers create more closely resemble Hollywood 
movies than ‘traditional’ school media. The products, whose lush gr2q)hics and 
sound often overwhelm the educational content, have provoked concern about the 
future course of secondary school mathematics. 
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‘Edutainment’ — ^the junction of education and entertainment — is not a new 
concept. Aesop’s febles, Shakespeare’s plays and the Grimms’ brothers faiiy tales 
are both entertaining and educational. Before we dismiss edutainment we should 
remember that Clark (1977) said, 

“On thinking it over I do see that it is a mistake to draw too sharp a line 
between entertainment and education. I fancy that education has two 
complementary aspects.” (pps 244 — ^245) 

One aspect, according to Clark, is learning what we don’t want to do. Clark says 
this is crucial to maintaining mental activity throughout one’s life; the argument 
usually presented to spm the learning of Latin or geometry. The second aspect, 
says Clark “is what you learn through delights.” We remember also that ‘school’ 
and ‘play’ both derive from the Latin word ‘ludens.’ 

If edutainment software can be worthwhile or not, we should examine several 
issues related to the design and use of secondary school mathematics software. 
We should judge software’s applicability to our educational goals on more than 
the fact that the software has an edutairunent look and feel. Here are several key 
issues to be considered in choosing and using software: 

• conflict about which epistemology serves as the underlying philosophy for 
software developers; 

• conflict about what mathematics should be taught in secondary schools; 

• conflict about how mathematics should be taught; and 

• challenges about the look and feel of the software chosen. 

For each issue there are groups of psychologists (the clash of the titans), 
mathematicians (the armies of the night), curriculum specialists and teachers (the 
voices crying in the wilderness), and software developers (the cultural 
ambassadors) who have directly or indirectly affected what secondary 
mathematics students do with computers. 

Each issue creates problems of equity. For example, is it equitable that some 
students use only drill and practice software while other students QxploTC lines and 
planes with geometry software? The implications of decision making about 
software choices are many and complex. 



MAJOR ISSUES 
The clash of the titans 

Discussions of epistemological issues - how learning is acquired and develops - 
are seldom discussed when IT-based policy making occurs. The educational 
implications of theories of Locke and Skirmer versus Piaget and Bruner are rarely 
discussed at IT conferences. Either the differences aren’t thought important or, 
since many countries have long espoused a single point of view about learning. 
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the issue is regarded as moot. But in some countries competing viewpoints have 
sparked ddbaXQ about how IT-based instruction should be designed and delivered. 

Teachers have watched the pendulum of opinion swing from behaviorist 
viewpoint to constructivist viewpoint and back again. Nicholson (1995) and 
Marshall (1995) have chronicled the debates about behaviorism versus 
constructivism that animate discussions about IT use in Australia, the United 
Kingdom and the United States. Developing countries may find themselves 
&cing similar debates and find that ignoring the fundamental assumptions on 
which the software is based may lead to disagreements between teachers - who 
must use the software - and decision makers - who make policy that affects the 
purchase of software. That lack of goodness of fit will compromise efforts to 
maximize IT’s impact as Marshall has pointed out (1993). 

The armies of the night 

In the United States teachers say that mathematics is whatever is published by the 
leading textbook publishers. Computation tends to be the daily frre of the 
majority of American school children, regardless of grade/age level, and only a 
small percentage of students take courses in geometiy, algebra, or calculus. For 
more than a centuiy the persistence of computation has not abated, even today 
with the wealth of software products designed to foster geometrical thinking, 
plausible inference or spatial intelligence. 

Hughes (1986), Freudenthal (1973), and many others, have discussed the 
multiple and con^)eting visions of what mathematics should be taught at what 
stages in students’ mathematical progress. But the mathematicians working alone 
or in concert on school mathematics curriculum guidelines might as well be an 
army of the night - invisible to all but the most dedicated seekers. In fact, the 
views of most mathematicians and mathematics educators are so cloaked in 
darkness that the avemge secondary school mathematics teacher in the USA is 
unaware of the different and competing visions of what topics secondary school 
mathematics should encompass. 

It would be interesting to list the topics mathematicians view as essential to the 
modem day mathematics curriculum and compare those lists with the topics 
covered in the current crop of ‘edutainment’ software. We might find that less 
than ten percent of the recommended topics are covered. This means that schools 
adopting and using only ‘edutainment’ products for IT-based secondary 
ma^ematics instmction will frll far short of the e^qperiences recommended by the 
mathematics community. 

The voices crying in the wilderness 

Proponents of reform in teaching mathematics, for example diSessa (1988), 
envision classrooms where students are actively engaged in solving novel and 
conq)lex problems on their own or in collaboration with other students. But many 
technology-equipped classroom are still based on historical traditions governing 
their countries’ classroom practice for decades or centuries. Recitation, rote and 
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repetitive exercises in a competitive environment that characterized book and 
pencil settings are replicated in FT settings. 

This acceptance of the status quo plus technology has served as a model not 
only for schools in the industrialized nations but also for schools in developing 
countries whose decision makers are often persuaded the fashions promoted by 
aid agencies sponsoring specific educational products and practices ftishionable in 
one or another part of the industrialized world (Papadopoulos, 1994). 

Current strategies for teaching with software ought to be analyzed with an 
toward the ways the desirable titles can best be presented to students in order to 
maximize the software’s impact and stories of how the changes in teaching 
strategies required to achieve that maximization ought to be a regular feature of 
professional publications. 

The cultural ambassadors 

American software designers are sublimely careless ^ut the design of their 
software. Their attitude assumes that if they manu&cture it, educators will buy it 
- regardless of intrinsic worth. This cavalier attitude results in depictions of 
human beings that ftiil to reflect the ethnic diversity in the United States, let alone 
worldwide diversity. Even when animals are used as characters the animals either 
tend to be those found in America or are Disn^esque depictions of animals found 
on other continents. Settings and situations reflect an Amerocentric bias, 'stores’ 
and 'neighborhoods’ look like a television version of America instead of 
resembling actual American settings or scenes familiar in other countries. 

The assumption of USA-based 'edutainment’ developers that the pace, 
content, feedback style and curricular content of current software meets the needs 
of a worldwide audience is based on a singular (and most often behaviorist) view 
of education. A major question is whether the mathematics education community 
worldwide could or would provide alternative visions of software design. A 
related question is whether, given the enormous profitability of current software, 
software publishers would pay any attention to the mathematics community or 
view the worldwide market as a captive audience. Certainly a first step might be a 
serious analysis of current software with a rubric which is oriented toward 
intellectual and cultural norms instead of technological norms. Squires’ (1996) 
discussion of 'false complexity’ in current software design is a good jumping off 
place for this endeavour. 

EQUAL TIME OR UNEQUAL OPPORTUNITIES? 

If the issues were not sufficiently conq)licated, each choice - which view of 
learning and development, what to teach and how to teach it, how the software 
should look and feel - has equity implications. Sutton’s review (1991) of the 
research on equity says that equity is a qualitative judgment about the justice of 
decisions. CoUis (1993) presented equity issues as a set of decisions about 
students’ access to hardware regardless of gender, class or race. Of equal or 
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greater importance is the quality and equality of students’ experiences with 
technology. 

Epistemology and equity 

A choice of epistemology affects which students are served by what software. We 
know that students attending schools in America’s inner cities usually receive 
only drill and practice software while students in the suburbs experience a wider 
range of software options. Inner city decision makers believe their students have 
been deprived; not only financially but also intellectually, a view that was widely 
contested in the 70’s by, for example, Gin^urg (1972). 

Current policy in the United Kingdom suggests that years of investigative 
learning, prompted by constructivist theory, has led to shortcomings in students’ 
mathematical performance. A concentration on number and only number has 
been mandated - a decision that is unpopular with many teachers and curriculum 
specialists but promises to reorient how students in many schools use technology. 
So an adherence to one or another learning theory leads to wide ranging conflicts 
about software choices. 

A full scale analysis of the implications of software choices - driU vs. problem 
solving, for example - must be available for decision makers. 

Mathematical topics and equity 

The choice of what mathematical topics will be presented by software has 
profound implications for students’ futures. If computation is the fimnel through 
which students must flow before th^ can learn any other mathematics topics then 
problems of equity for race, class and gender will persist Research indicates that 
girls and young women need experiences with spatial relations in order to work 
well with higher level mathematical topics. Urban children from industrialised 
countries as well as children fi*om developing countries need to be working with 
the same topics as children who are using technology for problem solving, 
database exploration and geometrical understanding. A reliance on much of the 
current ‘edutaimnent’ software will not provide the necessary range of 
mathematical opportunities for groups of students whose subsequent life 
experiences may suffer in consequence. 

An analysis of the goodness of fit between what software accomplishes and the 
perceived skills and needs of student for the 21st Century is needed as a platming 
tool for schools as they adopt new sofiware. 

Mathematics teaching and equity 

Govermnent plarmers, industry leaders and social conunentators tell us that 
today’s students need to develop a wide range of skills and need to learn to 
employ those skills in a broad range of settings. Collaboration as well as 
competition must be nurtured. Students at all economic levels and in all age 
groups must learn how to solve problems and must learn the variety of skills that 
will be required to cope in an increasingly technology-centred global maricet 
place. This means that the way mathematics is taught must be changed to equip 
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all students to function productively in the post-school years. To the extent that 
mathematics classrooms fail to equip students for the new workplace, they fail to 
provide equitable e)q)eriences for their students. 

An analysis of what constitutes 'good’ mathematics teaching for a wide range 
of students and an analysis of how all kinds of students learn from various 
mathematics software products is needed to guide decision makers. 

Software design and equity 

All children have a right to see their own cultures and experiences depicted in the 
educational materials they work with. Equity means that students in Africa have 
just as likely a chance of seeing mathematics problems posed in contexts that 
reflect their day-to-day e^q>eriences as American students do. Equity means that 
girls and young women have software designed in such a way as to structure 
learning experiences in ways that have been shown to enhance their grasp of the 
underlying mathematics. Equity means that colours, sounds and icons have been 
used in ways that respect the traditions and shibboleths of all students. Current 
'edutainment’ software doesn’t acknowledge the diverse musical, visual and 
pedagogical heritages of students. 

An analysis of the impact of software design and the 'look and feel’ of each 
screen is essential and analyses of possible cultural biases displayed in software 
design are needed to provoke in software producers a higher level of awareness of 
the multiple audiences world-wide. 

POLICIES AND PROBLEMS 

Decisions about mathematics software affect political, economic, social and 
cultural policies within and across countries. The results of change are complex, 
cause conflict for any country and often have unpredictable consequences 
(Marshall, 1993). Changes prompted by the introduction and use of software are 
no different from other types of educational innovations. 

Similarly, questions about who will or should produce software for what 
platforms under what types of working conditions - within a country, across 
region - abound. How should the development be funded: out of government 
fimds or by private entrepreneurs? What models of teaching and learning will be 
used and how consonant are those models with good practice? 

We must also take into account the extent to which the introduction of 
technology into a village disrupts the traditional patterns. We know, for example, 
that technology use - especMy telecommunications - decreases &ce to £^ce 
interactions within a community but increases far-flung interactions. Will the use 
of current 'edutainment’ software conflict with artistic, moral, social and 
educational values? WiU the use of such software fragment communities which 
have been till now harmonious, co-operative groups? If fragmentation occurs, 
what results? What of the images presented? Although many of us who 
developed software back in the early days of software production strove not to use 
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‘culture specific’ graphics with the ‘Disneyfication’ of software we find a 
proliferation of western-style characters enacting western-style scenarios. How 
does that affect the internal models of self which are works in progress for young 
learners in developing countries? 

To further complicate the problem, how does technology use fit in the multi- 
age classrooms or in the oral tradition societies of many developing countries? 
Will project-centred work calling for co-operation among students be written into 
the curriculum or will individual competition, especially aided by computer-based 
drill and practice, be the focal point? 

Will mathematics curricula be directed at instrumentalistA^ocational oriented 
goals? Will students be taught databases and spreadsheets because that’s where 
the jobs will be? Or will some, and only, some be ‘streamed’ to learn 
programming so as to be a talent pool to attract out-sourcing by the major 
software developers? Will some or all countries seek to develop talent pools of 
students skilled in problem solving to challenge the economic supremacy of 
today’s hardware and software giants? How do those goals affect both the city 
student and the village child? Who gets educationally disenfranchised in those 
decisions? 

CONCLUSION 

If we define equity in broader terms than access to computers, and ask how 
decisions on software use affect students, we will see that the problem is far more 
than that which can be addressed by a simple quantitative measure of how much 
hardware or software is installed in a school or country. Instead, the question is 
how sofiware will be chosen and used to meet the multiple and competing visions 
of decision makers and the multiple and competing needs of students? Will 
current or future ‘edutainment’ products drive the plans for IT-based use or will 
the visions of mathematicians drive the design and delivery of IT-based secondary 
school mathematics instructions? The next round won’t necessarily favour the 
mathematicians and mathematics educators of whatever epistemological or 
pedagogical persuasion. The marketplace is likely to drive the schools regardless 
of the schools’ plans or pedagogy. But the voices of mathematicians, mathematics 
educators and learning theorists deserve a place at the table when software is 
designed as well as when decisions about choosing and using sofiware are made. 
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Abstract 

This paper illustrates how the widely-available computer spreadsheet can become 
an effective tool for the teaching of mathematics in a developing nation. Based on 
the author’s experience in Papua New Guinea, the discussion illustrates such 
aspects as the use of spreadsheets to develop of problem solving skills, employing 
societal issues in the presentation of mathematics, the study of mathematical 
topics from other disciplines, using spreadsheets for mathematical visualisation, 
implementing cultural illustrations from developing nations, discovering 
statistical applications, and creating professional opportunities for teachers in 
developing nations. 
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INTRODUCTION 

Computers can be extremely usehil and creative tools for enhancing the stu^ of 
mathematics at all levels of education. However, having convenient access to 
computers and to appropriate mathematical software in a developing nation can 
make the introduction of computers and other modem technology into the 
teaching of mathematics troublesome. This paper illustrates some of the ways in 
which the ubiquitous computer spreadsheet can help to overcome these 
difficulties, and how it can be used effectively in teaching mathematics in a 
developing nation. The approaches discussed have been usol extensively in the 
author’s teaching at the University of Papua New Guinea. 
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BACKGROUND INFORMATION 

Papua New Guinea is a nation of four million people located in the tropics of the 
South Pacific. The nation’s high schools possess widely varying levels of 
technological capabilities and teacher qualifications in computing. Some have 
good computer laboratories, while others have minimal facilities. Since the 
schools also must follow a nationally prescribed curriculum, relatively little time 
has been available for instruction in the use of computers. Moreover, the schools 
continually face serious financing stresses. Consequently, where it is taught, 
computing is typically a minor part of the curriculum. It is not usually integrated 
into the teaching of other subjects, including mathematics. Indeed, in the past the 
national mathematics curriculum has been aimed at preparing students for the 
national examinations that qualify students for further study. This has tended to 
discourage the introduction of computers into mathematics itself Although this 
emphasis specifically on the preparation for university study is now being 
modified in order to better prepare high school graduates for the workplace, most 
students still arrive at the country’s universities with relatively little or no prior 
computing experience. The nation’s universities themselves have severe financial 
troubles, often causing them difficulties in providing technological capabilities as 
well. 

In the Department of Mathematics of the University of Papua New Guinea the 
spreadsheet Excel is employed as part of the Microsoft Office package as the 
initial and primary computing tool for use in mathematics. It is employed in both 
elementary and advanced courses There are at least four reasons why the 
spreadsheet is an exceptional tool for teaching mathematics, especially in a 
developing nation: 

• unlike most mathematical software, the spreadsheet is readily available and 
affordable, and it is extensively used in both the educational and the business 
communities; 

• the spreadsheet is an excellent tool for studying mathematical concepts, 
implementing algorithms, and developing problem-solving skills 
(Arganbright, 1992, 1993b, 1985); 

• the spreadsheet provides both students and teachers with an exceptionally good 
interactive graphing and visualisation tool; 

• being proficient in the use of a spreadsheet has an implicit value in providing 
students with computer skills that are required and highly valued in the 
developing nation’s marketplace. 

Each of the following sections illustrates and discusses some aspects of the 
application of spreadsheets to mathematics. Of course, many of the strengths of a 
spreadsheet approach will exist for developed nations as well. Although the 
examples come from a university setting, the first year of university mathematics 
in this nation is still essentially at file high school level, and most of the 
illustrations can be used equally well in schools elsewhere. In addition, a number 
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of individuals in the Mathematics Department at UPNG are developing and 
writing materials that can be used teachers nation-wide. Moreover, a number 
of in-service teachers have attended department classes in order to gain skills in 
spreadsheet modelling in mathematics that can be incorporated into their 
professional teaching careers. 



DEVELOPING PROBLEM SOLVING SKILLS 

Much of the emphasis in the teaching of mathematics at all levels within Papua 
New Guinea seems to have been concentrated on learning techniques rather than 
in developing problem solving skills. As a result, many students rely on rote 
memorisation, group collaboration, and undirected trial-and-error techniques 
when they do their assignments. Also, techniques that are used in one year tend 
to be forgotten in subsequent years. The solution of word problems or exercises 
that do not fit into a standard format generate great difficulties for the students. 
So do such seemingly basic concepts as conqx)und interest, computing taxes, and 
solving geometric problems. As teachers confront this environment, the 
spreadsheet format can provide them and their students with a natural medium 
that allows students to set up, solve, and investigate a wide variety of problems 
largely on their own. Using a spreadsheet can contribute to broadening a 
student’s outlook on how to approach problems, not just in mathematics, but also 
in other disciplines. 

A valuable example for students to encounter soon after their introduction to 
spreadsheets is the computation of compound interest. A typical layout for 
determining the growth of a one-time deposit (Cell Bl) in a savings account at a 
given annual rate (Cell B2) is shown in Figures 1 and 2. 

Computations are carried out in a tabular format much as would be done by 
hand, except that after the model has been completed the effects of changing the 
values of parameters can be easily investigated simply by changing cell values. 
For example, one can discover how the number of years required to double the 
initial deposit is related to the interest rate. Starting fi*om an example like this, 
students can generalise the model for other compounding periods, create models 
for the repayment of loans, and study a variety of other financial concepts. Each of 
these activities will provide them with practice in problem solving and in 
changing a problem stated in words into mathematical terms. 
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Figure 1 Savings output. Figure 2. Savings fonnulas. 

A wide range of practical problems can be investigated similarly. As an 
example, suppose that a village has a plot of land in which to plant mango trees. 
An agronomist estimates that a single mature mango tree will produce 500 
mangoes a year, and that for each additional tree on the plot the annual 
production of each tree will be reduced 5 mangoes. What is the optimal 
number of trees to maintain on the plot? Similar examples from calculus or 
operations research books can be reworded into a local setting and investigated 
quite naturally on a spreadsheet. While these simplified problems are seldom 
completely realistic, th^ can provide a reasonably close approximation to the real 
setting, and allow students to generate skills at interpreting and setting up simple 
mathematical models. Thus, the spreadsheet can be used in standard mathematics 
courses, and the contents of mathematics courses can provide a source of 
examples for a course like Introduction to Conq>uting. 

Teaching with societal issues 

In teaching mathematics in a developing nation it is very helpful to illustrate 
mathematical concepts and techniques by considering problems and issues of 
importance to the underlying society. Here we will look at some of these themes 
that are pervasive in Papua New Gunea. 

The issue of population increase is a serious concern in a countiy that is 
e?q)eriencing very rapid growth. Although it is hard to obtain a accurate figure, 
the nation’s current annual growth rate appears to be about 2.8%. Few students 
seem to have a conception of what this implies. However, the implications of 
continued growth at such a rate can be ea^y investigated 1^ using our earlier 
financial model, interpreting the deposit as the current population and the interest 
rate as the annual growth rate. The long-term numeric^ effects can be seen to be 
quite profound. 

The effects can be seen even more dramatically 1^ using a spreadsheet to 
create graphical pictures of the situation. In Figure 3 an j^^-chart provides 
students with a standard way of showing that if the growth is continued at the 
current rate, then in a relatively short time (152 years) the nation’s population 
would as large than the current population of the United States, or eventually as 
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large as the today’s entire world population! Alternatively, students can calculate 
that in 196 years there would one person for each 50 square metres in the 
country, including such inhospitable locales as the Fly River swamps and the icy 
peak of Mt. Wilhelm. 




Figure 3. Population view 1 

However, spreadsheets also support the design of other inventive, interactive 
displays. The chart of Figure 4 illustrates the “filling up” of available land that 
would result fi-om the previous growth process. Each marker represents 1,000,000 
people. These markers are placed randomly in a rectangular grid using the 
spreadsheet’s random function. Initially there are only 4 points in the entire grid. 
Then a user-designed button is created so that each time it is clicked the 
population for the next year is produced and more points are added. One can see 
that after a slow start the area begins to get crowded very rapidly. 
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Figure 4 Population view 2. 

Following the study of this model of geometric or exponential growth, it is 
easy to modify the ideas to include growth retarding features, and thereby generate 
the logistic and other growth models. Many of these models still need only 
elementary mathematics in their construction. 

Two additional issues of vital concern to Papua New Guinea are birth control 
and crime. Surprisingly, both of these topics can be addressed through a sinq>le 
probability model. Suppose that the probability that a wife becomes pregnant in 
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any given month is P = 0.25. Also assume that she employs a birth control 
technique that is 94% effective, thereby reducing the effective probability of 
pregnancy in a month to /? = 0.06P = 0.015. When can she expect the first 
pregnanqr to occur? It can be shown mathematically that the mean time will be 
l/p or 67 months. Yet, in these circumstances it would be observed that more 
than half of the women would be pregnant in 46 months, and that about 16% 
become pregnant in a year! How can this be e^lained? 

The model of Figures 5 and 6 provides a spreadsheet analysis of the situation. 
It is based upon the observation that the probability p\ of a pregnancy in the first 
month is p, and that for each additional month until the first pregnancy occurs 
there will have been no pregnancy in the previous month. This event has 
probability \~p. Thus, if p„ is the probability that the first pregnancy is in month 
/I, then pn^i = (l-p)p„. This provides the basis for the formulas in Column B. The 
resulting distribution is quite non-normal, with a long tail that makes the mean 
time to pregnancy large even though many pregnancies occur in a shorter period. 
Column C calculates the cumulative probability that a pregnancy occurs within 
the first n months. This is seen in the graph of Figure 7, which also indicates that 
the Tnedian time is 46 months. 
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Figures Birth control output. Figure 6 Birth control formulas 




Figure 7 Cumulative probability for occurrence of pregnancy 
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Crime, especially in the forms of house break-ins and criminal assaults, is a 
major concern throughout the nation. To see that the estimation of a criminal 
encounter is mathematically similar to the previous example, suppose that P is the 
probability of a break-in occurring in a given month, and that a home owner 
employs protective devices that are partially effective in preventing break-ins, 
giving an effective rate of p. The previous model then determines the probability 
that the first break-in will occur in the w-th month. 

Sources of similar societal examples abound, including the mathematics of the 
spread of epidemics — especially in remote regions of a developing country that 
possesses few medical facilities (Hoppensteadt and Peskin, 1992), the spread of 
pollution fi-om mines into the country’s rivers, and the analysis of the 
mathematics of such gambling activities as Lotto and the ‘Pokies’ (poker 
machines). 

Models from other disciplines 

As was noted above, a good approach to adopt in teaching mathematics is to use 
models from diverse disciplines. This approach tends to create student interest in 
that it also provides them with insights into the other disciplines. Moreover, it 
enables them to make better use of spreadsheets in their studies outside of 
mathematics. The range of possible examples is unlimited (e.g., see Sandefur, 
1990) and these can easily be adapted to the curriculum of any developing nation. 
Examples include: Genetics (Hardy-Weinberg distribution of genetic traits in a 
population). Physics (iterative solution to LaPlace’s equation for heat flow in a 
plate). Sport (mechanics of a ball in flight as it encounters air resistance). 
Economics (supply/demand equilibrium), and Ecology (harvesting a renewable 
resource). Students generally are interested in seeing sources of applications that 
are presented at a level at which they can do the mathematics that is involved. 

Visualisation 

Because of the high costs of books, most of the mathematics courses at UPNG are 
taught without texts. Thus, except for illustrations drawn on the board or viewed 
in library books, students encounter only a few good visual illustrations of 
mathematical concepts. However, it is quite easy to build good, interactive, and 
even animated, visual illustrations on a spreadsheet for many areas of 
mathematics — ^pre-calculus, calculus, linear algebra, numerical methods, 
operations research — ^to help the students to visualise concepts. These 
illustrations can be created to look just like those found in texts, but additionally 
they can be enhanced through the inclusion of user buttons and scroll bars. 
Students investigate visual representations by using these tools and by changing 
parameter values by hand. Thus, for example, one can create a curve with a 
tangent line drawn at a point that moves as the point is moved via a scroll bar, 
draw n-rectangles or trapeziums to approximate the area under a curve so that n 
can be varied, show the effects of vector operations, illustrate some surprising 
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aspects of the convergence of Newton’s method for locating the zeroes of a 
function, depict the 2-dimensional effects of linear and geometric transformations, 
and draw virtually all of the curves and many of the surfaces that arise in calculus 
(Arganbright, 1993a). 

Cultural illustrations 

Like many other developing nations, Papua New Guinea strives to maintain as 
much of its traditional cultural heritage as possible. One can sometimes find 
components of traditional culture that involve mathematics. Here we consider two 
illustrations. First, most cultures incorporate traditional artistic designs and 
patterns, some of which are quite mathematical. Spreadsheets can be used 
creatively to construct tiling designs, such as that given in Figure 8, that come 
from Roman, Islam, and United States cultures, or to form the geometric designs 
of the ancient Celts. The traditional designs of Papua New Guinea tend to be more 
complex and less symmetrical, making them more challenging to compose on a 
spreadsheet. Still it is quite possible to find patterns that can be created 
mathematically, as in the traditional Morobe spear design, see Figure 9, which 
uses both the trigonometric sine curve and the translations and reflections of 
triangles. Inclusion of cultural aspects while presenting techniques for drawing of 
curves in a mathematics course can serve to open discussions that include 
comparisons of different cultures. 





Figures Tiling pattern. Figure 9 Papua New Guinea spear design. 

Another remarkable cultural topic is that of traditional counting systems. 
Within Papua New Guinea there are well over 700 distinct languages and a wide 
variety of traditional counting systems. Unfortunately, most of the traditional 
number systems are dying out rapidly. Frequently these systems involve the use of 
the bases 2, 4, 5, or combinations of these bases. Aspects of many of the systems 
were complied 1^ the late Glendon Lean of the PNG University of Technology. 
They have been published in a multi-volume set (Lean, 1991). Thus, a cultural 
aspect may be included when stud^g number systems encountered in both 
mathematics and computer science. Designing a spreadsheet model to change 
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from base 10 to base n provides another nice elementary example in problem 
solving. 

Statistics 

Another mathematicaUy-oriented area that is of vital important in a developing 
nation is statistics. Most government offices produce publications that are full of 
interesting facts and data that students can use for research. The spreadsheet is an 
excellent tool for applying concepts studied in a statistics class, for creating 
statistical analyses, and for constructing charts from data (Arganbright, 1993b). 
Spreadsheets also contain a wealth of built-in statistical hmctions and tools. 
Again, students at UPNG lack texts or sophisticated computing tools to ovaploy for 
these purposes, and spreadsheets fill the resulting gs^ very well. Th^ are 
especially valuable in creating exan^les using local (see data in, e.g., Rarmells, 
1995). For example, the xy-chart given in Figure 10 displays the primary 
population centres of Papua New Guinea. In creating such a chart fix)m basic 
principles a student encounters many facets of mathematics, including the use of 
co-ordinate geometry to create the map, the ideas of translation and dilation fix)m 
linear algebra to place the icons, and the statistical concept of the use of area to 
represent a one-dimensional numerical parameter. 




Figure 10 Statistical display of primary population centres, Papua New Guinea. 



SOME CONCLUDING OBSERVATIONS 

While this paper has stressed the use of spreadsheets by students, it should be 
pointed out that the spreadsheet also provides great benefits for mathematics 
teachers. It is usefiil in teaching, for creating mathematical illustrations, and for 
self-study. In addition, using a spreadsheet can be a good way of invigorating 
lecturers and teachers who have taught in a developing nation for a long time and 
may have become technologically out-of-date in the process. A spreadsheet 
presents fhem with a rather non-threatening tool that they can learn to use 
effectively in a short time. In helping to bring these staff members up-to-date in 
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the use of computers, mathematics classes can be team taught by combining an 
experienced spreadsheet user and a teacher who is in the process of updating his 
or her skills. The designing of spreadsheet models and applications also presents 
a great opportunity for a new kind of professional research, writing, and 
publication. At UPNG members of the Mathematics Department staff are 
involved in writing articles and books on the mathematical uses of spreadsheets. 
Projects include a book for the department's Introduction to Computing course, a 
book on Statistics for PNG, and a book on Creative Spreadsheet Graphics, 
designed for a world-wide audience. 
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Abstract 

Rapid development of multimedia information technology makes possible the 
realisation of distance learning between two classes not only in same country but 
also in different countries. On the other hand, we expect that distance learning 
must play an inqx)rtant role in mathematics education throughout the world (Ito, 
1996; Graf, 1995). In this connection, in Oct 1995, the CCV-Educational System 
Stu^ Group was organised in Japan for Distance Learning (DL) Kiyoshi 
Yokochi. CCV is an abbreviation for Computer, Communication and Visual. At 
present the Study Group has two subgroups, a Japan DL Subgroup and a German 
DL Subgroup chaired by K. Yokochi and Klaus-D. Graf respectively. In the 
following we will explain the progress and results of the experiments executed by 
the Study Group since 1995. The equipment for the experiments was provided 
Mitsubishi Electric Corporation. 



Keywords 

Culture, distance learning, information technology, mathematics education, multi- 
media, teleconferencing. 



Information and Communications Technologies in School Mathematics 
J.D. Tinsley & D.C. Johnson (Eds.) 

© 1998 IFIP. Published by Chapman & Hall 




266 Information and communications technologies in school mathematics 



PURPOSE OF THE EXPERIMENTS 

The content of the cxpenmQnts is teaching mathematics. The experiments are 
aimed at some reorganisation of mathematics education through DL. The aims of 
the experiments were as follows: 

• initiating mathematical creativity of piq)ils; 

• learning conq>rehensive uses of mathematics with other subjects; 

• improving the mathematical scholarship of pupils; 

• appreciating the mathematical cultural characteristics of each district or 
country; 

• cultural exchanges between pupils of both classes. 



THE FIRST STAGE EXPERIMENT 

The experiments have been performed in three stages since Oct. 1995. In the first 
two stages, the following equipment (abbreviated as ^tystem’) was installed in the 
class or in Mitsubishi Laboratory Centre (abbreviated as ‘Mitsubishi Lab.’) in 
Yokohama: 

• Audio-Visual equipment (AV) for exchanges between classes through camera 
images and voice signals. 

• Personal computers (PCs) and large (80 inch) displays on which PC or AV 
images were projected. 

The two systems were connected by an ISDN line with a speed of 384kbps. 
The first stage experiment was preparatory (Yokochi, 1996, March). From Oct. 
1995 — ^March 1996, two types of DL were executed. The first type was between 
the Elementary School attached to Yamanashi University (abbreviated as 
Yamanashi) and the Elementary School attached to Yamagata University 
(abbreviated as Yamagata). Learning content was to make paper models using 
development in the third grade. The number of pupils of Yamanashi and 
Yamagata was 40 and 16, respectively. 

The second type of DL was between Yamanashi and Kanbe Elementary School 
(abbreviated Kanbe). The number of pupils in Yamanashi and Kanbe was 40 and 
37, respectively. Learning content was ‘speed of turtle’ and ‘speed of wind’ in the 
third @rade. Each type of DL consisted of 2 lessons of about 90 minutes. The 
tystem was installed in Yamanashi and the Mitsubishi Lab. Therefore, the 
teachers of both Yamagata and Kanbe had to come to the Mitsubishi Lab. with the 
videos of their own lessons and the pupils’ works for each lesson. In the 
following, we will e^qilain the first type of DL. 

In the first lesson, Yamanashi 's pupils showed Yamagata’s teacher their original 
work (treasure box) and explain^ the developments of their work (see photo 1). 
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Yamagata’s teacher appraised the woric and discussed it with them. On the other 
hand, Yamagata’s pi^ils showed Yamanashi’s piq>ils their original work (cars) 
and explained the developments of their woik. Yamanashi’s pupils appraised the 
works and discussed it with Yamagata's teacher. Two classes’ methods of 
constructing development were considerably different. At the end of the lesson, 
both classes agreed to make the other class’s paper models using develqiments 
embo^ing both classes’ methods of constructing developments. 

In the second lesson, Yamanashi’s pupils showed Yamagata’s teacher their 
original work (cars) and e^lained the developments of the work (see photo 2). 
Yamagata’s teacher appraised the woik and discussed it with them After the 
lesson, Yamagata’s pupils’ work was shown to Yamanashi's pupils. 




Photo 1 Example of a treasure box Photo 2 Yamanashi piq)iTs racing car. 



Through the above experiment, we found the following: 

• Many pupils endeavoured to use their original method of development with 
reference to the other class’s method. 

• Many pupils endeavoured to make their original paper model not only with 
reference to original works of the other class’s pupils, but also with much 
better idea than any woiks of the other class’s pupils. 

We now comment on the second type of DL. The e>q)eriment showed that each 
class’s pupils found several original methods for measuring speed and put them 
practice under impetus from the other class’s methods. 

The above results of the 1st stage experiment suggest the attainment of our 
first three purposes of using DL . 

THE SECOND STAGE EXPERIMENT 

After good results from the first stage experiment, the second stage experiment 
was performed in April— Oct 1996 (see Yokochi, 1996, Oaober). It consisted of 
four types of DL between Yamanashi and Yamagata. The system was installed in 
both classes. Learning content, the number of the lessons and the pupils of each 
type were as follows: 





268 Information and communications technologies in school mathematics 



• The first type: Location and co-ordinates on a plane in the first grade. Three 
lessons of about 60 minutes. Yamanashi’s number: 40, Yamagata’s number: 
40. 

• The second type: Modelling with clay and curved surface in the first grade. 
Three lessons of about 60 minutes. Yamanashi’s number: 40, Yamagata’s 
number: 40. 

• The third type: Using letters in solving practical problems in the fourth grade. 
Two lessons of about 60 minutes. Yamanashi’s number: 37, Yamagata’s 
number: 8. 

• The fourth type: Making picture-cards, curved line relating to curvature and 
properties of circle in the fourth grade. Three lessons of about 60 minutes. 
Yamanashi’s number: 37, Yamagata’s number: 8. 

In the following, we explain some results of the second type and the fourth type. 



The second type 

In the 1st lesson, Yamanashi pupils showed Yamagata pupils their original work 
(masks) with pasted papers, like a M-faced woman’s mask or a distorted male 
mask (see photos 3 and 4). The models of masks made of clay, addressing their 
attention to curvature of mask’s sur&ce. Then, they explained to Yamagata 
pupils the mathematical meaning of curvature with circles using the sections of a 
&-faced woman’s mask. On the other hand, Yamagata pupils showed 
Yamanashi pupils their original works of animals with clay (see photo 5). In each 
animal, a wire was inserted, which was shaped 1^ each pupil with attention to the 
skeleton of the animal. Then th^ explained the skeleton of a horse and its 
fimction. The pupils of both classes discussed continually the above things with 
each other. At the end of the lesson, both classes agreed upon the following. At 
the third lesson after 25 days, Yamanashi pupils and Yamagata’s show lively 
sportsmen and animals with clay, respectively. 




Photos At the beginning of lesson, 
Yamanashi pupils show Yamagata’s 
their masks. 



Photo 4 A Yamanashi pupil 
explains her mask to 
Yamagata pupils. 
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In the second lesson, the day after 
the first one, both classes observed 
lively sportsmen and animals through 
videos or animation. Then, both 
classes’ pupils pictured the shapes of 
their work to make with clay and 
showed them using gestures made by 
hands and feet. And both classes’ 
pupils discussed their gestures with 
each other. In the third lesson, as 
promised, both classes’ pupils showed Photo 5 Yamagata's pupils' works 
their original work and explained their (sea lions), 

difficulties with the work. 

Through the above experiment, we found the following: 

• Pupils understood well enough the curvature of the curved surfaces and 
characteristic curvatures according to the animal’s skeleton. 

• All the pupils completed excellent lively works by their own ideas, which were 
far above their works in the first lesson. 

'The above results demonstrated attainment of the first three purposes of DL. 

The fourth type 

Before the first lesson, each group of about seven pupils in both classes made their 
original picture-cards based on folktales in their districts. Along the contours of 
each picture of the cards, woollen yams of several colours were stuck. 'The 
procedure of the above work was as follows. 

Each group selects a folktale. Picture-cards based on the above folktale are 
drawn. Contours of each picture are divided into several parts, along which 
woollen yam of specified colour is to be stuck. Each part is divided into a number 
of sections which approximates to an arc of a certain circle. For each section, the 
centre of the circle is constmcted by one of following two tools and the radius of 
the circle is measured. Yamanashi’s tool is a wide ruler 14 cm long made of a 

transparent sheet, on which its 
perpendicular bisector is notched 
(see photo 6). Using it, pupils could 
easily draw the perpendicular bisec- 
tor of a segment. Yamagata’s tool 
is a disc of 14 cm radius made of a 
transparent sheet on which 
concentric circles are notched, each 
with a radius of 0.5 cm (see photo 
6). Using it, pupils could easily 
find the centre of a circle from 1st 





Photo 6 Two tools. 



arc. 
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For each section, its central angle is measured with a protractor. Curved 
lengths of each section are calculated with a calculator, using the radius and 
central angle. The length of each part is calculated with a calculator. Woollen 
yam of the above length is given from their teacher and is stuck along the contour 
of the picture. 

In the first lesson^ both class’s groups showed their original work (picture-cards) 
to each other and discussed the woiiL Then, Yamagata pupils introduced their 
tool to Yamanashi’s. They e?q>lained how to use it, the principle of the tool, and 
the curvature of the curved lines. Then both class’s pupils measured curvatures in 
several familiar curved lines found in their classes. 




In the second lesson, one group of Yamanashi showed their original picture-cards 
based on a folktale. Then, Yamanashi pupils introduced their tool to Yamagata's 

and explained how to use it and 
the principle of the tool. At the 
same time, th^ e^lained several 
properties of the circle using a 
conq>uter. At the end of the 
lesson, the both classes agreed to 
show their original work (picture- 
cards) with the aid of two tools at 
the third lesson after 17 days. 



In the third lesson, Yamanashi’s 
groups showed several picture- 
cards of famous folktales and 
Yamagata’s group showed 
picture-cards of the principal 
Photo 7 Y amanashi pupils explain in il^i, 7). 

scenes of their picture-cards. 

Through the above experiment, we found the following: 

• Pupils understood well enough many properties relating to the circle and came 
to apply them to several real problems. 

• PiQ)ils understood well enough mathematical meaning of curvature and came 
to apply to drawing pictures or other things. 

• In the third lesson, pupils cono^leted excellent bold woiks, which were far 
above the standard of the first lessoa 

• Pupils came to appreciate folk culture not only in their district but also in the 
other class’s district. 

The above results demonstrated the attainment of all of the purposes of DL. 
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In the second stage eiq)eiinient, before and after each lesson, pupils took 
several tests relating to the purposes of DL. And pupils’ behaviours and work 
were analysed in the lights of the purposes. Those data proved the satis&ctory 
attainment of the purposes. At this point, we want to give the following 
additional comments. In all types of experiment, we worked hard and long from 
preparation to the final lesson. Good results fi-om DL are the reward for the work 
of DL’s members. 

On the other hand, we need to find a concise procedure for DL, following 
which many teachers may readily execute DL. 

Supplementary Experiment using ISDN at 128kpbs 
ISDN lines with a speed of 1281q)bs are becoming a common standard. And th^r 
are much cheaper t^ ISDN at 384kpbs. Therefore in Jan. and Feb. 1997, two 
types of DL using ISDN at 1281q)bs were performed between Ashizawa 
Elementary School (abbreviated Ashizawa) and Kanbe. The number of pupils of 
Ashizawa and Kanbe is 37 and 8, respectively. Some of the results of the 
experiment were as follows (Y okochi et al, 1997; Dasai et al, 1997). 

• The behaviour of groups of three or four pupils can be distinguished. 
However, individual faces in the group are indistinguishable. 

• If the lessons meet the next two qualifications, we can expect quite good 
results relating to the purposes of DL: 

both classes are keenly enthusiastic in DL; 

learning methods of both classes exert their ingenuity for DL. 



THE THIRD STAGE EXPERIMENT BETWEEN GERMANY AND 
JAPAN 

Based on the positive results of the J^ranese e?q)eriments the authors organised 
four DL lessons between a Japanese elementary school attached to Yamanashi 
University in Kofu and a German one in BerliiL In addition to the five purposes 
already mentioned, two more became relevant: (1) practice of interaction 
situations influenced by constraints like different languages, and (2) the 
acknowledgement of different traditions and attitudes towards problem solving 
(Gra( 1995). In addition, special problems had to be solved for these joint 
international DL sessions: time difference, languages, teaching methods, and 
quality of moving pictures. 

The two classes were fi*om the fifth grade, 20 piq>ils in Berlin and 38 in 
Yamanashi. The German class had worked on rectangular patterns before, the 
J^)anese class on stripe patterns. The DL sessions covered demonstrations of 
individual piq)ils’ work and teachers’ distance teaching about the mathematical 
background of this work (see photo 8). The engagement of the J 2 q>anese piq>ils 
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was more intuitive, and that of the Gennan pupils more systematic, including 
classification of transformations in a group table. 




Photo 8 The classroom in Berlin. 

While we are still far from reaching any general conclusions, some interesting 
observations can be made. The pupils took great interest in the project. They 
were planning with great zeal how to explain their results to the pupils in the 
other country. They also developed a very general interest in the other class 
environment and country and they discussed the project with other pupils, 
teachers and parents. 

In the sessions th^ were extremely attentive and ready to perform. Without 
any problems in using the new technology they put direct questions to their peers 
in the other country, forgetting about the dist^ce. They patiently waited for 
translations and showed interest and understanding of a different approach to 
solving problems, e.g., when aspects of art or tradition were included. 

There are, however, two major obstacles to continuing the international 
version of the project. These are the high cost of equipment and communication 
lines and the enormous extra work which has to be done by the teachers when 
preparing these DL lessons. 



CONCLUSION 

The first and second experiments and the supplementary experiment were 
completed. The third stage experiment is in progress; first observations are 
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rqx)]ted above. Now, we will be able to round off those experiments with the 
following conclusions. 

• The second stage e?q)eriments demonstrated that DL between 2 classes in the 
same countiy may attain the five purposes of DL. The third stage experiment 
has several negative conditions, that is, using ISDN at 128kbps, large time 
differences, very novel content and so on. Therefore we expect the attainment 
of the seven purposes of DL between any different countries will bring about 
the same results as in the second stage e^riment. 

• The first five purposes accord with our needs of reorganisation of mathematics 
in the fiiture from the following points of view — ^therefore, DL may be 
expected to do much for the reorganisation of mathematics education n^ed 
in future: 

— ^To learn mathematics comprehensively with other subjects through solving 
real problems. 

— ^To learn mathematics through mathematical activity with one’s hands and 
feet. 

— ^To learn higher level mathematics in this developing society with rapidity. 
— ^To learn mathematics following one's originality and creativity. 

— ^To learn mathematics in corporate with distant pupils in this expanding 
society. 

— ^To learn mathematics in corporation with foreign pupils in this 
international society. 

• In order to get good results fi’om DL, it is very important to develop learning 
contents and learning methods for DL in close international co-operation. 

• DL can be performed between any two classes inside and outside the country. 
In other words, any pupils may learn mathematics in co-operation with any 
pupils all over the world. We expect more and more pupils in the world to 
have the above chance. 

• Our DL sessions were successfiil since we defined mathematical goals first and 
then used information and communication technology as a medium, not the 
other way round. 
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Abstract 

The Internet is another powerful resource for providing pre- and in-service 
training of mathematics teachers. The traditional boundaries of time and distance 
are gone as teachers communicate in global learning communities to review 
content, teaching practices, and share new ideas and concepts for teaching 
secondary mathematics. The ability to use Newsgroups, MOOs, MUDs, and the 
World-Wide-Web presents great opportunities for mathematics educators as 
schools enter the new millennium. One example is NetAdventure developed by 
the Concord Consortium. The design and content of NetAdventure offers a 
powerful model for adults studying to become secondary mathematics teachers. 
As the power and impact of the Internet widens, global interaction of teachers will 
provide a hiture forum for exciting and effective on-line learning communities to 
develop the skills and practices of secondary mathematics educators. 

Keywords 

Distance learning, methodologies, networks, teacher education, tele- 
communication. 



Introduction 

The potential uses of on-line communication in the preparation of preservice and 
inservice secondary mathematics teachers transcend the traditional geographic 
benefits of distance education. Not only can the technology provide a^chronous 
instruction over great distances, it may be used to create genuine opportunities for 
keeping pace with the r^idly emerging content, epistemologies and pedagogical 
strategies associated with contemporary mathematics. In other words, 
computational technology is reinventing mathematics while simultaneously 
increasing opportunities and raising expectations for the learning of mathematics. 
Mathematics educators will benefit firom these technologies via the ability to 
personally construct mathematics; cope with the rapid pace of mathematical 
iimovation; discuss the pedagogical issues associated with these changes within an 
expanded community of practice; and learn how technology may be employed to 
assist more students in a joyful pursuit of mathematical understanding. 
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On-line telecourses 

The increasing availability of Internet access— e.g., e-mail, newsgroups. Multi- 
user dimensions (MUDs), MUD object oriented software (MOOs), the World- 
Wide-Web (WWW) — ^makes low-cost high-output professional development 
telecourses possible. In 1997 several interesting models alreacty exist and 
telecourse development is well underway. Tinker and Haavind (1997) suggest the 
following scenario for the future of on-line professional development for teachers. 

“There will be an explosion of network-based courses for teacher professional 
development. The best of these will offer world-class learning opportunities that 
will intermix cognitive research, educational philosophy, subject matter content, 
and just-in-time support for in-class experimentatiorL Participants can work with 
local study groups and larger virtual groups that span the world. The faculty 
leading these will consist of teams that include intematioiial e?q)erts, experienced 
teachers, and outstanding researchers. Graduate credit from leading institutions 
throughout the world will be available for teachers. Part of the teacher evaluation 
will be based on curriculum and research contributions participating teachers make 
and post on the network. The result will be a growing teacher-generated literature 
of immense value to education and increasing appreciation for the role of life-long 
learning for teachers and teachers vdio are also researchers making contributions to 
education, science, and mathematics.’’ (p 5) 

New content, new tools, new ways of knowing 

Perhaps no subject of stiuty bears as little resemblance to the discipline it intends 
to teach as mathematics educatioa Much has been written about the societal 
demands for an increasingly mathematically literate population, the blurring 
boundaries between branches of mathematics and other disciplines, the increasing 
importance of mathematics in the social and behavioural sciences and the role of 
technology in the rapid evolution of mathematics. 

The NCTM Standards (1989) state that “fifty percent of all mathematics has 
been invented since World War n.” While topics such as number theory, chaos, 
topology, cellular automata and finctal geometry may appeal to students 
unsuccessful in traditional mathematics classes, few, if any, of these branches of 
mathematical inquiry have found a home in the curriculum. These new areas of 
mathematics tend to be more contextual, visual, playful, e^rimental and 
&scinating than the traditional emphasis on paper and pencil ba^ algebra and 
geometry — ^and may provide an answer to Papert’s (1980) concern that 

‘A dignified mathematics for children cannot be something we permit 
ourselves to inflict on children, like unpleasant medicine, although we see 
no reason to take it ourselves.’ (Papert, 1980, quoted in Stager, 1997, p.l2) 

Technology provides an opportunity for more children to view mathematics as a 
powerful part of their own learning and to embrace the process of mathematical 
inquiry. 
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Secondary mathematics teachers can and should explore these new 
mathematical domains. Prospective and practising teachers should acquaint 
themselves with these new ‘ways of knowing’ by actually using the technology 
which led to the development of these new mathematical ideas and which will 
assist their students in the construction of personal meaning. The constructivist 
principle of learning through the making of coimections is apparent when a 
teacher is using technology to learn about new mathematical knowledge, that is 
itself the product of this same or similar technology, and at the same time is also 
thinking about how this technology might be used by students to construct 
understanding of a particular mathematical concept (Clements, 1991). Ongoing 
reflective practice and action research can play an important role in telecourses. 
Emerging technologies for sharing video over the Internet makes it possible for a 
community of perspective educators to critique each other’s teaching and even 
visit other classrooms. 

Tinker and Haavind (1997) include the following in their consideration of the 
advantages of telecourses: 

• Anytime anywhere learning 

• Asynchronous interaction 

• Group collaboration 

• New educational approaches 

• Integration of computers 

NetAdventure^ a model of online 

We believe that successful on-line learning activities will combine 
communication, community, compelling content, context, computation, 
challenging problems and a personal commitment to active learning. 

NetAdventure, developed by the Concord Consortium, is a vital example of 
how the WWW (the ‘Web’) may be used to support a community of mathematical 
inquiry. While NetAdventure is targeted at secondary school students, it is rich 
enough to engage young children and adults alike. The design and content of 
NetAdventure offers a powerful model of what might be built for adults studying 
to become secondary mathematics teachers. 

Designed around the metaphor of a summer mathematics and science camp, 
NetAdventure requires participants to join a group of explorers. Bach week, a 
theme such as collecting and interpreting data on the Web, or how to build a 
model, is used to unify a daily area of exploration. The user is presented the topic 
of the day along with the opportunity to explore a previous topic. A list of the 
other learners participating in the adventure appears along with the names of 
expert guides who lead each ‘expedition’. Each daily topic offers background 
information, an opportunity to share data, hypotheses and questions with fellow 
investigators and three problems of increasing complexity. 

Within a handhil of Web pages, NetAdventure creates a community of 
practice, challenges individuals to construct new mathematical knowl^ge. 
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supports communication of mathematical ideas and provides a powerful context 
for learning through compelling stoiytelling, history and connections to real-life. 
One powerful lesson for contemporaiy mathematics educators is that a learner can 
hardly keep pace with three pr^lems per day if the problems are authentic and 
open-ended. This stands in staik contrast to the dozens of more decontextualised 
problems students &ce each day in traditional mathematics classes. Another 
lesson is that the process skills associated with the ability to think mathematically 
and communicate mathematical ideas should take precedence over the 
memorisation of algorithms. If you are not &sdnated prime numbers, 
tomorrow may be bridge building. Mathematics is presented as a lens into a 
world of beauty, logic and wonder (Smith, 1994). 

Conclusion 

Existing telecommunications technology makes it possible to develop 
environments, similar to NetAdventure, designed to meet the specific needs of 
preservice and inservice mathematics educators. On-line telecourses are cost- 
effective and create outstanding opportunities to learn in an ever-expanding 
conununity of practice. Our efforts to develop such on-line learning communities 
will reap tremendous benefits for our universities and children enrolled in 
mathematics classes. 

Footnote 

1 NetAdventure — ^WWW at: http:/Avww.concord.org/netadventure 
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Curriculum 

Group One participants 

Lars Jansson (CDN), Kurt Kreith (USA), Heibert Mdller (D), Hirokazu Okamori 

(J), Medhat Rkhim (CDN), Sigrid Schubert (D), Tomoko Yanagimoto (J) 

Chair: Eric Bniillard (F) 

Rapporteurs: Jeremy Kilpatrick (USA), Ichiro Kobayashi (J) 

Questions and Observations: 

• How do we address the mismatch between the different rates of change of 
mathematical concepts (veiy slow); the secondary mathematics curriculum 
(slow); and ICT (very rapid)? Education is not separated ffom societal 
change, and the educational system has tremendous inertia in the face of 
competing forces (including economic forces) that can limit efforts to use ICT 
in education. 

• What part of the functionality of standard software is really needed? If no 
one needs the ftmetion, why is it there? And can teachers and students decide 
what ftmetions will be available to them? 

• ICT muddies (perhaps in a good way) the mathematics to be taught Itcanbe 
a valuable cognitive tool in teaching classical models of linear algd)ra, 
analysis, and other fields of mathematics. 

• Many teachers feel that ibey must operate within a curriculum that th^r 
carmot change. They tend to use ICT to help attain curriculum goals that are 
difficult to reach otherwise, which should be recognised as a positive 
accomplishment But it also means that th^ may not be using ICT to create 
a new curriculum, pedagogy, or assessment ^stent 

• What is gained and what is lost when old (and new) topics are addressed with 
new pedagogy (using ICT)? Major issues are which concepts and algorithms 
to keep, which to teach differentty, and which to discard. 

• ICT helps change children’s modes of thinking, partly by allowing static 
prq)erties of mathematical concepts to be encountered dynamically, but we 
are far ftx)m understanding this change. 

• In the age of ICT, we learn not only by doing but by interacting with persons, 
objects, and systems that resist our e^lorations. The teacher’s role is to help 
synthesise and organise this experience. 
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Recommendations: 

• Curriculum developers should not attempt to rq>lace the traditional culture of 
mathematics t^ a culture of e^rimental mathematics. Th^r should respect 
the values of deductive mathematics, understand the new issues and problems 
(e.g., can we trust the machine?), and recognise the dangers of an ea^ 
didactics in which the machine takes over. ICT is not a magic wand for the 
curriculum. 

• Software producers should be encouraged to develop school versions of 
standard programs that would permit teachers to make certain hmctions 
available initially and to reveal others later. 

• Software producers should explore ways of preserving cultural traditions and 
values by connecting them with new models and techniques; for example, the 
abacus can be used to help students understand some aspects of number 
systems, and the computer can help with others. 

• MP should co-ordinate an effort, in conjunction with associations concerned 
with mathematics and mathematics education, to construct a global 
ffamewoik for a mathematics curriculum dealing with informatics that 
different countries might use in their curriculum development efforts. This 
framework might be constructed at an MP meeting at which people would 
examine sample curricula (successful and otherwise) from different countries 
that have dealt with issues of school mathematics in the age of ICT. 



Group Two participants 

Ivan Cnop (B), Jacqueline Klasa (CDN), Walter Oberschelp (D), Carles Romero i 
Chesa (E), Hans Schiq)p (D), Robert Smith (USA), Andrzej Walat (P) 

Chair: Claude Gaulin (CDN) 

Rapporteurs: Charles Duchdteau (B), David NfiUer (GB) 

Main issues 

It is our conviction that in the long term the mathematics curriculum for all piq>ils 
at all grades should have Information and Communication Technology (ICT) hilly 
integrated within it This hilly integrated curriculum will allow teachers to teach 
mathematics in more ^propriate and diversihed ways for all pupils — 
mathematics concepts and understandings will still be developed alongside ICT 
knowledge and skills. 

A mathematics curriculum for the 21*^ Century: content, pedagogy, ICT 
and assessment 

The revision of the mathematics curriculum must effect content, pedagogy and 
modes of assessment It must be realised by taking into account recent 
developments in ICT and mathematics educatioiL 
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Such a revised curriculum will have considerable implications for teachers and 
teacher education. It is essential that implementation of the new curriculum is 
managed carefully so that both pre- and in-service teacher education, and the 
development of resources, are co-ordinated and run hand-in-hand with the 
transition to the new curriculum. 

We strongly recommend that the new curriculum should be designed through 
consultation with all those who have an interest in mathematics education— with 
a leading role taken mathematics teachers and educators and mathematicians. 
However, in order that the needs of society are better served, the views of national 
and local bodies, parents and pupils must also be taken into account. 

Guidelines on the integrated curriculum tiom appropriate international bodies 
are desired. These guidelines could be used to help inform the development of 
national, local and school curricula, which would take into account local 
circumstances including specific educational goals, resources and constraints. 
This could still allow schools and teachers fi-eedom in the implementation of the 
new integrated mathematics curriculum. 

The integrated curriculum will require a variety of modes of assessment, both 
inside and outside the classroom, including examinations, individual and group 
projects, course work and oral assessments. 

We recommend the following areas, amongst others, as being naturally suited 
to ICT developments: data handling, (fynamic geometry, algd)ra, and fimctions 
and graphs. In addition we expect to see more work involving mathematical 
modelling and piq>ils working experimentally in mathematics. 

It is essential that activities arising fi*om the integration of ICT into the 
mathematics curriculum provide opportunities for pupils to work co-operatively. 
Significant and meaning^ e^riences for pupils, some of which will be of a 
cross-curricular and multi-disciplinary nature, should be designed. 

Condusion 

Change will not come overnight: teachers will need to acquire the additional skills 
required to deliver the integrated curriculum. Much research evidence and 
practical advice is alrea^ available— it should be used to help ease the transition. 

Further developments are expected as educational research, innovative 
teachers and technological developments provide new possibilities — some 
anticipated, others unexpected. These are exciting times. 
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Teachers 

Group One participants 

Michdle Artigue (F), Kiys^iia Dalek (P), Fr6d6ric Goiirdeau (CDN), Thomas 
Lingegdrd (S), Heihert Loethe (D), Izumi Nishitani (J) 

Chair: Bany Blakel^^ (GB) 

Rapporteurs: Nicolas Balachefif (F), Rosamund Sutherland (GB) 

Introduction 

The members of the groiq) were all concerned with supporting mathematics 
teachers to use new technologies more effectively in the classroom. Seven 
countries were represented, with considerable diversity of models of teacher 
training. We agreed that the issues involved in pre-service and in-service teacher 
training are very different but nevertheless focused on four main issues which we 
believe to be crucial whatever the form of teacher educatioa 

Confidence and competence 

Teachers need to be supported to become, firstly, confident and competent in 
using new technologies and, secondly, resourceful enough to be able to embrace 
new technologies as they change in the future. It is important to provide teachers 
with e^rience of using new technologies for themselves which gives them a 
framework for understanding evolving conq)utational environments as opposed to 
focusing on specificities which will ultimately change. Teachers need to be 
empowered so that they know that th^ can learn for themselves without e?q)ecting 
to master everything about an environment which is never static. It is also 
crucial to influence producers and designers so that they make a real effort to 
produce software and machines which are easier to use, with the design of the 
inter&ce being a crucial factor. It is important to remember that we m^ be in an 
interim period in terms of the accessibility and use of software environments and 
in the future these technologies may become easier to use. 

Learning and classroom mani^ement 

Teachers should be siq>ported to identify the professional problems which 
technology helps them to solve and the problems (both old and new) which 
technology makes it more difficult for them to solve. This includes a focus on 
learning and management issues. For exanq)le work with conq>utational 
enviromnents can help teachers organise their lessons so that the algebra 
language and syntax are introduced in a more natural way— for example, the work 
of Artigue (Ckl5) on Conq)uter Algd)ra Systems and that of Neuwirth (Ch.I0) 
and Sutherland (Ch.18) on spreadsheets. Another example is the use of video 
conferencing between Japan and Germany, the woric of Graf & Yokochi (Ch.32), 
which has enabled teachers to appreciate that there are different w^s of 
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classroom management However when students engage with computer-based 
enviromnents the richness and diversity of their solutions often make s it very 
difficult for teachers to manage and this presents a new problem for teachers. 

Assessment 

Assessment is one of the factors which new technologies have made more difficult 
for teachers. In traditional classrooms assessment was mostly a routine practice. 
Teachers may be aware that standard practices are no longer viable in this new 
situation but we urgently need more research and development to suggest new 
ways forward— for exanq)le, the work of LingeQdrd & Kilpatrick (Ch.28). The 
groiq> believes that teachers may be rejecting new technologies because of a lack 
of emphasis on the role of assessment. 

New professional practices 

Finally in order to use new technologies productively teachers have to become 
aware of the different layers of their classroom work. This involves moving 
bqrond training which just demonstrates ‘good situations’. Teachers need 
knowledge and ei^riences in order to anticipate and solve problems in their 
classrooms. More research is needed to siq>port new professional practices and 
rationales for such practices. A valuable starting point in this respect are the 
works of Clarou (Ch.l7) and Bottino & Furinghetti (Ch.l6). 



Group Two participants 

Naseem Ahmad (CDN), Terry Carmings GJSA), Giovarma Gazzaniga (I), Gity 
Harris (USA), Dirk Janssens ^), Seija Moriya (J), Kiyoshi Yokochi (J), Fulvia 
Furinghetti (I) 

Chair: Margaret Mess (USA) 

Rapporteurs: Rosa-Maria Bottino (I), Adrian Oldknow (GB) 

Preparation and support for teachers integrating ICT: problems and 
key questions 

Before considering the preparation of new teachers, and the reskilling of existing 
teachers, in the use of ICT in secondary school mathematics in tire world of 
communication technologies, it is necessary to place ICT use in a sound 
educational context Key questions of concern include: 

• Are ICT tools seen as a real methodological change in mathematics teaching? 

• Does their use change teachers' ideas o^ and attitudes towards, the educational 
setting? 

• Are teachers using ICT tools without questioning their ideas of mathematics 
teaching, or does tiie use of ICT tools put their previous ideas into question? 

• Can the use of ICT be made integral to assessments? 
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Basis for Integration 

Integrating ICT usage requires the reconceptualisadon of teaching and learning 
with particular attention given to defining: 

1 the knowledge, skills and values necessary for effective participation in the 
society of the 21st Century, 

2 an epistemological basis for the subject/curriculum; 

3 the role ofICT changes based on analyses in points 1 and 2; 

4 appropriate assessment aims and instruments, taking into account points 1, 2 
and 3; and 

5 new forms of professionalism. 

Recommendations 

The integration of aspects of ICT use into pre- and in-service programmes for 
teachers of secondary school mathematics will need to address the following 
issues: 

• How ICT tools (software) are changing methods of doing mathematics. 

• How ICT tools can change the teaching of mathematics beneficially. 

• How ICT tools enable more effective corrununication of mathematical results. 

• How the use of communication technologies can increase interactions between 
partners in learning (at home and at school). 

• How new approaches using ICT in teaching and learning can support a more 
holistic basis for the curriculum, and greater interactions between school 
subjects. 

• How access to new information sources through ICT can benefit both learner 
and teacher, 

• How developments in secondary school mathematics relate to pre- and post- 
secondary phases, and how the use of ICT tools can be integrated in a way 
which provides a continuous e^rience for the learner. 

ICT usage, as in the fourth, fifth and sixth points above, provides part of a 
framework which can now support the notion of life-long learning, particularly 
when applied to the continued professional development of teachers. 

Implementation: Selection of ICT tools 

The choice of appropriate ICT tools will vary with circumstances but, at least in 
the short term, teachers should be given access to, and e?q)erience m, the use of: 

• generic software packages , e.g. word processors, spreadsheets, databases; 

• software designed for mathematics, e.g., (^mamic geometry, computer algebra; 

• personal computer products such as graphics calculators; 

• the Internet, e-mail and tele-conferencing. 
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Implementation: Design of effective programmes 

In order to enable the effective implementation of the principles above, each 
countiy (or district) wiU need to develop sets of questions, and examples of 
practice, which relate both to the development of new mathematical, ICT and 
pedagogical skills for teachers. 

Pilot Experiments 

Cross national bodies, such as MP and UNESCO, need to promote, support and 
disseminate pilot programmes, based on the recommendations above, to foster the 
integration of ICT into mathematics teacher education programmes in the 'global 
community’. 
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Learners 

Group One participants 

May Abboud (Ld)anon), Morten Blomhfig (DK), Harriet Fell (USA), Ivan Kalas 
(CZ), Yoshiko Mot(^ (J), Philippe Clarou (F) 

Chair: Tom Kieren (CDN) 

Rapporteurs: Georges-Louis Baron (F), Uri Leron (IL) 

How ICT can enhance the learning of mathematics 
The nature of the learning environment 

We have been focusing on a view of learning which involves fiee actions within 
constraints, drawn from experience in an environment Three main ICT 
characteristics affecting learning and learners were central to our discussion: the 
affordance of intermediate objects, the possibility of incremental learning, and the 
range of realistic phenomena that can be mathematically modelled. 

Intermediate objects 

Many ICT environments offer intermediate objects for the learner to interact with 
more abstract than physical objects but more concrete than mathematical ones. 
Students can play with such objects and the transformations available on them. 
By watching conq)uter feedback, th^ can gradually build their own mathematical 
objects and concepts, in response to the constraints that have been built into the 
particular ICT environment In many ICT settings there is a built-in parallel 
between mathematical actions of students, resulting screen images, and the 
language describing the students’ thinking. Thus a student can retrieve a trace of 
her or his activities. These traces form an important source of re-consideration 
and reflection. 

Incremental learning 

Complex concepts are not learned in one shot, but through a long process of 
action, reflection and successive refinement of previous knowledge. Good ICT 
environments enable and encourage this process of incremental learning. 
Students engaged in a mathematical learning activity use their previously 
developed ideas as a critical part ofthe input or sphere of possibilities. Consistent 
and non-judgmental feedback given to students in response to their work enhances 
the learning. Both the work and the language re-presentations of one student can 
become part of the ^here of possibilities for others. This means that interaction 
with others and their work becomes an inqx>rtant source for the successive 
refinement of one’s mathematical ideas. ‘Errors’ need not be seen as such by 
students or teachers or even examiners, but are best seen as expressing partial 
knowledge in intermediate stages of the process of constructing a new concept 
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Mathematical modeUing 

ICT enviromnents allow students to model and wod^ with models of realistic and 
meaningfiil phenomena. Also, th^ allow them to pose and work on mathematical 
problems in ways that do not necessarily require sophisticated mathematical 
knowledge or techniques. ICT settings allow students to work with large amounts 
of real data and run as many e?q)eriments as they wish. Students can create, test, 
critique, use and interpret models which would be impossible without ICT. In 
such settings students often work on practical and mathematical problems for 
which even the teacher does not have a ready answer, thus offering the possibility 
for student and teacher to woik together as a 'research team'. 

Implementation Constraints 

The above vision will be not automatically realised: we must address many 
obstacles that have hindered effective ICT use in the past. These problems stem 
from the demands ICT integration makes on the nature of the curriculum, teacher 
education, teaching methods, assessment and classroom organisation. Economic 
and social &ctors must also be taken into account. 



Group Two participants 

Herminia Azinian (AR), Jean Dionne (CDN), Garry Heinze (AUS), Santiago 
Manrique (E), Bernard Parisse (F) 

Chair: Gail Marshall GJSA) 

Rapporteurs: S^)astian Lagos (CHI), Alessandra Mariotti (I) 

Integrating ICT 

In Guidelines for Good Practice (van Weert, 1993) Dudley and Dudley (1990) 
are dted for defining integration as: 

'using the conq)uter as a tool to teach material in a discipline, and also 
using the computer in existing curricula to promote problem solving and 
higher-level thinking skills ... [and] the process of applying the power and 
ability of the conq)uter to learning in every subject area’ (p. 22). 

Starting from this quotation our discussion focused on the need for seeing the 
teaching and learning relation as a dynamic system, thus our tentative description 
of integration in a general context is that: 

integration is the process of making the dynamic relations between the learner 
and the environment work 
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We applied this general description to the case of ICT: 

Integration of ICT is the process of making the dynamic relations between the 
learner and the environment work so that ICT is a part of this environment, a 
tool as well as content. 

New tools and modified environments do not change our view of the ideal role of 
the learner, since the process of learning itself will continue along the axes of: 
engagement, autonomy, reflection, criticism, creativity ... 

But it would be sad to say that within the ICT enviromnent mathematical 
activity remains the same for the learner. Within the increasingly (fynamic set of 
possibilities new tasks can be brought into the classroom as well as new types of 
co-operation. Moreover, e?q>loration, e?q)erimentation, investigation can take on a 
new significance. 

Constraints 

Constraints which can affect the process of integration include those which: 

• are related to the tool itself; for instance, access, human-machine inter&ce or 
technical problems; 

• come fi’om the image of the computer, both in relation to the learner and to the 
teacher, since the conq)uter might be seen as playing an authoritative role; 

• might arise from inadequate teacher training — ^it could happen that they use 
new tools according to inappropriate pedagogical models or even avoid using 
the new tools at all; 

• are related to curriculum design, and to evaluation and assessment; 

• come from cultural factors related for instance to gender roles or to conflicts 
among expectations of stakeholders — parents, government officials, business 
and industry. 

Most of these constraints are classic within the teaching and learning i^stem, but 
the introduction ICT exacerbates old and persisting problems. 

Recommendations 

• Teachers’ professional development must be conducted in such a way as to 
equip teachers to deal with the complexity of ICT integration; 

• Curriculum must be redesigned with particular emphasis on ICT integration; 

• Attention must be paid to creating learning environments fostering 
collaboration, independent thinking and creativity; 

• Evaluation and assessment must measure the fiill range of skills, content, and 
mental processes acquired in the ICT envirorunent 

Because of the complexity of the ^stem, if we want a sustainable change it must 
come as an evolution rather than an revolution. 
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Group Three participants 

Andrej Blaho (SK), Abdullah Embong (MAL), Dominique Guin (F), Celia Hoyles 
(GB), Enrica Lemut (I), Ida Mok (HK) 

Chair: Anna Kris^ansddttir (IS), 

Rapporteurs: Richard Allen (USA), Jenny Sendova (BG) 

Note: participants decided to limit discussion to the teacher as learner, especially 
as a life-long learner. This decision and the discussion that ensued, led to the 
recommendations (pilot projects) given below. 

Design principles 

When designing pilot experiments, one should encourage teachers as learners to: 

• accept and initiate change due to ICT; 

• act as facilitator by designing strategies and learning environments; 

• be reflective and critical as to the effects of using ICT in the stu^ of 
mathematics; 

• encourage diversity and i^cilitate construction of a synthesis; 

• communicate mathematical ideas through problem-solving enhanced by ICT; 

• be sensitive to how the tools shape the mathematical environment. 

Examples 

We suggest that initial efforts might focus on the following: 

1 An international project for designing tasks aiming at identifying strategies 
and activities in secondaiy school mathematics that are applicable for different 
participants on the basis of evaluation. 

2 A survey of methodologies of teacher education and their evaluation in 
different countries — ^what works? where? when? how? — ^that is, research on 
what training they receive and how they make use of this in school. 

3 Dynamic design of educational scenarios: development based on the reflection 
and feed-back from the teachers. 

Cautions 

When designing pilot projects, such as those given above, the group suggests that 
the following constraints on teachers as learners need to be kept in mind: 

• their fear of making mistakes; 

• a fear of losing their fieedom; 

• the lack of an appropriate inffastructure for on-going support; 

• the conflict between the general goals of ICT use on one hand and the official 
curriculum evaluation and society's stereotypes of what mathematics is about 
on the other. 
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Human and social issues 



Group participants 

Claudi Aguade Bniix (E), Ron Anderson (USA), Maiiko Giga (J), Qrit Hazzan 
(IL), Shoichiro Macbida (J), Richard Noss (GB) 

Chair: Tom van Weeit (ML) 

Rapporteurs: Alan Bishop (AUS), Yvonne Buettner (CH) 



Students in today’s society — ^the complexity of the system 




While the diagram above places the individual students in society, depicted the 
circle, as the central focus, this is embedded in a much more complex structure. 
Students have roles in society, e.g., as &mily members and as workers, as well as 
in school. Their experiences in these roles outside of school contrast with those in 
school (see arrow 1) linking the school and classroom to the society. 
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Arrow 2 indicates the contrast between what teachers are practising in the 
classroom and what the learning demands are fix>m the point of view of the 
student-in-society. This is the second focal point, asking how the teaching 
processes can be modified to meet this challenge, particularly in the £ice of a 
r^idly changing society with re^>ect to mathematical and ICT needs . 

A third focal point (arrow 3) addresses the transition from the 'old ways’ to 
‘new ways’ in society and takes up the question of how sode^ is chan g in g , and 
which changes are relevant to mathematics education. 

Relevant trends in society can be observed that are so important, and perhaps 
inevitable, that education must e^lore how to adjust in order to prepare students 
for daily life. Simultaneously many educational leaders are advocating similar 
changes — these include more project-based student work, collaborative teamwoik, 
more open schools, experience in using and creating complex models, a 
constructivist emphasis vpon student choice and self-direction, visualisation and 
multiple rq>resentations, and assessment using ‘real world’ tasks. 

However several outstanding problem areas remain, and the most important of 
these are presented below, grouped in terms ofthe three focal points. 

Inside school — outside school: ^Bridging the gap’ 

Educators have identified three important modes of Vacation which can help us 
in our task of bridging the gap between school and society. Formal mathematics 
education is that which takes place within the conpulsory system of schooling; 
non-formal mathematics education takes place in, for example, afier-school 
courses and juku. schools; and informal mathematics education occurs through 
engagement with such media as the Wd>, TV, films and newspapers. However we 
need to be clearer about these different modes and their interactions. 

There are some important questions raised by these distinctions: 

• What does informal mathematics education really provide? We need to 
research the potential of the various media for d^eloping mathematical 
knowledge, and to learn more about their educational impact. 

• What should formal mathematics education provide? This is the key 
educational question of course, but the purpose of stating it here is to highlight 
the fact that it cannot be considered independently from the other two sectors 
of education. 

• What is the potential of non-formal mathematics education? It is clear that 
formal education cannot cope with all the demands being placed on it, and 
therefore an increase in the amount and influence of the other two sectors can 
beseen. It is necessary to understand better the role, potential, and drawbacks 
of non-formal mathematics education provisioa 

• In relation to the teacher’s role in bridging the school-society g^, it is 
necessary to consider for example, how the teacher should model or represent 
the technological society. Why is there a gap between teachers’ use of ICT 
inside and outside of the classroom and how can that gap be reduced? 
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• Of course, the students are also members of society and th^ learn mu 
non-formal and informal mathematics education. So, how should 
legitimise their students "outside-schoor con^)uter knowledge insi 
classroom? How can teachers be helped to involve and use the individu 
therefore different, outside school e^riences of the students? 

Demands of society— demands in classrooms 

Learning facilitated ICT outside school poses an important challenge to 
education. It has become more obvious that such Actors as the Wd), which 
facilitates access to information and the emergence of learning communities, and 
the widespread availability of powerful tools (e.g., word processors and data 
handling software) offer potential for improving instruction within classrooms as 
well as for life-long learning. 

Some questions which warrant ftuther discussion are: 

• How is education going to e?q)loit new elements of culture in mathematics and 
related teaching? These elements include evolving social values as well as the 
Actors mentioned above. 

• How can the effort and e^rtise required to use ICT tools in the classroom be 
reduced? Improved usability of software and increased technological usability 
are two possible solutions. 

• How can the gaps between the ICT culture and the mathematics culture be 
reduced? Attention to a common terminology and ftirther dialogue are 
possible facilitations. 

• How do different cultures facilitate or impede specific processes of learning 
and teaching? This applies both within and between national boundaries. 

• How can the curriculum and teaching practices be changed to allow for an 
increase in the ‘real world’ relevance or meaningfiilness of mathematics on an 
ongoing basis, especially for young children? 

• New opportunities for creating and manipulating objects using ICT tools offer 
potential for improved understanding of basic mathematical principles. How 
can innovations of this type be encouraged, evaluated, and institutionalised? 

Old ways — new ways 

The changes from a mechanical and static sode^ to the information society, with 
its ^mamic potential, bring with them problems which have important 
implications for mathematics Vacation. 

• In the ‘mechanical’ society of the past, causes and effects were closely tied 
together both perceptually and conceptually. In the new information society 
the relationships between causes and effects are becoming increasingly more 
invisible. 

• In the past, the technological 'black boxes’ could be relatively easily opened 
and e?q)lored, whereas in the ftiture, large software systems will be used whose 
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internal workings will be closed to most users. We will need considerable 
mathematical and didactical effort to allow people to 'open' and understand 
such systems. 

In the past, the mathematics of reality could be modelled effectively with 
hmctions. Increasingly, society is using the mathematics of inference and 
stochastic (probabilistic) modelling. This and the new expressive ICT 
environments are also providing a means for modelling the new and more 
conq)lex structures to be found in society itself. 
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IFIP and Working Group 3.1 

The International Federation for Information Processing (MP) is a multinational 
federation of professional and technical organisations concerned with information 
processing, founded in 1960 under the auspices of UNESCO. MP is dedicated to 
improve world-wide understanding about the role information processing can play 
in all walks of life, and to increase communication among practitioners of all 
nations. Members of MP are national organisations in the field of information 
processing. 

Technical work, which is at the heart of MP’s activities, is managed a 
series of Technical Committees (TC). Each Technical Committee is composed of 
representatives of MP Member organisations. Technical Committee 3 is on 
Education. Under each technical committee there operate working groups which 
consist of specialists who are individually appointed t^ their peers independent of 
nationality. Working Group 3.1 (WG 3.1) is one such group which has its focus 
on secondary education. 

MP WG 3.1 has a tradition of organising working conferences every one or 
two years. In addition, selected themes have been returned to after some longer 
period. Of particular note here are the conferences Informatics and mathematics 
in secondary schools: impacts and relationships^ Varna, Bulgaria, 1977, and 
Informatics and the teaching of mathematics, Sofia, Bulgaria, 1987, and a decade 
later, in 1997, the conference on ICT and mathematics which is reported on in 
this book. Other recent conferences include: Informatics and changes in learning 
(together with WG 3.5: Elementary Education), Gmunden, Austria, 1993; 
Integrating information technology into education, Barcelona, Spain, 1994; 
Information technology: supporting change through teacher education (together 
with WG 3.5), Kiryat Anavim, Israel, 1996; and Capacity building for IT in 
education in developing countries, Harare, Zimbawe, 1997. 

These conferences have special organisational features: th^r are small with 
invited attendees; a series of invited papers are presented to stimulate discussion; 
other short papers are presented; and focus groups are formed fi’om all 
participants which generate an exchange of ideas on particular topics, and 
position p^rs reflecting their dd)ate are presented at the end of the conference. 
These speckl features allow in-depth treatment of the conference topic, informal 
exchange of ideas and opinions, and encourage the establishment of new 
professional relationships. 

The aim of this book is to publish the invited papers and to reflect the dd>ate 
that occurred during the conference through the short papers and focus group 
discussions. 
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